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Abstract

It is known that if a real finite Borel measure has a spectral gap at the origin then either it must have many sign changes
or it is zero identically. Assume the Fourier transform of a real temperate distribution agrees in a neighborhood of the origin
with the sum of an analytic function and a lacunary trigonometric series. We conjecture that either the distribution must have
many sign changes or the Fourier transform agrees with the sum on the whole line. The Note contains some results related t
the conjecture. In particular, our results imply that a real temperate measure having spectral gap at the origin must have many
oscillations with large amplitude3o cite thisarticle: |. Ostrovskii, A. Ulanovskii, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Il est connu que si une mesure de Borel réelle a une lacune spectrale a I'origine, alors ou la mesure doit avoir beaucoup
de changements du signe ou elle est zéro identiquement. Supposons que la transformée de Fourier d’'une distribution tempére
réelle coincide dans un voisinage de I'origine avec la somme d’une fonction analytique et d’'une série trigonometrique lacunaire.
Nous conjecturons que ou elle coincide avec la somme sur toute la ligne réelle ou la distribution doit avoir beaucoup de
changements du signe. La Note contient quelques résultats reliés a la conjecture. En particulier les résultats impliquent qu’une
distribution tempérée réelle ayant une lacune spectrale a I'origine doit avoir beaucoup d'oscillations d’'une grande amplitude.
Pour citer cet article: |. Ostrovskii, A. Ulanovskii, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Version francaise abrégée

Le fait suivant est bien connu en Analyse Harmoniqu& une mesure réelle siR a une lacune spectrale
a l'origine, son signe doit avoir beaucoup de changemehgsresultat suivant est di a Krein et Levin ([3],
Appendix 2, Theorem 5):

Théoréme de Krein—Levin.Soitx une mesure de Borel réelle et finie $&r Supposons qug = 0 sur (—a, a).
Alors on a l'inegalité(2), n, (—r, r) étant le nombre de changements du signg deir (—r, ) défini par(1).

Pour des autres résultats et références, voir [5,7], [8, Section 5] and [9].

Nous conjecturons que le méme phénomeéne se présente dans des situations plus générales : supposons qu
transformée de Fourief d’une distribution tempérée réellg coincide dans un voisinage de I'origine avec la
somme d’une fonction analytique et d’une série trigopnométrique lacunaire. Si la représentation n’est pas valable
sur toute la ligne réelle, le signe dedoit avoir beaucoup de changements. Ce travail contient quelques résultats
qui confirment la conjecture.

Nous renvoyons au livre de Hérmander [1] pour la définition des distributions tempérées et de leurs propriétés
fondamentales.

Une distribution tempérée réellg étant donnée, on peut définir une suﬂ§ de points positifs (avec des

multiplicités) ou f change de signe. Par définitiong Z;? si la fonctionn £ ((0, r)) definie par (4) est discontinue

enx. On désigne paD*(ZJT) la densité extérieure de Beurling et Malliavin (voir [2], Chapitre 9)2@3’& Nous
disons qu’une série trigonométrigle, c, el ol > . lenl < 00, est lacunaire sD*({x,}) = 0.

Théoreme 0.1 Soit f une distribution tempérée réelle. Supposons que la restriction de sa transformée de Fourier
f sur(—a, a) aune représentatioﬁ(t) = G(t)+ H(t), ouG estlavaleur frontiere d’'une fonction analytique dans
une bandg0 < It < R} et continue dans sa fermeture,/étest une série lacunaire. Alors ou cette représentation
est valable sur toute la ligne réelle du*(Z}“) >alm.

Comme conséquence immédiate on a :

Corollaire. Supposons qug¢ soit une distribution tempérée réelle qui vériﬂé(z;?) <a/m, et qu'une fonction

G soit analytique dans une band@ < 3¢ < R} et continue dans sa fermeture.;édt) = G(t) sur(—a,a), alors
f=aG.

