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A classical three-field mixed variational formulation of frictionless contact is extended to the frictional
regime. The construction of the variational framework with respect to a curvilinear coordinate system
naturally induces projected mortar counterparts of tangential kinetic and kinematic quantities while
automatically satisfying incremental objectivity of the associated discrete penalty-regularized mortar
constraints. Mixed contact variables that contribute to the boundary value problem are then obtained
through unconstrained, lumped or constrained recovery approaches, complemented by Uzawa augmen-
tations. Patch tests and surface locking studies are presented together with local and global quality mon-
itors of the contact interactions in two- and three-dimensional settings at the infinitesimal and finite
deformation regimes.
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1. Introduction

The incorporation of friction into contact algorithms requires
additional effort, in particular to ensure an objective integration
of the evolution laws that describe irreversible interface mechanics
but also in obtaining the associated algorithmic linearization to
achieve an asymptotically quadratic convergence. The consider-
ation of friction in the context of mortar approaches has developed
in parallel with the frictionless case. Although the mortar discret-
ization of the kinetic and kinematic contact variables are similar
to the frictionless case, the description of the projected tangential
kinematics is typically realized in terms of vector quantities and
many studies are still limited to a two-dimensional setting. A vec-
torial description requires a careful construction of the update
scheme for the tractions while the procedure is well-established
in the continuum setting where the components with respect to
a local curvilinear coordinate system are conveniently employed.
Accordingly, contrary to normal contact, the way in which the tan-
gential constraints are treated differs considerably in mortar ap-
proaches. In [1], the three-field mixed variational formulation
foundation for mortar-based frictionless contact treatment was
investigated. One goal of the present work is to construct a unified
mixed variational treatment of normal and tangential contact con-
straints by extending the original idea of [2] for frictionless contact.
The advantage of such a unification is that the algorithmic aspects
of the complete tangential formulation emanate directly from a
three-field statement, the only exception being the necessity of
an independent mortar projection of the slip criterion. The advo-
cated method lacks an intermediate surface to ensure a highly
accurate numerical integration but it has all the remaining major
ingredients of a mortar-based approach. Moreover, it offers alter-
natives to popular mortar schemes and provides numerical dem-
onstrations of their viability. It is highlighted that a large class of
algorithms associated with the classical node-to-segment ap-
proach and its variants are omitted from the present discussion
where emphasis is strictly on mortar methods. The reader is
referred to [3,4] for extensive references on alternative approaches,
to [5] for a recent survey of numerical algorithms for contact
problems.

Starting with applications in small deformation contact prob-
lems [6,7], it was shown that mortar methods satisfy the patch test
while avoiding surface locking [8–10]. Additional investigations in
the finite deformation regime with large sliding have further dem-
onstrated the ability of the mortar method to successfully address
problems that proved to be problematic for the classical node-to-
segment schemes [11–18]. The incorporation of friction in mortar
approaches goes back to the mathematical analysis of [19]. A finite
element framework was subsequently investigated in [20] within a
kinematically linearized two-dimensional framework. Based on
parallel developments in domain decomposition [21], an extension
to three-dimensional large deformation contact was introduced in
[22]. Here, particular emphasis was given to the segmentation of
the contact interface for an accurate evaluation of the contact inte-
grals. Additionally, the construction of an incrementally objective
slip definition was presented. Further investigations in a two-
dimensional setting were presented in [23]. Two-dimensional
studies on the possibilities for quadratic elements and integration
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without an intermediate surface were explored in [24]—see also
[25] for three-dimensional implementations for quadratic ele-
ments with an intermediate surface. While the mentioned works
incorporated a regularization of the normal and tangential con-
straints through a penalty method, a Lagrange multiplier approach
was introduced in [26] in a two-dimensional setting and a three-
dimensional framework with dual Lagrange multipliers was pre-
sented in [27]—see also [28] for two-dimensional investigations.
Recent studies also introduced efficient semi-smooth Newton ap-
proaches, based on [29,30], for two-dimensional mechanical [31]
and three-dimensional thermomechanical [32] problems. See
[33,34] for further three-dimensional examples.

In order to construct a three-dimensional mixed formulation of
mortar-based contact treatment with friction for large deforma-
tions, the three-field mixed variational formulation of [2] is ex-
tended to the tangential kinematics in Section 2 on the basis of
the discussion in [1]. Starting from the continuum setting, a direct
formulation with respect to a curvilinear coordinate system auto-
matically ensures the objectivity of the stick and slip formulations.
Constrained and lumped recovery approaches for the tangential
interactions are developed and subsequently linked with an
unconstrained formulation. Consistency statements with respect
to Uzawa augmentations are discussed and subsequently the algo-
rithmic linearization of the overall algorithm is presented in Sec-
tion 3. Numerical investigations are presented in Section 4
where, in addition to comparing the local traction quality with
analytical solutions, patch tests for tied non-flat surfaces as well
as examples with significant evolutions of the contact interface
are discussed.

Throughout the theoretical developments and numerical inves-
tigations, various details and observations have been omitted to-
gether with related references in order to minimize overlap with
the presentation in [1]. In particular, the notation introduced
therein is employed without restating definitions, i.e. the presenta-
tion is not entirely self-contained. However, a repetition of critical
aspects has been incorporated to a minor extent.

