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Abstract

It is known that if a real finite Borel measure has a spectral gap at the origin then either it must have many sign
or it is zero identically. Assume the Fourier transform of a real temperate distribution agrees in a neighborhood of th
with the sum of an analytic function and a lacunary trigonometric series. We conjecture that either the distribution m
many sign changes or the Fourier transform agrees with the sum on the whole line. The Note contains some results
the conjecture. In particular, our results imply that a real temperate measure having spectral gap at the origin must h
oscillations with large amplitudes.To cite this article: I. Ostrovskii, A. Ulanovskii, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
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Résumé

Il est connu que si une mesure de Borel réelle a une lacune spectrale à l’origine, alors ou la mesure doit avoir b
de changements du signe ou elle est zéro identiquement. Supposons que la transformée de Fourier d’une distributio
réelle coïncide dans un voisinage de l’origine avec la somme d’une fonction analytique et d’une série trigonometrique l
Nous conjecturons que ou elle coïncide avec la somme sur toute la ligne réelle ou la distribution doit avoir beau
changements du signe. La Note contient quelques résultats reliés à la conjecture. En particulier les résultats implique
distribution tempérée réelle ayant une lacune spectrale à l’origine doit avoir beaucoup d’oscillations d’une grande am
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Version française abrégée

Le fait suivant est bien connu en Analyse Harmonique :Si une mesure réelle surR a une lacune spectral
à l’origine, son signe doit avoir beaucoup de changements. Le resultat suivant est dû à Krein et Levin ([3
Appendix 2, Theorem 5):

Théorème de Krein–Levin.Soitµ une mesure de Borel réelle et finie surR. Supposons quêµ = 0 sur (−a, a).
Alors on a l’inégalité(2), nµ(−r, r) étant le nombre de changements du signe deµ sur (−r, r) défini par(1).

Pour des autres résultats et références, voir [5,7], [8, Section 5] and [9].
Nous conjecturons que le même phénomène se présente dans des situations plus générales : suppo

transformée de Fourier̂f d’une distribution tempérée réellef coïncide dans un voisinage de l’origine avec
somme d’une fonction analytique et d’une série trigonométrique lacunaire. Si la représentation n’est pas
sur toute la ligne réelle, le signe def doit avoir beaucoup de changements. Ce travail contient quelques ré
qui confirment la conjecture.

Nous renvoyons au livre de Hörmander [1] pour la définition des distributions tempérées et de leurs pr
fondamentales.

Une distribution tempérée réellef étant donnée, on peut définir une suiteZ+
f de points positifs (avec de

multiplicités) oùf change de signe. Par définition,x ∈ Z+
f si la fonctionnf ((0, r)) definie par (4) est discontinu

en x. On désigne parD∗(Z+
f ) la densité extérieure de Beurling et Malliavin (voir [2], Chapitre 9) deZ+

f . Nous

disons qu’une série trigonométrique
∑

n cn eixnt , où
∑

n |cn|<∞, est lacunaire siD∗({xn})= 0.

Théorème 0.1.Soitf une distribution tempérée réelle. Supposons que la restriction de sa transformée de F
f̂ sur(−a, a) a une représentation̂f (t)=G(t)+H(t), oùG est la valeur frontière d’une fonction analytique da
une bande{0< �t < R} et continue dans sa fermeture, etH est une série lacunaire. Alors ou cette représenta
est valable sur toute la ligne réelle ouD∗(Z+

f )� a/π .

Comme conséquence immédiate on a :

Corollaire. Supposons quef soit une distribution tempérée réelle qui vérifieD∗(Z+
f ) < a/π , et qu’une fonction

G soit analytique dans une bande{0< �t < R} et continue dans sa fermeture. Sif̂ (t)= G(t) sur (−a, a), alors
f̂ =G.

Le principe suivant est classique en Analyse Harmonique :Supposons queµ soit une mesure de Borel fin
et positive. Siµ̂ est lisse à l’origine, alors elle est lisse sur toute la ligne réelle.Le corollaire prolonge cela d
la manière suivante : si une distribution tempérée réelle a « peu » de changements de signe et sa trans
Fourier est « lisse » (= la valeur frontière d’une fonction analytique) sur(−a, a), alors elle est « lisse » sur toute
ligne réelle. Observons que l’exemplef = sinax montre qu’on ne peut pas relâcher la restrictionD∗(Z+

f ) < a/π

dans le corollaire.
Le Théorème 0.1 et corollaire utilisent la densité extérieure de Beurling et Malliavin qui est du type

densitésupérieure. Cependent le théorème de Krein–Levin utilise la densitémoyenne. Le résultat suivant généralis
le théorème de Krein–Levin pour les mesures infinies en tenant compte pas seulement dunµ(−r, r) mais aussi du
nµ(0, r) :

Théorème 0.2.Soitµ �= 0 une mesure de Borel réelle qui vérifie(5). Si µ̂= 0 sur (−a, a), alors les inégalités(6)
et (7) sont valables.
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1. Introduction and results

Letµ be a finite Borel measure on the real line, and denote byµ̂ its Fourier transform

µ̂(t)=
∞∫

−∞
e−itx dµ(x).