Le principe suivant est classique en Analyse HarmonigBapposons qug soit une mesure de Borel finie
et positive. Sju est lisse a l'origine, alors elle est lisse sur toute la ligne rédlle.corollaire prolonge cela de
la maniére suivante : si une distribution tempérée réelle a « peu» de changements de signe et sa transformée
Fourier est «lisse »={ la valeur frontiére d’une fonction analytique) suta, a), alors elle est «lisse » sur toute la
ligne réelle. Observons que I'exempfe= sinax montre qu’on ne peut pas relacher la restrictm(ZJ;) <al/mw
dans le corollaire. ‘

Le Théoréeme 0.1 et corollaire utilisent la densité extérieure de Beurling et Malliavin qui est du type d'une
densitésupérieureCependent le théoréeme de Krein—Levin utilise la demsdgennele résultat suivant généralise
le theoreme de Krein—Levin pour les mesures infinies en tenant compte pas seuleme@tdu) mais aussi du
n,(0,7):

Théoréme 0.2 Soitu # 0 une mesure de Borel réelle qui vérif®). Siji = 0 sur (—a, a), alors les inégalité$6)
et (7) sont valables.
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1. Introduction and results

Let « be a finite Borel measure on the real line, and denotg lig Fourier transform

[e.e]

fi(t) = / e du(x).

—00

We say thaj has a spectral gap dp-a, a) if [i(t) =0 for —a < ¢t < a. We define the number of sign changes
of « on an intervall as follows:

n,(I) =min{degP: P is a polynomial such thau > 0 on/}. (1)

We setn,, (1) = oo, if there is no polynomiaP such thatPy > 0on/.
The following fact is known in Harmonic Analysig:a real measure o has a spectral gap at the origin then
it must have many sign changd#e following result is due to Krein and Levin ([3], Appendix 2, Theorem 5):

Krein—Levin Theorem. Assume that a real finite Borel measurdas a spectral gap ot+a, a). Then
R

nmm</ﬂ£12W—%%>>ﬁm )

R—o00 r
1

It was shown by Logan in 1965 that if a nontrivial rdal,-function f is nonnegative of0, co), then it cannot
have a spectral gap on any interyala, a). Another result of Logan [5] states thatﬁf(x) =0on(—a,a) and the
support off is compact (which means thtis an entire function of exponential type) then the numbgeo, »)
of sign changes ofD, r) of f satisfies liminf_,on (0, r)/r > a/n. Recently Eremenko and Novikov informed
us that they have proved this estimate in much more general situation. Some other results in this direction and opel
problems can be found in [7], [8, Section 5] and [9].

We conjecture that the same phenomenon occurs in more general situations: assume that the Fourier transfori
f of areal temperate distributiohagrees in a neighborhood of the origin with the sum of an analytic function and
a lacunary series. If this representation does not hold on the whole real linef tiheist have many sign changes.
We shall prove several results confirming this conjecture. A corollary is that the real distributions having spectral
gap at the origin must have many oscillations with large amplitudes.

We refer the reader to Hormander's book [1] for the definition of temperate distributions (t.d.) and their basic
properties.

We shall use the Beurling—Malliavin exterior densfdy to estimate the size of a sequence. Edie a sequence
of real numbers where we allow repetitions. There are several equivalent definiti@is(sée [2], Chapter 9).
If Z c (0,00), one can defind*(Z) as the infimum of the positive numbessfor which there exist positive
sequence 2 Z with

o0
In2(0,1) — At|

Tz <o 3)

0

Here n (0,1) is the number of points of2 on (0,¢) (see [2], p. 85). Observe tha#f is a subsequence
of 2, that is every element of occurs ing2 at least as many times as it does4n In general,D*(Z) =
max{D*(Z*), D*(Z7)}, whereZ* = ZN[0, co) andZ~ = Z N (—o0, 0). Let B, denote the class of all nontrivial
entire functiong of exponential type< a which are bounded on the real line. According to Beurling and Malliavin,
the densityD*(Z) is equal to the infimum o /7, wherea > 0 is such that there exisise B, which vanishes

at every pointx € Z with given multiplicity. If such functionsy do not exist, thenD*(Z) = oco. In particular,
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D*(Z) =0 if and only if for anya > 0 there is a functiop € B, which vanishes at every pointe Z with given
multiplicity. .
We shall deal with t.df whose Fourier transforrni admits analytic continuation in the following sense:

Definition. We say that a t.df is half-analytic on(—a, a) if f is the boundary value iS/—topoIogy of a function
which is analytic in some strify: 0 < 3¢ < R}, continuous in{z: 0 < 3t < R} U (—a, a) and is Q|¢|") with some
N ast — oo inany strip{t: 0 < R1 <Jt<R2<R},0<Ri<R2<R.

