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Abstract We consider an indecomposable representation of a cyclic p-group Z - over a
field of characteristic p. We show that the top degree of the corresponding ring of coinvar-

2 -\ !
iants is less than %. This bound also applies to the degrees of the generators for the
invariant ring of the regular representation.
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1 Introduction

Let V denote a finite dimensional representation of a finite group G over a field F. The
induced action on the dual space V* extends to the symmetric algebra S(V*) of polynomial
functions on V which we denote by F[V]. The action of g € G on f € F[V]is given by
(gfHv) = f(g_1 v) for v € V. The ring of invariant polynomials

F[VI® ={f € FIV]| g(f) = f Vg € G}

is a graded, finitely generated subalgebra. A classical problem is to determine F[V]% by
describing generators and relations for a given representation. An important related aspect of
a representation is its Noether number, denoted by B(V), which is defined to be least integer
d such that F[V]© is generated by homogeneous elements of degree less than or equal to
d. A classical theorem of Noether [12] states that S(V) < |G| whenever F has characteris-
tic zero. This result has been generalized to all non-modular characteristics (|G| € F*) by
Fleischmann [8] and Fogarty [10]. Knowing the Noether number is extremely useful for
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computing a generating set because then the problem is reduced to finding invariants in a
finite dimensional vector space. Unfortunately, as first observed by Richman [13], in the mod-
ular case (|G| is divisible by the characteristic of F') there is no bound that depends only on the
group order. In fact, Symonds [17] has recently established that 8(V) < max{(dim V)(|G|—
1), |G|} for any representation V of any group G. Hence the Noether number is often much
bigger than the group order, and even worse, the degrees of the generators increase unbound-
edly as the dimension of the representation increases. It is perhaps not surprising then, that the
invariant ring is difficult to obtain even in the basic modular cases: Consider a representation
of acyclic p-group Z - over a field of characteristic p. Up to a change of basis, a generator of
the group acts by a sum of Jordan blocks of sizes at most p”. Although the action is that easy
to describe, an explicit generating set for F' [V1%r is known only for a handful of cases. For
r = 1 this rather short list consists of indecomposable representations up to dimension nine
and decomposable ones where each indecomposable summand has dimension at most four,
see for instance [1,2,4,5,14] and [18] for a selection of cases. For r = 2, Shank and Wehlau
[16] give a generating set for the invariants of the p + 1 dimensional indecomposable rep-
resentation. To the best of our information, no explicit description of a generating set exists
for the invariants of any other faithful representation of Z ,-. Nevertheless, (V) has been
computed for every representation of Z, in [7]. It is in fact 2p — 3 for an indecomposable
representation V with dim(V) > 4. Also in [11], an upper bound for B(V') that applies to
all indecomposable representations of Z > is obtained. This bound, as a polynomial in p,
is of degree two. Based on these results for » = 1, 2, it is conjectured in [11, Conjecture
10] that (V') of a modular indecomposable representation V of Z - is bounded above by a
polynomial of degree r in p. Note that the bound in this conjecture is a substantial improve-
ment of the bound in Symonds’s theorem which gives a polynomial of degree 2r in p for this
situation. This paper goes in the direction of providing more ground for this conjecture and
establishes it for the special case of regular representations.

The Hilbert ideal, denoted by F [V]WGL - F[V]is the ideal in F[V] generated by invariants
of positive degree. The ring of coinvariants F[V]g := F[V]/F[V]jGL - F[V]is afinite dimen-
sional vector space. Let Im Tr denote the image of the transfer map Y : F[V] - F[V]°
given by Tr¢ (f) = deG g(f). Since the map Tr is F[V]%-linear, it maps a vector space
basis for F[V]g to a generating set for Im Tr” . Therefore an upper bound for the top degree
of F[V]g is also an upper bound for the degree of an element in Im Tr€ that can not be
obtained by invariants of strictly smaller degree. For this reason bounding the top degree of
FlVlgz, and F[V] Z, has a crucial role in proving the bounds on Noether numbers in [7] and
[11]. This paper is initiated by observing that the polynomials that are used to squeeze the
top degree of F[V]z » and F[V] z,, can be extended to the general Z ,r case by considering
arrays of orbit products with respect to the subgroups of Z -, rather than considering just
monomials, and then by applying the corresponding relative transfers. Most of our work
in this paper is devoted to the computation of the leading monomials of these generalized