We say thatµ has a spectral gap on(−a, a) if µ̂(t)= 0 for −a < t < a. We define the number of sign chang
of µ on an intervalI as follows:

nµ(I)= min{degP : P is a polynomial such thatPµ� 0 onI }. (1)

We setnµ(I)= ∞, if there is no polynomialP such thatPµ� 0 onI .
The following fact is known in Harmonic Analysis:if a real measure onR has a spectral gap at the origin the

it must have many sign changes. The following result is due to Krein and Levin ([3], Appendix 2, Theorem 5):

Krein–Levin Theorem. Assume that a real finite Borel measureµ has a spectral gap on(−a, a). Then

lim inf
R→∞

( R∫
1

nµ(−r, r)

r
dr − 2a

π
R

)
>−∞. (2)

It was shown by Logan in 1965 that if a nontrivial realL∞-functionf is nonnegative on[0,∞), then it cannot
have a spectral gap on any interval(−a, a). Another result of Logan [5] states that if̂f (x)= 0 on(−a, a) and the
support off̂ is compact (which means thatf is an entire function of exponential type) then the numbernf (0, r)
of sign changes on(0, r) of f satisfies lim infr→∞ nf (0, r)/r � a/π. Recently Eremenko and Novikov informe
us that they have proved this estimate in much more general situation. Some other results in this direction
problems can be found in [7], [8, Section 5] and [9].

We conjecture that the same phenomenon occurs in more general situations: assume that the Fourier
f̂ of a real temperate distributionf agrees in a neighborhood of the origin with the sum of an analytic function
a lacunary series. If this representation does not hold on the whole real line, thenf must have many sign change
We shall prove several results confirming this conjecture. A corollary is that the real distributions having s
gap at the origin must have many oscillations with large amplitudes.

We refer the reader to Hörmander’s book [1] for the definition of temperate distributions (t.d.) and thei
properties.

We shall use the Beurling–Malliavin exterior densityD∗ to estimate the size of a sequence. LetZ be a sequenc
of real numbers where we allow repetitions. There are several equivalent definitions ofD∗ (see [2], Chapter 9)
If Z ⊂ (0,∞), one can defineD∗(Z) as the infimum of the positive numbersA for which there exist positive
sequencesΩ ⊇Z with

∞∫
0

|nΩ(0, t)−At|
1+ t2

dt <∞. (3)

Here nΩ(0, t) is the number of points ofΩ on (0, t) (see [2], p. 85). Observe thatZ is a subsequenc
of Ω , that is every element ofZ occurs inΩ at least as many times as it does inZ. In general,D∗(Z) =
max{D∗(Z+),D∗(Z−)}, whereZ+ =Z∩[0,∞) andZ− =Z∩ (−∞,0). LetBa denote the class of all nontrivia
entire functionsϕ of exponential type< a which are bounded on the real line. According to Beurling and Mallia
the densityD∗(Z) is equal to the infimum ofa/π , wherea > 0 is such that there existsϕ ∈ Ba which vanishes
at every pointx ∈ Z with given multiplicity. If such functionsϕ do not exist, thenD∗(Z) = ∞. In particular,
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D∗(Z)= 0 if and only if for anya > 0 there is a functionϕ ∈ Ba which vanishes at every pointx ∈ Z with given
multiplicity.

We shall deal with t.d.f whose Fourier transform̂f admits analytic continuation in the following sense:

Definition. We say that a t.d.̂f is half-analytic on(−a, a) if f̂ is the boundary value inS ′
-topology of a function

which is analytic in some strip{t : 0< �t < R}, continuous in{t : 0< �t < R} ∪ (−a, a) and is O(|t|N) with some
N ast → ∞ in any strip{t : 0<R1 � �t �R2 <R}, 0<R1 <R2 <R.

Observe that iff̂ is half-analytic on(−a, a) and f̂ = 0 in some neighborhood of the origin thenf = 0
identically. Observe also that if̂f is the boundary value of a function analytic in a strip{t : 0 < �t < R} and
continuous in its closure then̂f is half-analytic on the whole line.