Observe that iff is half-analytic on(—a,a) and f = 0 in some neighborhood of the origin thef= 0
identically. Observe also that |f is the boundary value of a function analytic in a stfip 0 < 3¢t < R} and
continuous in its closure thefiis half-analytic on the whole line.

It was established in [6] (see Theorem A below) that if a f.ds nonnegative on some half-lirig, co) then it
cannot have a spectral gap at the origin unlgss0. The following observation is trivial: if = 0 on(—a, a), then
for any¢ € B, the producly - f has a spectral gap at the origin. Hence, the product cannot be nonnegative
on a half-line unlesg = 0. We generalize this as follows:

Theorem 1.1.Let f be a nontrivial t.d. having spectral gap dr-a, a), g be a t.d. such thag half-analytic on
(—a, a), and leth be a t.d. of finite order whose support is discrete and satighigsuppz) = 0. Then there is no
functiong € B, such that the distributiop - (f + g + &) is nonnegative on some half-liig, co).

Supposef is areal t.d., and is an interval. One may define the number of sign changgsai ! as in (1):
ny(I) =min{degP: P is a polynomial such thak - f > 0onT}. 4)

We setn ¢ (1) = oo if such polynomials do not exist. Let us fix a numiseand letr > b. The function ¢ (b, r) is
integer-valued. One can now define the sequena@, oo) of the sign changes of on (b, co) as the sequence of
all pointsx > b wheren ¢ (b, r) has jumps, the multiplicity of being the size of the jump.

Theorem 1.1 and some properties of the denBitymply

Theorem 1.2 Let distributionsf, g and# satisfy the assumptions of Theorgrh ThenD*(Z o114 (b, 00)) 2 a/m
for anyb.

Observe that if the t.dg is in certain sense ‘small’ as — oo, theng can be analytically continued to some
strip in the upper half-plane. In this case, one can view the gurg + & as a ‘perturbation’ of the t.df. Hereg
is ‘'small’ while & is ‘sparse’. Hence, iff has spectral gap of-a, a), any such perturbation must have many sign
changes on any fixed half-lin@, co). This can be viewed as an information about the amplitude of the oscillations
of f.

Let us say that a trigonometric serigs, c, gint where) ", |c,| < oo, is lacunary if D*({x,}) = 0. If the
distribution/z in Theorem 1.2 is a finite measure thieis a lacunary series. Theorem 1.2 implies the following

Corollary 1. Supposg is a nontrivial real t.d. such that the restriction of its Fourier transfoﬁmo (—a, a) admits

a representationf(t) =G()+ H(t), whereG is the boundary value of a function analytic in a stflp< 3t < R}

and continuous in its closure, and is a lacunary trigopnometric series. Then either this representation holds on
the whole real line oD*(Z (b, 0)) > a/m, for anyb.

The following principle is classical in Harmonic Analys@ipposeu is a positive finite Borel measure. jif is
‘smooth’ at the origin then it is ‘smooth’ on the whole real li(sze, e.g., [4], Chapter 2). Corollary 1 implies

Corollary 2. Leta > 0, f be a nontrivial real t.d. satisfyin®*(Z s (b, 00)) < a/m, and letG be a function analytic
in a strip {0 < 3¢ < R} and continuous in its closure. If = G on (—a, a) then f = G.
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This result extends the principle above by showing that if a realftlshs a ‘small number’ of sign changes on
(b, >0), and its Fourier transform is ‘smooth’ (= boundary values of analytic functiot}-ana) thenitis ‘smooth’
on the whole real line. Observe that the examfile= sinax shows that the restrictioP*(Z ¢ (b, 00)) < a/m in
Corollary 2 cannot be relaxed.