polynomials. We obtain that the top degree of F[V]z, is at most (VZJF%)I" for a modular
indecomposable representation of Z -, see Theorem 5. On the other hand a result of Fle-
ischmann et. al. [9] states that the invariants of the modular regular representation of Z ,r
modulo the ideal Im TrZ»" is (up to a scaling) the invariant ring of the regular representation
of Z ,r—1. Therefore the bound for the top degree of coinvariants is quickly seen to bound the
Noether number of the regular representation as well, see Corollary 6. Finally, we point out
that this provides further support for [11, Conjecture 10]: In [15] it is shown that the Noether
number of a modular representation of Z, is bigger or equal to the Noether number of all
its subrepresentations. In particular, the Noether number of the regular representation is the
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Coinvariants and the regular representation of a cyclic P-group 541

supremum of the Noether numbers of all indecomposable representations. If this property
were true for an arbitrary cyclic p-group, which is a very natural thing to expect in our view,
then Corollary 6 would imply that the conjecture is true.

2 Coinvariants of cyclic p-groups

Let p > 0 be a prime number and F be a field of characteristic p. We also let G denote
the cyclic group Z - of order p”, where r > 1 is an integer. Fix a generator o of G. There
are p" indecomposable representations Vi, V2, ..., V,r of G over F, where the action of
oonV, forl <n < p"is given by a Jordan block of size n with ones on the diago-
nal. Note that V),r is the regular representation of G. For rest of the way we assume that
p"~! < n because otherwise the order of the Jordan block is strictly less than p” and
hence the action is not faithful. For a reference for these facts we direct the reader to the
introduction of the recent article [16]. Let ey, e3, ..., ¢, be the Jordan block basis for V,
with o(e;) = ¢; +ej+1 for 1 <i <n —1and o(e;) = e,. Let x1,x2, ..., x, denote
the corresponding elements in the dual space V,*. We use a graded reverse lexicographic
order on F[V,] = Flxi,...,x,] with x; < --- < x,. Since V,’ is indecomposable it is
isomorphic to V,,. Moreover, x1, x2, ..., X, is a Jordan block basis in the reverse order.
We have 0! (x;) = x; + xj_; for2 < i < nand o0~ (x;) = x;. For simplicity we use
the generator o~ ! instead of o and write o for the new generator. For 0 < i < r, let
H' denote the subgroup of G of order p’. Note that o”" ' is a generator for H'. For a
polynomial f € F[V,] we let Ni(f) = Hlflgpi alpH(f). We have Ni(f) € F[Vn]H’.
Also for a polynomial f € F[V,,]H', define Trf(f) : F[Vn]H' — F[V,1° given by
TriG(f) = 2051517’*‘?1 ol (f). We write N;: for N (x).

Letl <k <randl <d < n—pr! be two integers. We define w = k(p—1)—1 whichwe
use repeatedly in the paper. Consider the product [ [o; -, N ; “*with j; € (d—p+2,...,d)
if p—1<dandj; €{l,...,d}ifd < p— 1. We assume that jo < j; <--- < j,. Since
o(xj;) = xj, + xj,—1, the leading monomial of N]’.’fk is xﬁr ‘Let

r—k r—k r—k
m=Xx. x? e x[.J
Jw

denote the leading monomial of HOgisw N;i_k. For0 <i <w,writei =a;(p — 1) + b;,
r—k

where a;, b; are non-negative integers with 0 < b; < p — 1. Define v; o = xf_ +p for
1
1 <i < w. Note that v; ¢ is the leading monomial of N r—k andfora non-negative integer

