Available online at www.sciencedirect.com

JOURNAL OF

ScienceDirect Algebra

ELSEVIER Journal of Algebra 319 (2008) 19932029 _
www.elsevier.com/locate/jalgebra

Kernels, inflations, evaluations, and imprimitivity
of Mackey functors

Ergiin Yaraneri

Department of Mathematics, Bilkent University, 06800 Bilkent, Ankara, Turkey
Received 11 March 2007
Available online 8 November 2007

Communicated by Michel Broué

Abstract

Let M be a Mackey functor for a finite group G. By the kernel of M we mean the largest normal subgroup
N of G such that M can be inflated from a Mackey functor for G/N. We first study kernels of Mackey
functors and (relative) projectivity of inflated Mackey functors. For a normal subgroup N of G, denoting
by PG Hv the projective cover of a simple Mackey functor for G of the form s¢ [,y We next try to answer

the question: how are the Mackey functors Py // NV and PH y related? We then study imprimitive Mackey
functors by which we mean Mackey functors for G induced from Mackey functors for proper subgroups
of G. We obtain some results about imprimitive Mackey functors of the form PH v including a Mackey
functor version of Fong’s theorem on induced modules of modular group algebras of p-solvable groups.
Aiming to characterize subgroups H of G for which the module PH,V(H ) is the projective cover of the
simple KN g (H)-module V where the coefficient ring K is a field, we finally study evaluations of Mackey

functors.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let G be a finite group and N be a normal subgroup of G. A basic functor from the category
of Mackey functors for G/N to that for G is the inflation functor Infg N One of the aims of
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this paper is to study Mackey functors for G of the form M = Infg /N T and to seek properties
possessed by both of M and T such as relative projectivity. We also try to understand Mackey
functors for G that can be induced from Mackey functors for a proper subgroup of G.

Similar topics are well established in finite group representation theory. Here we try to obtain
related results for Mackey functors. However, we see that Mackey functor versions of them are
completely different.

The concept of Mackey functors was introduced by J.A. Green [4] and A. Dress [2] to study
group representation theory in an abstract setting, unifying several notions like representation
rings, G-algebras and cohomology. The theory of Mackey functors was developed mainly by
J. Thévenaz and P. Webb in [8,9] which are now standard references on the subject. They con-
structed simple Mackey functors explicitly in [8], and taking representation theory of finite
groups as a model they developed a comprehensive theory of representations of Mackey functors
in [9]. It is shown in [9] that Mackey functors for G over a field K can be viewed as modules
of a finite dimensional K-algebra uk(G), allowing one to adopt easily many module theoretic
constructions.

After recalling some crucial preliminary results about Mackey functors in Section 2, we begin
to study inflated Mackey functors in Section 3. Let M be a Mackey functor for G. We observe
that the intersection of all minimal subgroups of M is the largest normal subgroup of G such that
M can be inflated from a Mackey functor for the quotient group. We refer to this largest normal
subgroup as the kernel of M. Our first aim in Section 3 is to describe the kernels of simple and
indecomposable Mackey functors. It is easily seen that the kernel of a simple Mackey functor for
G of the form S§ p.v 1s equal to the core Hg of H in G. For an indecomposable Mackey functor
M for G over a field K of characteristic p > 0, we show by using [9] that the kernel (M) of
M satisfies:

(0P(H)); <K(M)< Hg and OP(K(M))= 0"(Hc)

where H is a vertex of M.

Some of our main results can be explained as follows. Let N be a normal subgroup of G and
T be an indecomposable pk (G/N)-module with vertex P/N. We show in Section 3 that P is a
vertex of Infg N T so that Infg /N preserves vertices. However, it may not preserve projectivity.

Using some results of [9] we also observe that the functor Infg  sends projectives to projectives
if and only if N is p perfect where p is the characteristic of the field K.
Denoting by PH v the projective cover of the simple uk(G)-module of the form s¢ H v, We

also study the relationship between the Mackey functors of the form PH// n.y and P H’V. For

example we prove in Section 3 that Infg /N sends P g //xv to a projective g (G)-module if and
only if N is inside the kernel of ngv, and if this is the case we have
G ~ G/N
Py y =Infg/1v PH/N v
Moreover, in Section 4 we prove in general that

G/N ~ G G
PH/N,V =enPyy/INPgy

as ux(G/N)-modules where ey is a certain idempotent of ux(G) and I is a two sided ideal
of enuk(G)en.
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In Section 5, we deal with inflations of principal indecomposable Mackey functors. For ex-
ample, we show that Infg /N Pg //11\\7/\/ is isomorphic to the largest quotient of Pg,v that can be
inflated from a uk (G/N)-module.

Section 6 deals with imprimitive Mackey functors, meaning that Mackey functors induced
from Mackey functors for proper subgroups of G. We give a criterion for simple Mackey functors
to be primitive. We also obtain a similar result about primitivity of projective Mackey functors
for nilpotent groups.