The above Theorem 1.2 deals with the Beurling and Malliavin exterior density which is a kingbefdensity.
Meanwhile the Krein—Levin theorem deals with theerageddensity. The following result generalizes Krein—
Levin theorem to infinite measures and takes into account notrQrilyr, r) but alson, (0, r):

Theorem 1.3.Let i # 0 be a real Borel measure satisfying

[ dul) __ -

1+12

—00

If i =0o0n(—a,a) then the inequalities hold

R
. 11
Igrygof{/( + Rz)”ﬂ(o t)dr — —IogR} (6)
1
¢ 2a
Iiminf{/wdt——R—l—BlogR] - 0. @)
R—o0 t b4

1

2. Proofs of Theorems 1.1 and 1.2
We shall need the following result:

Theorem A ([6], Theorem 3).Let f be a t.d. nonnegative on some half-litle co). Assume that its Fourier
transform f agrees on(—4, §) with a function analytic in a rectanglg: 0 < 37 < R, |r| < §} and continuous in
its closure. Thery is half-analytic on(—3$, §).

Proof of Theorem 1.1. Assume that a real t.df has a spectral gap of-a, a), and that t.dg¢ and & satisfy
the assumptions of Theorem 1.1. Assume further ghigt+ g + &) > 0 on (b, o), for some nontrivial function
¢ € B,. To prove Theorem 1.1 we have to show tlfat 0.

By the definition of classB, there is a positive numbersuch that the type ap is less tharu — 3¢. Let an
integer N be larger than the order of distributidgn Since D*(supp:) = 0, there exists a real function € B,
which vanishes at every € supph with the multiplicity > N. It follows thaty i = 0. Setp; = 2. Clearly, the
distributiongy - (f +g+h) = ¥%¢ - (f + g) is nonnegative olb, co). The type ofp; is less tham — ¢, so that the
support of its Fourier transforgy, belongs ta—a +¢, a — ¢). It follows that@; = f = 0 on(—e, ¢). Also, sinceg is
half-analytic on(—a, a), the convolutionps x g is half- analytic on(—e, ¢). We see that the distributign - (f + g)
satisfies the assumptions of Theorem A, and so the prgdagtt ) is half- analyt|c on(—e, €). Hence, the same is
true forey - f. Since the convolutloml*f vanishes ori—¢, ), we getgy * f = 0. Write f = F_ + F, whereF_
andF, are the restrictions of to the negative and positive half-lines, respectively. We have Bupp (—oo, —a]
and sup@y. C [a, —00). Since supg1 C (—a +¢&,a—¢), we see that suppy * F— N supppy = Fr = @. This
g|ve3gal x* F_=0andg; * Fy =0. Hence;plF_ = ¢1F+ = 0. However1 is an entire function, and both_
andFJr are boundary values ifi’-topology of functions analytic in the upper (lower) half-planes, respectively. We
conclude tha#_ = F, =0, so thatf = 0.
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Proof of Theorem 1.2. Given a sequence df with repetitions, we denote by s(x) the multiplicity (number of
occurrences) of the numbeiin S. We setmg(x) =0 if x ¢ S. Let us also denote bys (0, ) the number of points
(counted with multiplicities) o in (0, ), and byNg the set of nonnegative integers.

Suppose that t.df, g and/ satisfy the assumptions of Theorem 1.1. Set= Z 7, o1 4(b, 00). To prove
Theorem 1.2 we have to show that (Z) > a/x for everyb. Assume that this is not true. Then there is a number
& > 0 such thatD*(Z) < a/m — 2¢ for someb > 0. It follows that there existg € B,_2. which vanishes at each
x € Z andmg(x) —mz(x) > 0 for all x > 0, whereS is the sequence of positive zeroswpf Let {x1 < x2 <; ...}
be the set of alk; € S such thatng(xy) — mz(xr) — 1€ 2Ng. Set

P(2) :HM

X 1—Z/Xk+1'

Simple calculations show thaP (x +i)| = O(|x|?) as|x| — co. Set

sinfez

9(x) =¥ () P(2) Z

Sincey vanishes at the poles @f, standard reasonings show tlgats entire function of finite exponential type.
Clearly, the type of is less tham. Moreover, since (x +1i) is bounded, the same is true for Applying to¢ the
Phragmén—Lindel6f theorem in the stiijz| < 1, we conclude thap is bounded on the real line, so that B,,.
The sequencs* of the positive zeros ap satisfiesng«(x;) —mz(x;) € 2Ng for all x > 0. By the definition ofZ,
this givesp - (f + g + k) > 0 on (b, oo). This contradicts to Theorem 1.1, which proves Theorem 1.2.
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