2. Three-field mixed tangential contact treatment

2.1. Continuum formulation

The contact contribution to the weak form can be expressed as

dGc :¼
Z
@Rc

o

ðdx� dyÞ � pdA ¼ �
Z
@Rc

o

ðdgN pN þ dnasaÞdA; ð2:1Þ

under the standard assumption of an exact satisfaction of the
impenetrability condition gN ¼ 0 to simplify the tangential contri-
bution, with sa as the covariant components of the tangential trac-
tion [3,4]. Here, the convention is such that on the deformed
configuration of the master surface the convected curvilinear coor-
dinates na induce the covariant basis vectors aa :¼ @y

@na which define
the covariant metric components aab :¼ aa � ab. The inverse (contra-
variant metric) components aab, with aacacb ¼ da

b as the Kronecker
delta, then define the contravariant basis vectors aa :¼ aabab such
that a generic vector v in the tangent space admits the representa-
tions v ¼ vaaa ¼ vaaa.

Within a time/load-discretized setting with step index n, the
incremental updates

ga
T :¼ na � na;n; pTa :¼ sa � sn

a ð2:2Þ

are of interest where variables without a time/load index
belong to nþ 1. For tangential contact, variational terms are
identified in terms of the history variables and the incremental
updates as
dGc
T ¼ �

Z
@Rc

o

dga
T ðsn

a þ pTaÞdA: ð2:3Þ

Here, the Coulomb slip criterion

rðs;pNÞ :¼ sk k � lpN 6 0 ð2:4Þ

is assumed where l is the (constant) friction coefficient and
sk k2 ¼ saaabsb. During slip, the evolution of the projection coordi-

nates is obtained from the objective statement

sa :¼ sa

sk k !
_ga

T ¼ _k
@r
@sa
¼ _kaabsb; ð2:5Þ

where k is the consistency parameter, with which the tangential
constraints can be stated as

r 6 0; _k P 0; r _k ¼ 0: ð2:6Þ
2.2. Mixed formulation

Within a penalty regularization of the contact constraints, the
tangential contact contribution to the weak form emanates, the
latter assuming the stick state, from the variation of

Gc
T ¼ �

Z
@Rc

o

ga
Ts

n
a þ

�T

2
ga

T aabgb
T

� �
dA; ð2:7Þ

such that pTa ¼ �T aabgb
T . Algorithmically, the continuum formulation

leads to the update

sa ¼ sn
a þ �Tðaabgb

T �KsaÞ; ð2:8Þ

where K, the time-discrete version of _k, vanishes in the case of stick.
In obtaining this update, the variation of aab is omitted from the
weak form—see Section 3 for a discussion.

The approach of [2] for classical three-field mixed formulation
of normal contact is now extended to tangential contact. The initial
steps largely follow [1] and are only briefly addressed. Key difficul-
ties associated with the kinetic quantities will be treated in detail.
For this purpose, introducing mixed tangential kinematic variables
ca

T , the following three-field mixed formulation in terms of
fga

T ; ca
T ; pTag is introduced:

CT ½ga
T ; c

a
T ; pTa� :¼ �

�T

2

Z
@Rc

o

ca
T aabcb

T dAþ
Z
@Rc

o

pTaðca
T � ga

TÞdA

�
Z
@Rc

o

ga
Ts

n
adA: ð2:9Þ

In this section, a trial stick stage is intrinsically assumed but not
explicitly denoted for notational brevity. Unlike the normal part,
the covariant metric must appear as an additional purely geometri-
cal term in this functional. The variation of CT delivers the tangential
contribution dGc

T to the linear momentum balance as well as the
equalitiesZ
@Rc

o

dpTaca
T dA ¼

Z
@Rc

o

dpTaga
T dA ð2:10Þ

andZ
@Rc

o

dca
T pTadA ¼ �T

Z
@Rc

o

dca
T aabcb

T dA: ð2:11Þ

In order to complement the normal formulation in the mortar
setting, the tangential part needs to be defined in terms of mortar
projections to the nodes. This is realized by admitting discretiza-
tions of the mixed variables which are inherited from the slave sur-
face discretization via [11,22]

pTa ¼
X

I

NIpI
Ta; ca

T ¼
X

I

NIca;I
T : ð2:12Þ



1 Explicitly, aac;IIaII
cb ¼ da

b as an exception to the projection notation:
aac;II – NIaacNI

D E
.
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Now, Eq. (2.10) can be rewritten asX
I

dpI
TaNIca

T

* +
¼

X
I

dpI
TaNIga

T

* +
; ð2:13Þ

such that due to the arbitrariness of dpI
Ta it implies, together with an

explicit enforcement of the active set,

ca;I
T ¼ vIga;I

T : ð2:14Þ

Clearly, ca
T cannot be pointwise equal to ga

T in general since the for-
mer inherits the discretization of the slave surface only whereas the
latter varies according to the discretizations of both the slave and
the master surfaces. In order to recover the kinematic mixed mortar
quantity ca;I

T , it is set to zero for all inactive points. This choice is
designated the default approach and will be referred to as the con-
strained recovery procedure. The final result is

ca;I
T ¼

X
J

bWIJca;J
T ¼

X
J

bWIJvJga;J
T : ð2:15Þ

It is highlighted again that the choice of vanishing ca;I
T for I R A is

enforced explicitly here.
The treatments of normal and tangential parts deviate in the

definition of the kinetic quantities. Eq. (2.11) can be rewritten asX
I

dca;I
T NIpTa

* +
¼

X
I

dca;I
T NIaabca

T

* +
ð2:16Þ

In view of the arbitrariness of the variations dca;I
T , this implies for

I 2 A

pI
Ta ¼ �T

X
J

aIJ
abc

b;J
T ; ð2:17Þ

where

aIJ
ab :¼ NIaabNJ

D E
ð2:18Þ

is the projected metric. aIJ
ab has element-level connectivity and

therefore coupling among cb;J
T does not lead to significant additional

computational cost. pI
Ta is explicitly set to zero for I R A since while

ca;I
T ¼ 0 is enforced at these points (2.17) does not ensure pI

Ta ¼ 0 in
general. This is in contrast with the normal contribution where
cI

N ¼ 0 implies pI
N ¼ 0 for I R A.