Jitph
r—k
tsetv;; = xJ’.’_+pal._t if ji + p% —t > 1 and v;; = 0, otherwise. For a k(p — 1)-tuple
o = [a(0), a(l), ..., a(w)] € NP~ define
Vg = H Via(i)-

0<i<w

Notice that we have
m = H Vi1 H Vijp - H 'Ui,pk—l = Vy/,
0<i<p-2 p—1<i<2p-3 (k=) (p—D<i<w
where o’ denotes the k(p — 1)-tuple such that

a'(i)=p% for0<i<w.
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We note a couple of well known facts that we use in our computations.

Lemma 1 i) Leta be a positive integer. Then 205151171 [“=—1 mod pifp—1divides
aand 3 oo, 1“ =0 mod p, otherwise.
ii) Let s,t be integers with base p expansions t = ¢ p™ + cp_1p™ ' + -+ + co and
s = dup™ —i—a’,,l_lp’"_1 4+ -+ do, where 0 < cj,di < p—1forl <i < m. Then
t Ci
(§) = Io<izm (7)) mod p.

Proof We direct the reader to [3, 9.4] for a proof of the first statement and to [6] for a proof
of the second statement. O

Let I p+2 denote the ideal in F[V,,] generated by x1, ..., x4—p41ifd > p —1 and the zero
idealif d < p — 1. From this point on, all equivalences are modulo /;_ > unless otherwise
stated.

Lemma 2 For0 <i < w, we have

r—k

ept = Vi0 mod Iy p+2.

Proof Since the subgroup of G of order p" ¥ is generated by o we have

r—k o _ e
Niypai = H o (X4 pei)-
I<i<pr=

Also since 67/ (xj, 4 pai ) = X4 pai + jXj,4pti 1 + (5)x),4psi —2 4 -+ - for any non-negative
integer j, from the previous lemma we get

N, !
0P (X pai) = X,y poi +lle_+pa[_pk +(2 Xjoypaiopk + o

Since 0 <i < w, g; isat mostk — 1 and so j + p% — pk < ji — p+1 <d — p+2. Hence
1pk o .. r—k _ prfk _ .
0P (Xjypai) = Xj4pu mod Iy_pio giving Nj,~+p”f =X pa = Vi0as desired. ]

‘We now construct a polynomial which is our main tool to bound the top degree of coinvari-
ants. We note that it is a generalization of the polynomialsin [7, 3.1] and [11, Proposition 2] to

the general Z - case. Forasubset S C {0, 1, ..., w}let Wy denote the product Hie s N; :_kpu,- .
We also let S’ denote the complement of Sin {0, . .., w}. Similarly, let X y denote the product
[Tics vi,o. Define
T= > ()W T?  (Ws).
§C{0,1,...,w}

We prove that the leading monomial of 7' is m. We first show T can be written as acombination
of v, ’s modulo the ideal Iy 42 such that (i) > 1 for0 <i < w.

Lemma 3 We have

T = Z CoVy mod Iy p+2,

aEN];(]pfl)

= > (:O(aéi)))'

0</<pk—1

where

@ Springer



Coinvariants and the regular representation of a cyclic P-group 543

Proof We have

T= > Y. DFwyal(ws)

0<li<pk—1 \SE{0,1,...,w}

By the previous lemma we have Xy = Wyg and Xy = Wy . Furthermore, since Iy 7 is
closed under the action of ¢ and o is a ring homomorphism we get

> > (=DSXgo'(Xs)

0<l<pk—1 \S<S{0,1,...,w}

~
1

We also have

i=w

> D)X go!(Xg) = [ io — o' i)

SC{0.1,...,w} i=0
Butv; o — o' (vi.0) = —lvi| — (é) Vi — (é) v;3 — - - - . Hence the identity for c,, follows. We
also get that v, does not appear in T if «(i) = 0 for some 0 < i < w because v; o does not
appear in v; o — ol(vi,o). O

Lemma 4 We have c,s # 0. Moreover, the leading monomial of T is v, = m.