It was established in [6] (see Theorem A below) that if a t.d.f is nonnegative on some half-line(b,∞) then it
cannot have a spectral gap at the origin unlessf = 0. The following observation is trivial: iff̂ = 0 on(−a, a), then
for anyϕ ∈ Ba the productϕ · f has a spectral gap at the origin. Hence, the productϕ · f cannot be nonnegativ
on a half-line unlessf = 0. We generalize this as follows:

Theorem 1.1.Let f be a nontrivial t.d. having spectral gap on(−a, a), g be a t.d. such that̂g half-analytic on
(−a, a), and leth be a t.d. of finite order whose support is discrete and satisfiesD∗(supph)= 0. Then there is no
functionϕ ∈ Ba such that the distributionϕ · (f + g + h) is nonnegative on some half-line(b,∞).

Supposef is a real t.d., andI is an interval. One may define the number of sign changes off on I as in (1):

nf (I)= min{degP : P is a polynomial such thatP · f � 0 onI }. (4)

We setnf (I)= ∞ if such polynomials do not exist. Let us fix a numberb and letr > b. The functionnf (b, r) is
integer-valued. One can now define the sequenceZf (b,∞) of the sign changes off on (b,∞) as the sequence o
all pointsx > b wherenf (b, r) has jumps, the multiplicity ofx being the size of the jump.

Theorem 1.1 and some properties of the densityD∗ imply

Theorem 1.2.Let distributionsf,g andh satisfy the assumptions of Theorem1.1. ThenD∗(Zf+g+h(b,∞))� a/π

for anyb.

Observe that if the t.d.g is in certain sense ‘small’ asx → ∞, thenĝ can be analytically continued to som
strip in the upper half-plane. In this case, one can view the sumf + g + h as a ‘perturbation’ of the t.d.f . Hereg
is ‘small’ while h is ‘sparse’. Hence, iff has spectral gap on(−a, a), any such perturbation must have many s
changes on any fixed half-line(b,∞). This can be viewed as an information about the amplitude of the oscilla
of f .

Let us say that a trigonometric series
∑

n cn eixnt , where
∑

n |cn| < ∞, is lacunary ifD∗({xn}) = 0. If the
distributionh in Theorem 1.2 is a finite measure thenĥ is a lacunary series. Theorem 1.2 implies the following

Corollary 1. Supposef is a nontrivial real t.d. such that the restriction of its Fourier transform̂f to (−a, a) admits
a representation: f̂ (t)=G(t)+H(t), whereG is the boundary value of a function analytic in a strip{0< �t < R}
and continuous in its closure, andH is a lacunary trigonometric series. Then either this representation hold
the whole real line orD∗(Zf (b,∞))� a/π , for anyb.

The following principle is classical in Harmonic Analysis:supposeµ is a positive finite Borel measure. Ifµ̂ is
‘smooth’ at the origin then it is ‘smooth’ on the whole real line(see, e.g., [4], Chapter 2). Corollary 1 implies

Corollary 2. Leta > 0, f be a nontrivial real t.d. satisfyingD∗(Zf (b,∞)) < a/π , and letG be a function analytic
in a strip {0< �t < R} and continuous in its closure. If̂f =G on (−a, a) thenf̂ =G.
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This result extends the principle above by showing that if a real t.d.f has a ‘small number’ of sign changes
(b,∞), and its Fourier transform is ‘smooth’ (= boundary values of analytic function) on(−a, a) then it is ‘smooth’
on the whole real line. Observe that the examplef1 = sinax shows that the restrictionD∗(Zf (b,∞)) < a/π in
Corollary 2 cannot be relaxed.

The above Theorem 1.2 deals with the Beurling and Malliavin exterior density which is a kind ofupperdensity.
Meanwhile the Krein–Levin theorem deals with theaverageddensity. The following result generalizes Krei
Levin theorem to infinite measures and takes into account not onlynµ(−r, r) but alsonµ(0, r):

Theorem 1.3.Letµ �= 0 be a real Borel measure satisfying

∞∫
−∞

d|µ|(t)
1+ t2

<∞. (5)

If µ̂= 0 on (−a, a) then the inequalities hold:

lim inf
R→∞

{ R∫
1

(
1

t2
+ 1

R2

)
nµ(0, t)dt − a

π
logR

}
> 0; (6)

lim inf
R→∞

{ R∫
1

nµ(−t, t)

t
dt − 2a

π
R + 3 logR

}
> 0. (7)

2. Proofs of Theorems 1.1 and 1.2

We shall need the following result:

Theorem A ([6], Theorem 3).Let f be a t.d. nonnegative on some half-line(b,∞). Assume that its Fourie
transformf̂ agrees on(−δ, δ) with a function analytic in a rectangle{t : 0< �t < R, |�t|< δ} and continuous in
its closure. Thenf̂ is half-analytic on(−δ, δ).