Clearly, due to the presence of the metric in (2.11), a local rela-
tion between the mixed quantities pI

Ta and ca;I
T cannot be estab-

lished—cf. (2.38). Rather, the former must be recovered from its
projected counterpart. In this recovery, similar to ca;I

T ; pI
Ta is set

to zero for all inactive nodes. This delivers a result similar to (2.15):

pI
Ta ¼

X
J

bWIJvJpJ
Ta: ð2:19Þ

Here, vJ is retained to highlight that the projected tangential trac-
tion is also defined only for active nodes.

Provided all nodes remain in a state of stick, this completes the
determination of the terms which are necessary for the evaluation
of the tangential contribution to the weak form of the linear
momentum balance. The approach summarized for this part also
forms the basis for slip check in the mortar setting, which is treated
in the next section.

2.3. Tangential constraints

The slip surface expression which defines the tangential con-
straints must be proposed independently of the mixed formula-
tion. Since the projected pressure pI

N but not its mixed
counterpart pI

N is guaranteed to be non-negative for I 2 A, check
for stick–slip status should be carried out using the projected
tangential tractions that are bounded by lpI

N > 0 in magnitude.
Algorithmically, the computed projected tangential tractions from
Section 2.2 are trial updates such that

sI;tr
a ¼ sI;n

a þ pI
Ta; sI;tr

a ¼ sI;n
a þ pI

Ta; ð2:20Þ

where the first equality, although not used in the evaluation of the
slip surface, is stated for future reference in Section 2.4. Here, the
discretization

sa ¼
X

I

NIsI
a ð2:21Þ

and the associated projections of the history variables are naturally
induced by the update scheme.

To check for slip, a norm v I
�� �� needs to be introduced using a

discrete metric mab;I:

v I
�� ��2

:¼ v I
amab;Iv I

b ð2:22Þ

The expression for the slip criterion now takes the discrete form

rI;tr ¼ sI;tr
�� ��� lpI

N :
if 6 0 then Stick;
if > 0 then Slip:

�
ð2:23Þ

It is highlighted that ~sI;tr is introduced only for notational conve-
nience. An explicit definition for this quantity is not needed. Now,
the discrete slip criterion highlights the two main requirements
from the definition of mab;I . It should (i) represent the identity for
a Cartesian coordinate system and (ii) yield a norm that is dimen-
sionally consistent with the projected pressure. Since aII

ab is already
defined, let aab;II represent the components of its inverse.1 aab;II does
not satisfy the two requirements but if it is scaled by its value at an
identity metric to define

mI
ab ¼

aII
ab

UII ; ð2:24Þ

then the components of its inverse

mab;I ¼ UIIaab;II; ð2:25Þ

satisfy the requirements.
When violated, the slip criterion delivers the discrete

counterpart

sI
a ¼ lpI

NsI
a ð2:26Þ

of the classical update, where the slip direction

sI
a ¼

sI;tr
a

sI;trk k ¼ mI
ab

@rI;tr

@sI;tr
b

ð2:27Þ

is introduced. The overall frictional update may also be stated in a
form similar to the continuous version (2.8):

sI
a ¼ sI;n

a þ �T

X
J

aIJ
abc

b;J
T �KIsI

a

 !
: ð2:28Þ

Consequently, the discrete versions of the tangential constraints are

rI
6 0; KI P 0; rI KI ¼ 0: ð2:29Þ

In (2.28), it is clearly seen that while an element-level connectivity
arises in the trial update tractions the locality of the stick/slip
check is preserved, which is computationally advantageous. Follow-
ing the update (2.28) for all active nodes, the mixed tractions are
recovered by solving the system of equations emanating from
(2.21):

sI
a ¼

X
J

bWIJvJsJ
a: ð2:30Þ
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Consequently, the slip criterion is not necessarily satisfied in terms
of the mixed tractions and pressure.

While the stick formulation steps were directly induced by the
mixed formulation without ambiguity, the slip formulation allows
for some flexibility in definitions within the present setting, in par-
ticular for mab;I . The choices made enable the locality of the slip
check in terms of already defined variables. Moreover, since only
the components of quantities with respect to the curvilinear coor-
dinate system are being employed, the overall formulation ensures
objectivity automatically (cf. [22,23]).

This completes the treatment of tangential contact apart from
linearization, which is treated in Section 3.

2.4. Alternative recovery procedures

2.4.1. Lumped recovery and consistency statement
In order to avoid the computation of the inverse2 bWIJ and the

matrix operations resulting from its use, it is advantageous to pursue
an approximate treatment. For this purpose, bWIJ is replaced by dIJ=w

I

where dIJ is the Kronecker delta. For instance, (2.28) may now be
stated using (2.30) as

sI
a ¼

sI;n
a

wI þ �T

X
J

aIJ
ab

wI cb;J
T �

KIsI
a

wI

 !
: ð2:31Þ

In [1], a consistency statement was derived for such an approxima-
tion in the context of an augmented Lagrange multiplier setting
with Uzawa iterations. In the frictional formulation, this require-
ment arises already without augmentations due to the history var-
iable sI;n

a . Indeed, the update (2.31) applied at vanishing incremental
updates implies that defining

sI;n
a ¼ sI;n

a wI ð2:32Þ

is necessary since the simplified recovery in (2.31) is not compatible
with the original projection sI;n

a ¼ NIsn
a

D E
that is intrinsic in (2.20).