Proof Since vy is a higher ranked monomial than all the monomials in ;. 2, it suffices to
compute ¢y for which vy ¢ 15— ,42. Pick one sucha € NK(P=D Then we have ar(i) < p%t!
for 0 < i < w because otherwise j; + p% —a(i) < ji—p+1 <d — p+ 2 and so
Via(i) € la—p+2 giving vy € 15— py2. Therefore, since a; is at most k — 1, we get a (i) < pk.
It follows that the base p expansion of «(i) has at most k digits for 0 < i < w. Write
a(i) = a(@r—1 P a2 p* 2+ Fa(i)oandl = L pF H Lo pF 2+ + D
for the base p expansions of a (i) and [, where 0 <[ < pk — 1. Using these expansions, the
previous lemma yields

_ Lo1p" '+ o pt 24
ws 2 11 Gareciptt + atpapt 4
0<l,<p—1, 0<t<k—1 \0<i<w - -
Second part of Lemma 1 gives
-1 Iy lo
o= 2 [1 (a(i) )(a(i) el
0<l;<p—1, 0<t<k—1 \0<i<w k=1 k=2 0

Now consider the vector ’. Recall that &’ (i) = p% for 0 < i < w by definition. Therefore
foreach O <t <k — 1 we have

. L ift(p—D<i<@+D(p-1);
a (i), = .
0 otherwise.

It follows that HOgigw ((x’l([i),) = llp_1 for all 0 < ¢t < k — 1. Therefore we get ¢y =
—1,p—1 -1
Do<ti<p1.0<i<k—1 b le—y 1§~ = (=1)¥ # 0 by Lemma 1.
To prove the second statement of the theorem we show that for @ € N¥(P~=D with ¢, # 0
and vy ¢ Ig—p42 we have (i) > «'(i) for 0 < i < w. Note that this gives we have
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either vy, < vy or @ = o, implying vy is the leading monomial of T as desired. We
may assume k > 1 because otherwise o/(i) = 1 forall 0 < i < w = p — 2 and hence
a(i) > o'(i) for all 0 < i < w since all coordinates of « are at least one by the previous
lemma. Also «(i) < p%+! by the first paragraph of the proof so we have « (i) < p*~! for
0<i<((k—-—1)(p—1)—1.Hence, a(i)y—1 =Ounless (k — 1)(p —1) <i < w. So we

can write
1
= A
w= 2 [1 (a(i)k_l)

O<lh—1=p—1 k=D)(p—D=i<k(p—1)—1

where A = 35 <) 1 0<i<k—2 (HOgigw (affff,z) T (aé?)o))' Notice that (i)x—1 is at
most one for (k — 1)(p — 1) < i < w because otherwise for one i we would have j; +
Pl —a@) = ji+pF ' —a@) < j; — pFL.Butk > 150 ji — p¥' <d — p+2and,
therefore, v () € la—p+2, giving a contradiction. It follows that [T, _1y(,—1)<i<u (aéfiil),
as a polynomial in [;_1, is of degree at most p — 1. Then from the first part of Lemma 1 it
follows that it is of degree p — 1 and hence a(i)x—1 = 1 for (k — 1)(p — 1) <i < w, giving
a@i) > pF1 = o'@G) for k — I)(p — 1) < i < w. We assume that (i) > o’(i) = p%
(equivalently, o (i), > 1) fort(p —1) < i < w some positive integer t < k — 1 and proceed
with reverse induction on ¢. Since /(i) = 1 for0 <i < p — 1 and a(i) > 1 for all i, we
also assume that r > 1. First note that «(i);—; = 0 for r(p — 1) < i < w because otherwise
for that i we would have «(i) > p% + p'~! and therefore j; + p% —a(i) < ji — p'~! <
d — p+2(t > 1 is required for the last inequality) giving v; o) € lq—p+2. Moreover,
since a(i) < p%*t! for all i, we have a(i);—; = Ofor0 <i < (t—D(p—1)— 1.1t
follows that [ [;,, (aé;)*l‘_]) = [Hu—1y(p—1y<i<t(p—1)-1 (QZLI—I) We also have a(i);— <1
for (t—1)(p—1) <i < t(p—1)—1 because otherwise j; + p% —a(i) = ji +p' ' —a(i) <
ji+ p'~t —=2p'~! < d — p + 2. Furthermore, just as we saw for l;_, the degree of the
polynomial [],_1)(,—1)<i<i(p—1)—1 (a(li)‘[!) should be a multiple of p — 1 by Lemma 1.
But a(i);—1 < 1,sowe geta(i);—1 = 1for (t — 1)(p —1) <i <t(p—1)— 1. Hence
a(i) > p”1 =da/(i)for t — 1)(p — 1) <i < t(p — 1) — 1. This completes the induction
and we obtain the second statement of the lemma. O