Proof of Theorem 1.1. Assume that a real t.d.f has a spectral gap on(−a, a), and that t.d.g andh satisfy
the assumptions of Theorem 1.1. Assume further thatϕ(f + g + h) � 0 on (b,∞), for some nontrivial function
ϕ ∈Ba . To prove Theorem 1.1 we have to show thatf = 0.

By the definition of classBa there is a positive numberε such that the type ofϕ is less thana − 3ε. Let an
integerN be larger than the order of distributionh. SinceD∗(supph) = 0, there exists a real functionψ ∈ Bε

which vanishes at everyx ∈ supph with the multiplicity �N . It follows thatψh = 0. Setϕ1 = ϕψ2. Clearly, the
distributionϕ1 · (f +g+h)=ψ2ϕ · (f +g) is nonnegative on(b,∞). The type ofϕ1 is less thana− ε, so that the
support of its Fourier transform̂ϕ1 belongs to(−a+ε, a−ε). It follows thatϕ̂1∗ f̂ = 0 on(−ε, ε). Also, sinceĝ is
half-analytic on(−a, a), the convolutionϕ̂1 ∗ ĝ is half-analytic on(−ε, ε). We see that the distributionϕ1 · (f +g)

satisfies the assumptions of Theorem A, and so the productϕ̂1(f̂ + ĝ) is half-analytic on(−ε, ε). Hence, the same i
true forϕ1 ·f . Since the convolution̂ϕ1 ∗ f̂ vanishes on(−ε, ε), we getϕ̂1 ∗ f̂ = 0. Write f̂ = F− +F+ whereF−
andF+ are the restrictions of̂f to the negative and positive half-lines, respectively. We have suppF− ⊆ (−∞,−a]
and suppF+ ⊆ [a,−∞). Since supp̂ϕ1 ⊂ (−a + ε, a − ε), we see that supp̂ϕ1 ∗ F− ∩ suppϕ̂1 ∗ F+ = ∅. This
gives ϕ̂1 ∗ F− = 0 andϕ̂1 ∗ F+ = 0. Hence,ϕ1F̂− = ϕ1F̂+ = 0. However,ϕ1 is an entire function, and botĥF−
andF̂+ are boundary values inS ′-topology of functions analytic in the upper (lower) half-planes, respectively
conclude that̂F− = F̂+ = 0, so thatf = 0.
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Proof of Theorem 1.2. Given a sequence ofS with repetitions, we denote bymS(x) the multiplicity (number of
occurrences) of the numberx in S. We setmS(x)= 0 if x /∈ S. Let us also denote bynS(0, r) the number of points
(counted with multiplicities) ofS in (0, r), and byN0 the set of nonnegative integers.

Suppose that t.d.f , g and h satisfy the assumptions of Theorem 1.1. SetZ = Zf+g+h(b,∞). To prove
Theorem 1.2 we have to show thatD∗(Z)� a/π for everyb. Assume that this is not true. Then there is a num
ε > 0 such thatD∗(Z) < a/π − 2ε for someb > 0. It follows that there existsψ ∈ Ba−2ε which vanishes at eac
x ∈ Z andmS(x)−mZ(x)� 0 for all x > 0, whereS is the sequence of positive zeros ofψ . Let {x1 < x2 <; . . .}
be the set of allxk ∈ S such thatmS(xk)−mZ(xk)− 1 ∈ 2N0. Set

P(z)=
∏
k

1− z/xk

1− z/xk+1
.

Simple calculations show that|P(x ± i)| = O(|x|2) as|x| → ∞. Set

ϕ(z)= ψ(z)P (z)
sin2 εz

z2 .

Sinceψ vanishes at the poles ofP , standard reasonings show thatϕ is entire function of finite exponential type
Clearly, the type ofϕ is less thana. Moreover, sinceψ(x ± i) is bounded, the same is true forϕ. Applying toϕ the
Phragmén–Lindelöf theorem in the strip|�z| � 1, we conclude thatϕ is bounded on the real line, so thatϕ ∈ Ba .
The sequenceS∗ of the positive zeros ofϕ satisfiesmS∗(xj )−mZ(xj ) ∈ 2N0 for all x > 0. By the definition ofZ,
this givesϕ · (f + g + h)� 0 on(b,∞). This contradicts to Theorem 1.1, which proves Theorem 1.2.
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