Eq. (2.31) may then be stated as

sI
a ¼ sI;n

a þ �T

X
J

aIJ
ab

wI cb;J
T �KIsI

a

 !
; ð2:33Þ

where KI :¼ KI=wI. This result formed the basis of the studies in [35]
without derivation.3

2.4.2. Formulation in terms of mixed variables for lumped recovery
The consistency condition for the normal contact treatment

with a lumped recovery ensures the satisfaction of the Hertz–
Signorini–Moreau conditions by the mixed mortar quantities as
well provided wI > 0, which is ensured in this study due to the
use of NURBS or linear Lagrange basis functions. Presently, the con-
sistency condition (2.32) also induces the convenient fact that the
slip surface is not violated by the mixed quantities either, provided
the same norm (2.22) is employed. This is easily seen since the
discrete slip criterion is

rIðsI;pI
NÞ ¼ sI

�� ��� lpI
N ¼ wI sI

�� ��� lpI
N 6 0 ð2:34Þ

and therefore the criterion in terms of mixed quantities is

rIðsI;pI
NÞ :¼ sI

�� ��� lpI
N 6 0; ð2:35Þ

such that rI;tr ¼ rIðsI;tr ; pI
NÞ > 0 indicates slip. Moreover, noting
2 Numerically, one does not necessarily need to explicitly determine the inverse
although, due to multiple uses, this is advantageous in the present case.

3 There is an error in Eq. (2.16) of [35]. The tangential kinematic variable should be
the projected one.
mI
ab

@rI

@sI
b

¼ sI;tr
a

sI;trk k ¼ sI
a; ð2:36Þ

when the slip criterion (2.35) is violated sI
a ¼ lpI

NsI
aholds.

In Eq. (2.33), an element-level connectivity arising from the trial
update tractions and the locality of the stick/slip check are clearly
observed. The lumped recovery approach allows further simplifica-
tion and matching a formulation that was presented in [36]. The
row-sum lumping of the projected metric aIJ

ab and its subsequent
scaling leads to the definitions

aI
ab :¼ NIaab

D E
; mI

ab :¼
aI

ab

wI : ð2:37Þ

The final update then reduces (2.33) to an entirely local relation
between the mixed quantities:

sI
a ¼ sI;n

a þ �T mI
abc

b;I
T �KIsI

a

� �
: ð2:38Þ

This modification, which eliminates the element-level connectivity
and requires retaining only the metric mI

ab in the formulation, con-
siderably simplifies the implementation and even appears neces-
sary for consistency within the lumped recovery approach.
Nevertheless, for the numerical investigations carried out, it was
observed that the results remain unaffected with respect to (2.33).

2.4.3. Unconstrained recovery
The lumped approach is more appropriately viewed as an

approximation of an unconstrained recovery procedure for the
mixed tangential variables that is also a generalization of the con-
strained approach. In this case,

ca;I
T ¼

X
J

bUIJvJga;J
T ð2:39Þ

replaces (2.15) where bUIJ is associated with the inverse of UIJ . More-
over, the history variable distribution sn

a should be updated to ac-
count for changes in the active set in order to ensure consistency
among the mixed and projected quantities associated with the aug-
mented traction distribution sa. This is achieved by computing the
projected quantities sI;n

a in a first step and subsequently updating
the mixed quantities sI;n

a using

sI;n
a ¼

X
J

bUIJvJsJ;n
a ; ð2:40Þ

which retains the original values for sI;n
a unless there is a change in

the active set.
This unconstrained recovery procedure ensures smooth evolu-

tions of ca;I
T for smooth evolutions of ga;I

T both for large changes in
the active set as well as in the transition from stick to slip, thereby
avoiding jumps in the contact interactions that may be observed
with the constrained formulation at coarse discretizations. How-
ever, the computational cost for the unconstrained formulation is
higher since now all slave elements contribute to the evaluation
of the contact integrals at all times. The differences between the
constrained and unconstrained formulations trivially vanish when
all nodes are active. In all the examples to be provided in Section 4,
the same recovery procedure is employed for the normal and
tangential parts of the contact treatment.

2.5. Uzawa augmentation

2.5.1. Iterative scheme
The implementation of an augmented Lagrange multiplier ap-

proach in the context of Uzawa iterations [3] now easily follows
for all recovery procedures. With the default constrained recovery
procedure, the augmentation of the pressure is complemented by
the replacement sI;n

a  sI;ðkÞ
a in Eq. (2.28), which updates the
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traction at the kth Uzawa augmentation of time step nþ 1 with
sI;ð0Þ

a ¼ sI;n
a . With the approximate lumped recovery, the consistency

statement sI;ðkÞ
a ¼ sI;ðkÞ

a wI defines the projected quantities instead of
the original definition. Alternatively, sI;n

a may be replaced by sI;ðkÞ
a in

(2.33) or (2.38) to avoid defining projected tractions. Finally, with
the unconstrained recovery one proceeds as for the constrained
case except that sI;ðkÞ

a must be updated as in (2.40). In all cases,
unindexed quantities in the equations are now understood to be-
long to augmentation step kþ 1. The augmentations are continued
until an iterative error measure £ðkþ1Þ satisfies a convergence crite-
rion to within a given tolerance TOL.