2 r
Theorem 5 The top degree of coinvariants F[V,]q is bounded above by %.

Proof 1tis a standard fact that for any homogeneous ideal I in F[V,,], the set of monomials
that are not in the lead term ideal of / forms a vector space basis for F[V,]/I. Therefore to
give a bound on the top degree of F[V,]g, it suffices to give a bound on the top degree of a

monomial in F[V,] that is not a leading monomial in the Hilbert ideal F [V,,]ﬁ - F[V,]. Let
m be a monomial in F[V,] that is not a leading monomial in F [Vn]fr; - F[V,]. Write

m :mlmz...mrxz,

where my € F[xnfkarl"" r1]forl <k <r—1landm, € F[X],...,Xn_pr—]].By

s Xn_p
the previous lemma m is not be divisible by the leading monomial of a product [ [y_; -, N j’l &
with j; € {d—p+2,....d)foranyn—p*+p—1<d <n—p*land1 < k <r—1norby
aproduct [ [o<; <, (p—1)—1 N/['),- = [lo<i<r(p—1y—1 ¥j; With ji € {max(1,d—p+2),...,d}for
anyl <d < n—p”1 .Moreover, for 1 < k < r—1 each variable in {Xn_pk+1, R Xn_pk—l}
can appear with multiplicity of p”~* — 1 in m; without effecting the divisibility by the lead-
ing monomial of any N Jr.;k. It follows for 1 < k < r — 1 that the degree of my is at most
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r—k k k—1
d k(p_pll(lp =" ) 4 (p* — p*~1)(p" % — 1) which is smaller than (k + 1) p". Similarly, the
r—1
degree of m, is bounded above by r(”*l;(%)
the leading monomial of N is x} , we get a < p”. Summing these bounds up we get that

2 r
the degree of m is smaller than Z;;} k+Dp" +rp" +p" = %. |

which is smaller than rp”. Finally, since

It turns out that the bound we obtain for the top degree of coinvariants is also a bound for the
degrees of the generators of the invariant ring of the regular representation V.

Corollary 6 We have B(V,r) < Mzipr.

Proof We proceed by induction on r and the case r = 1 has been settled in [7]. Let Im Trg
denote the image of Trg . By [9, 3.3] we have that F [Vpr]G /Im Trg is isomorphic to the
invariantring F [VI; e "' of the regular representation VI’J,_l of the cyclic p-group H" ~! of

r—1

order p" ", where the isomorphism scales the degrees by 1/ p. Hence it follows by induction

2 r
that F [Vpr]G /Im Trg is generated as an algebra by invariants up to degree % On the
other hand, as we outlined in the introduction, the top degree of F[Vr]¢ is an upper bound
for the degree of a polynomial in Im Trg thatis not expressible by invariants of strictly smaller

2 r 2 _ r
degree. Hence from the previous theorem we get B(V,r) < max (L +§r)p & +r2 2ty —

2 r
% as desired. O
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