2.5.2. A comparison
It is important to point out that the augmented Lagrangian ap-

proach without Uzawa iterations, which forms a basis for the re-
lated semi-smooth Newton schemes mentioned earlier in the
introduction, was originally presented in [29] also as a mixed ap-
proach. Here, the terminology mixed referred to the combination
of penalty and duality methods such that the advantages of both
were incorporated into a single framework. The present use of
the terminology, on the other hand, follows the usage in [2] which
took as its basis the classical Veubeke–Hu–Washizu variational
principle [37] and its application in the numerical analysis of
incompressible materials [38]. The former usage refers to the
enforcement of the contact constraints whereas the present usage
refers to their discretization.4 In particular, the appearance of the
history of the tangential traction in the classical formulation (2.7)
that forms the basis of the novel formulation proposed in (2.9)
should not be confused with an augmented Lagrangian framework.
Indeed, for both normal and tangential contact, the functionals sta-
ted are strictly for the penalty setting, possibly followed by Uzawa
iterations as summarized. This is clear for normal contact due to
the absence of a Lagrange multiplier in the formulation. The history
variable may likewise be eliminated from (2.8) and (2.9) by defining
an elastic tangential gap [4] to obtain an approach that is closer to
the normal part, although this choice was not pursued in this work.
A mixed framework that is based on the original augmented
Lagrangian scheme for constraint enforcement and which would
be prone to a Newton–Raphson type solution approach would re-
quire a different functional as a starting point.
3. Linearization of the mixed formulation

While constrained recovery is not the most satisfactory among
the three approaches presented (see Section 4.5), it naturally
bridges the remaining two. For this reason, the algorithm for the
treatment of tangential contact with a constrained recovery is
summarized in Table 1.

Within a Newton–Raphson approach, �DdGc contributes to the
tangent matrix:

�DdGc ¼ �DdGc
N � DdGc

T : ð3:1Þ

Concentrating on the tangential contribution, it can be expressed as

�DdGc
T ¼

Z
@Rc

o

ðDdga
Tsa þ dga

TDsaÞdA: ð3:2Þ

Here, Ddga
T ¼ Ddna is purely kinematic in nature and hence the

treatment of the first term which yields a symmetric form is stan-
dard—see [3,4]. To proceed with the second term, which is non-
symmetric in general in the regularized continuum formulation as
well [3, p. 161], in view of (2.12) and (2.19)
4 The use of the terminology arises in other contexts as well, e.g. [39].
Dsa ¼
X

I

NIvIDsI
a; DsI

a ¼
X

J

bWIJvJDsJ
a ð3:3Þ

so that

Dsa ¼
X

I

X
J

NIvI bWIJvJDsJ
a; ð3:4Þ

where the indicators are explicitly denoted to highlight vanishing
terms. Therefore,Z
@Rc

o

dga
TDsadA ¼

X
I

X
J

dga;I
T vI bWIJvJDsJ

a; ð3:5Þ

where

dga;I
T ¼ NIdga

T

D E
ð3:6Þ

has been made use of. The term dga
T is standard. The linearization

DsJ
a depends on the stick/slip status of the node. These are treated

separately to highlight the main steps of linearization. While the
contributions to the residual vector associated with the variations
fdxA

i ; dyA
i g follow from standard treatments, explicitly identifying

the contributions to the tangent matrix entries KAB
ij which relate

the variations fdxA
i ; dyA

i g to the increments fDxB
j ;DyB

j g requires some
additional algebraic effort but is straightforward. In order to employ
the lumped treatment of Section 2.4.1, bWIJ is replaced by dIJ=w

I. For
the unconstrained approach of Section 2.4.3, bWIJ is replaced every-
where by bUIJ and vI is removed from (3.5) as well as from all terms
emanating from it.

It is remarked that although the stick formulation is motivated
by the potential (2.7), the variation of the metric was omitted from
the weak form in order to simplify the algorithmic implementation
and to subsequently construct the mixed formulation as an exten-
sion of the approach pursued in [3]. Hence, one can trace the lack of
stick symmetry to this simplification. It can easily be shown that
the incorporation of the missing variation daab in the weak form
would restore the symmetry for the stick state. A qualitatively sim-
ilar issue arises whenever the weak form is taken as the starting
point for the penalty regularization of normal contact on the de-
formed configuration. A non-symmetric tangent arises unless the
variation of the differential area, which would naturally emanate
from a contact potential, is explicitly incorporated into the weak
form [28]. Presently, the absence of daab complies with the classical
update for sa in the stick state that is induced by a penalty regular-
ization starting from the weak form. Therefore, one concludes that
the classical update does not comply with the exact variation of the
potential formulation. An update that would induce a symmetric
contribution in the stick state was proposed in [40] based on an
improved geometric interpretation of the tangential contact inter-
actions. In this work, the analogy to the classical update will be
retained.

3.1. Stick state

In the stick state, using (2.17) and (2.20),

DsJ
a ¼ DpJ

Ta ¼ �T

X
K

DaJK
abc

b;K
T þ aJK

abDcb;K
T

� �
; ð3:7Þ

where, via (2.18),

DaJK
ab ¼ NJDaabNK

D E
; ð3:8Þ

with Daab as a standard term and, via (2.15),

Dca;K
T ¼

X
L

bWKLvLDga;L
T ; ð3:9Þ

which can be evaluated by making use of (3.6).



Table 1
Algorithm for tangential contact treatment with Uzawa augmentation and constrained recovery.

(Normal contact contributions are available from [1]. Contact active set A is accordingly updated.)
1. Initialize. The closest-point projection na;n and the mixed kinetic variable sI;n

a ¼ sI;ð0Þ
a at time/load step n are known. Within a Newton–Raphson iteration of the kth

Uzawa augmentation at time/load step nþ 1, compute the incremental kinematic variable and the augmentation tractions:

ga
T ¼ na � na;n; sðkÞa ¼

X
I

NIsI;ðkÞ
a

2. Projected mortar variables. Compute projections of kinematic and kinetic variables for I 2 A:

ga;I
T ¼ NIga

T

D E
; sI;ðkÞ

a ¼ NIsðkÞa

D E
3. Mixed kinematic variable recovery. Compute the nodal values of the mixed kinematic variable:

ca;I
T ¼

X
J

bWIJvJga;J
T

4. Projected trial tractions. Update projected kinetic variable assuming stick:

pI;tr
Ta ¼ �T

X
J

aIJ
abc

b;J
T ! sI;tr

a ¼ sI;ðkÞ
a þ pI;tr

Ta

5. Slip surface evaluation. Check locally for slip using the projected variables:

sI;tr
�� ��2 ¼ sI;tr

a mab;IsI;tr
b ! rI;tr ¼ sI;tr

�� ��� lpI
N :

if 6 0 then Stick : sI
a ¼ sI;tr

a

if > 0 then Slip : sI
a ¼ lpI

NsI
a

(

6. Mixed kinetic variable recovery. Compute the nodal values of the mixed tractions:

sI
a ¼

X
J

bWIJsJ
a

7. Local traction. Compute the updated local traction for the weak form evaluation and solution:

sa ¼
X

I

NIsI
a ! dGc

T ¼ �
Z
@Rc

o

dnasadA

8. Check convergence. Estimate the error in augmentation iteration kþ 1 and reiterate unless £ðkþ1Þ < Tol
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3.2. Slip state

If the slip criterion (2.23) indicates slip, DsJ
a from (3.7) corre-

sponds to the trial quantity DsJ;tr
a . Now, the linearization of (2.26)

delivers

DsJ
a ¼ lðDpJ

NsJ
a þ pJ

NDsJ
aÞ: ð3:10Þ

The first linearization has been treated in normal contact. Using
(2.27) and standard calculations [3,4], the second linearization
reads

DsJ
a ¼

DsJ;tr
b

sJ;trk k ðd
a
b � sJ

ambc;JsJ
cÞ �

1
2

sJ
asJ

bsJ
cDmbc;J : ð3:11Þ

The linearization in the first term has been treated within the stick
formulation. Recalling the definition (2.25), the linearization
Dmbc;I ¼ UIIDabc;II in the second term is most easily carried out by
noting

Dabc;II ¼ �abh;II DaII
hd adc;II; ð3:12Þ

where DaII
hd has been treated in (3.8).

Although not pursued in this work, it is remarked that in the
context of Uzawa augmentations algorithmic symmetrization [3]
by keeping pI

N fixed for the frictional part throughout an augmen-
tation step could possibly be used to considerably facilitate the lin-
earization and hence the ensuing numerical implementation.

4. Numerical investigations

In this section, major aspects of the developed frictional mortar-
based contact formulation are investigated within a quasistatic
setting. In Section 4.1, the local solution quality is investigated
by monitoring the traction distributions for the classical Hertz–
Mindlin contact problem with two deformable bodies. Patch tests
with tied interfaces are conducted in two variants of the classical
flat interface problem, in Section 4.2 with a wedge-like interface
and in Section 4.3 for a curved interface. The global solution quality
is assessed in Section 4.4, where a tire is dragged on a deformable
foundation at large compressive loads, by monitoring the contact
forces. Finally, additional global solution comparisons of different
types of mixed formulation are carried out in Section 4.5 through
the rotating contact of two elastic bodies.

While constrained and lumped recovery approaches delivered
very close results for the frictionless setup both locally and globally
in many instances even at coarse resolutions, this is not the case for
frictional contact. On the other hand, while constrained and uncon-
strained recovery results differ even for such cases, presently the
example of Section 4.5 is the only case where unconstrained recov-
ery is needed to provide performance improvement. For this rea-
son, it is not considered in earlier sections and emphasis is
placed on the former two recovery approaches. In all examples,
the volume is discretized with either linear Lagrange or quadratic
NURBS elements, the latter based on the recent developments in
[41,42,36,43,35,44].

The notation, the choices for the numerical discretization as well as
the constitutive models and parameters follow [1] and will not be
repeated.
4.1. Classical Hertz–Mindlin contact

The classical Hertz–Mindlin contact problem is considered
within a plane-strain setting with two deformable bodies. The clas-
sical problem geometry with two cylindrical bodies was provided
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in [1] and hence is only briefly described. Under frictional contact
with l ¼ 0:25, the upper body is first displaced downwards in ten
steps through DN ¼ 0:005 followed by a tangential displacement of
DT ¼ 0:001 through ten steps. See also [23,28] for alternative set-
ups. �N ¼ 10; �T ¼ 1 and TOL = 0.001 are chosen together with
non-matching discretizations. To ensure an accurate evaluation
of the contact integrals, 30 integration points are employed. This
high number minimizes any possible influence of the integration
error due to the lack of an explicit intermediate integration surface,
although the results were verified to be virtually the same when 10
points were used as in the following sections.

Results of the analysis are presented in Fig. 1. Among other
alternatives, the approximate analytical solution chosen for this
problem assumes that the pressure distribution is unaffected by
the tangential tractions [45]. It is observed that, due to more
extensive coupling among the mixed kinematic variables,
constrained recovery results are more oscillatory. However, the
magnitude of the oscillations decreases considerably with mesh
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Fig. 1. The results for the analysis of Section 4.1 are summarized. Here, using r to
s0 ¼ s1=ðlpmax

ffiffiffiffiffiffiffi
a11
p Þj j where ro and pmax are the analytical contact radius and maximum

gray lines.
refinement, indicating local convergence. At the fine resolution,
there is a good agreement with the analytical solution for both
recovery methods. It is additionally observed that, since the tan-
gential constraints are enforced through the projected mortar
quantities, the slip criterion can be violated in terms of the mixed
kinematic quantities for constrained recovery. On the other hand,
in agreement with the analysis Section 2.4.2, it is observed that
lumped recovery guarantees that the constraints are satisfied in
terms of mixed quantities as well. It is remarked that since a11 is
a constant throughout the contact zone, a convenient traction scal-
ing has been employed in Fig. 1 to demonstrate this fact. In gen-
eral, the slip criterion should strictly be checked via (2.35).
Finally, the effect of switching the master/slave designations is
demonstrated in Fig. 2. Since the original master resolution in
the tangential direction is half the slave one, the influence is con-
siderable at coarse resolutions and stronger than the influence on
the pressure distribution. It is remarked that only eight nodes are
active throughout the whole contact interface for the coarse
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denote the distance from the contact zone center, r0 ¼ r=ro; p0N ¼ pN=pmax and
pressure, respectively. The approximate analytical solutions are represented by the
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Fig. 2. The analysis of Fig. 4.1 is repeated. By default, the upper body is the slave. M$ S indicates switching master and slave choices.
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resolution. However, this sensitivity is already small for the fine
resolution.

4.2. Patch test I: inclined interface

The classical patch test setup assumes frictionless contact con-
ditions at the flat interface between two bodies. Presently, this set-
up is modified by deforming the interface to a wedge-like form and
the upper body is again displaced vertically. Here, and in the next
section, only the constrained recovery approach is considered since
for a tied interface this approach is equivalent to the unconstrained
one and also delivers an identical performance with lumped recov-
ery. In order to ensure that the bodies will deform as one, tangen-
tial constraints must be activated. Here, the surfaces are initially
slightly penetrating each other. Normal and tangential contact
constraints are activated for the whole interface while stick is
enforced, furnishing a domain decomposition algorithm that is
suitable for Lagrange or NURBS basis functions. See also [46] for
a domain decomposition approach where NURBS basis functions
are employed. To ensure high accuracy, �N ¼ �T ¼ 106 and
TOL = 10�9 are chosen. Lagrange elements are used with ten inte-
gration points per interface direction to evaluate the contact
integrals.

The problem geometry and results are summarized in Fig. 3.
While the bodies deform approximately as one at this high com-
pression ratio, there are slight oscillations in the stress. However,
these oscillations are not due to approximate integration but
rather due to the discretization nature for the contact interactions.
This is clearly observed in Fig. 4. In the exact solution of this prob-
lem, the pressure is a constant but the tangential traction distribu-
tions display a jump along the inner interface corners. Since this
jump is not captured through the interpolation of the mixed quan-
tities, an approximate traction distribution is obtained for the cho-
sen discretization, the quality of which improves with mesh
refinement.

4.3. Patch test II: curved interface

When tied interfaces are curved, the patch test additionally dis-
plays surface locking associated with an over-constrained contact



Fig. 3. The patch test of Section 4.2 is depicted. Here, both bodies are initially cubes. The interface is modified to a wedge-like form where h1 ¼ 2; h2 ¼ 0:25 l ¼ 1 The upper
body is displaced by prescribing a vertical displacement of DN ¼ 1 at the top surface and the bottom of lower body is constrained in the vertical direction, while two side
surfaces of each body are constrained in their corresponding normal directions. The stress (STR ¼ Pk k) displays oscillations due to the continuous pressure/traction
discretization.

Fig. 4. For the patch test of Fig. 3, the pressure (PRS ¼ pN) and tangential traction (TAU1 ¼ s1; TAU2 ¼ s2) distributions are displayed.

Fig. 5. The patch test of Section 4.3 is depicted. Here, both bodies are initially cubes. The interface is modified to a curved form where h1 ¼ 2; h2 � 0:25 l ¼ 1 The upper body
is displaced by prescribing a vertical displacement of DN ¼ 1 at the top surface and the bottom of lower body is constrained in the vertical direction, while two side surfaces of
each body are constrained in their corresponding normal directions. The locking contact algorithm enforces the constraints at the integration points.
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formulation [8–10]. For this purpose, the geometry and discretiza-
tion of Fig. 5 are considered. As in Section 4.2, �N ¼ �T ¼ 106 and
TOL = 10�9 are chosen to ensure high accuracy, together with La-
grange elements and ten integration points along each interface
direction.

All recovery approaches allow the bodies to deform as one—see
Fig. 5. For comparison, the constraints are enforced at the integra-
tion points of the interface elements based on the continuum
approach of Section 2.1. This formulation is over-constrained and
hence only a single solve with the chosen penalty parameters is
carried out. For such a method Uzawa iterations will also lock, in
the sense that the results degrade with each iteration and conver-
gence is not attained for very small tolerances [9]. For all the exam-
ples in this work, TOL = 0.001 is already a very stringent
requirement that cannot be attained by the integration point for-
mulation. The non-physical deformation of the interface is also
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clearly observed. The classical node-to-segment/surface algorithm
also does not pass this patch test, although it is not over-con-
strained, since the forces are not transmitted correctly [10]. It is re-
marked that the mortar constraints are not satisfied in the
reference configuration of this patch test without special modifica-
tions of the mesh [21] or the constraints [10]. The implication of
this observation is that stresses are induced in the vicinity of the
interface even without external loading, qualitatively similar to
Fig. 6. The geometry of Section 4.4 is depicted. Here, ro ¼ 0:375; ri ¼ ro=2; h ¼
1:125 and l ¼ 3. The tire is displaced at its inner rim by first prescribing a vertical
displacement of DN ¼ 0:5 followed by a tangential one with DT ¼ 2. The bottom of
lower body is held fixed.

Fig. 7. Simulation instances from the analysis of Fig. 6 (ST
Fig. 3. An intermediate level mesh resolution was employed in this
example to alleviate this effect that was not present in earlier
patch test examples.

4.4. Tire on an elastic foundation

A tire on an elastic foundation is considered, as depicted in
Fig. 6, where the tire is first pressed onto a block in 20 load steps
and subsequently dragged through 20 more steps. This example
is carried out in a two-dimensional setting for which the default
choice for the strain energy function is replaced through its two-
dimensional simplification W ¼ K1

2 ðln JÞ2 þ K2
2 ðJ

�1tr C½ � � 2Þ. The
contact variables are �N ¼ 10; �T ¼ 1; Tol ¼ 0:001 and l ¼ 0:1.
Simulation instances are shown in Fig. 7 where the NURBS discret-
ization employed is also shown.

Global contact interactions are monitored through the normal
and tangential forces applied to the tire, as summarized in Fig. 8.
Although there is large sliding at considerable compression,
smooth force evolutions are obtained both for the frictional and
frictionless cases. Moreover, in both cases, both recovery ap-
proaches deliver quantitatively very close results even at this
coarse discretization, although the local pressure and traction dis-
tributions differ as in the Hertz–Mindlin contact example.

4.5. Rotating contact of two elastic bodies

As an additional example to significant contact interface evolu-
tions, the rotating contact of two elastic bodies is considered as de-
scribed in Fig. 9—see also [35]. Here, the upper body is first pressed
R ¼ Pk k) both for the frictionless and frictional cases.
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Fig. 8. The results for the analysis of Fig. 7 are summarized. Here, FN and FT are, respectively, the normal and tangential forces applied to the upper body.

Fig. 9. The problem of Section 4.5 is depicted. Here, representative dimensions are H ¼ 0:75; L ¼ 1:65; l ¼ 1; h1 � 0:5 and h2 � 0:39. The upper body is displaced by
prescribing a vertical displacement of DN ¼ 0:5 at the top surface, followed by twisting it through H ¼ 180� . The bottom of lower body is constrained in the vertical direction.
Initially, there is no gap between the surfaces.
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onto the lower body in 10 load steps and subsequently rotated
through 40 steps in two setups with the values 0:5 and 1, respec-
tively, for l. In both cases, two levels of NURBS discretization are
employed. The fine resolution employs the discretization displayed
in Fig. 9 while the coarse one has half as many elements in each
direction. The contact variables are chosen as �N ¼ 100; �T ¼ 10
and TOL = 0.01. In this example, all recovery approaches are
assessed.

The results of the simulation are summarized in Fig. 10 where
the moment applied to the upper body is monitored. All recovery
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Fig. 10. The results for the analysis of Fig. 9 are summarized. Here, M is the
approaches yield quantitatively close results with the fine mesh
for both friction coefficient choices. The coarse mesh results, how-
ever, highlight a problem with constrained recovery that has been
described in Section 2.4.3. The evolution of the mixed tangential
kinematic variables is non-smooth with respect to their projected
counterparts in the transition from stick to slip. The induced jump
is clearly observed, which depends on the friction coefficient.
Unconstrained recovery fixes this problem. In the case of friction-
less contact, a similar problem was identified [1] but therein the
inconsistency was due to significant changes in the active set.
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twisting moment applied to the upper body. The default value of l is 1.
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Presently, the active set remains almost constant throughout the
twisting stage.

5. Conclusion

Based on the investigations for frictionless contact [1], a deriva-
tion of mortar-based treatment of frictional contact is presented.
Similar to a classical proposal for the frictionless setting [2], a
three-field mixed approach is constructed in terms of the tangen-
tial variables. The identification of a set of discrete mortar con-
straints for the tangential contact interactions is automatically
delivered through the variational framework. In order to recover
the corresponding mixed kinematic and kinetic variables from
their projected counterparts, three closely related approaches were
discussed: (i) constrained, (ii) lumped, and (iii) unconstrained.
While the lumped approach appears to be computationally the
most appealing, its formulation is based on the unconstrained ap-
proach that delivers the numerically less robust constrained one as
a special case as well. Aspects of augmentation in the context of
Uzawa iterations as well as the algorithmic linearization of the
overall algorithm were presented. In order to assess the perfor-
mance of the recovery approaches, two- and three-dimensional
numerical investigations in the infinitesimal and finite deforma-
tion regimes were carried out. In particular, locking and patch test
studies were successfully conducted together with local and global
convergence monitoring.

The resulting mortar algorithm differs from earlier approaches,
mainly due to the direct use of the underlying curvilinear coordi-
nate system for the tangential treatment within mortar projec-
tions. This allows a straightforward satisfaction of the objectivity
requirements. In order to extend the applicability of this algorithm
to dynamic problems, it is necessary to consider the conservation
of linear and angular momenta [22], which is also important in
the context of domain decomposition [21] and requires the satis-
faction of the mortar constraints in the reference configuration.
For this purpose, the use of a local curvilinear coordinate system
would allow for a reformulation of the constraints based on the ap-
proach of [10]. Finally, a three-field mixed variational formulation
may also allow the derivation of approaches suitable for mortar-
based thermomechanical contact analysis [32,18].
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