We justify that a version of Fong’s theorem on induced modules of modular group algebras
of p-solvable groups holds in the context of Mackey functors. Namely, if K is an algebraically
closed field of characteristic p > 0 and G is p-solvable then any indecomposable p (G)-module
whose vertex is a p’-group (such a ug (G)-module is necessarily projective) is induced from a
uk (K)-module where K is a Hall p’-subgroup of G.

Finally, we study evaluations of Mackey functors in Section 7. We give some results about the
structure of Pg,v (H) as KN g (H)-module where Pg,v is a principal indecomposable Mackey
functor for G over a field K. For instance, we prove that Pg,V(H ) is projective if H is normal
in G, and that Pg’V(H ) is the projective cover of V if H is a p’-subgroup where p is the
characteristic of the field K.

Most of our notations are standard. Let H < G > K. By the notation HgK € G we mean that
g ranges over a complete set of representatives of double cosets of (H, K) in G. We also write
Ng(H) for the quotient group Ng(H)/H where Ng(H) is the normalizer of H in G.

Throughout K is a field and G is a finite group. We consider only finite dimensional Mackey
functors.

2. Preliminaries

In this section, we briefly summarize some crucial material on Mackey functors. For the
proofs, see Thévenaz and Webb [8,9]. Recall that a Mackey functor for G over a commuta-
tive unital ring R is such that, for each subgroup H of G, there is an R-module M (H); for each
pair H, K < G with H < K, there are R-module homomorphisms rlf; :M(K)— M(H) called
the restriction map and ¢ 5 :M(H) - M(K) called the transfer map or the trace map; for each
g € G, there is an R-module homomorphism ci :M(H) — M (8 H) called the conjugation map.
The following axioms must be satisfied for any g,k € G and H, K, L < G [1,4,8,9].

M) It H< K<L, rk =rErk and tf = t£tK; moreover rfl =tH =idy ).
h
M) cf;’( :chc]}(.
M3) IfheH, cZ :M(H) — M(H) is the identity.
My) If H <K, cf_lrg =r§§c§( and citg =t§§c§1.
. 8
(Ms) (Mackey Axiom) If H < L > K, rlﬁtlL< = ZHgKgL tgmgKrHﬁchf{.

Another possible definition of Mackey functors for G over R uses the Mackey algebra ur(G)
[1,9]: uz(G) is the algebra generated by the elements 5, K, and cf,, where H and K are
subgroups of G such that H < K, and g € G, with the relations (M)—(M7).

Mo) Yp<cth =X n<c ™ = luz@)-
(M7) Any other product of r 5 ,t 5 and ci, is zero.
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A Mackey functor M for G, defined in the first sense, gives a left module M of the associative
R-algebra ur(G) = R ®z nuz(G) defined by M= @ch M (H). Conversely, if Misa /,LR(G)
module then M corresponds to a Mackey functor M in the first sense, defined by M (H) =ty Hi,
the maps tg, rg, and cf_l being defined as the corresponding elements of the 1z (G). Moreover,
homomorphisms and subfunctors of Mackey functors for G are g (G)-module homomorphisms
and g (G)-submodules, and conversely.

Theorem 2.1. (See [9].) Letting H and K run over all subgroups of G, letting g run over rep-
resentatives of the double cosets HgK C G, and letting J runs over representatives of the
conjugacy classes of subgroups of H¢ N K, then tF, iy Jrf comprise, without repetition, a free
R-basis of ur(G).

Let M be a Mackey functor for G over R. A subgroup H of G is called a minimal subgroup
of M if M(H) # 0 and M(K) = 0 for every subgroup K of H with K # H. Given a simple
Mackey functor M for G over R, there is a unique, up to G-conjugacy, minimal subgroup H
of M. Moreover, for such an H the RN g (H)-module M(H) is simple, where the RN (H)-
module structure on M (H) is given by gH.x = cf_l (x), see [8].

Theorem 2.2. (See [8].) Given a subgroup H < G and a simple RN (H)-module V, then
there exists a simple Mackey functor Sg,v for G, unique up to isomorphism, such that H is
a minimal subgroup of Sg,v and SS,V(H ) = V. Moreover, up to isomorphism, every simple
Mackey functor for G has the form Sg,v for some H < G and simple RN G (H)-module V. Two
simple Mackey functors SIC_;[‘v and Sg,’v, are isomorphic if and only if, for some element g € G,
we have H' =8H and V' = ¢4, (V).

We now recall the definitions of restriction, induction and conjugation for Mackey functors
[1,7-9]. Let M and T be Mackey functors for G and H, respectively, where H < G, then the re-
stricted Mackey functor | % M is the g (H)-module 1, ()M and the induced Mackey functor
1% T is the ug(G)-module p g (G) 1,1 (1) ®pup ) T, Where 1, (xy denotes the unity of g (H).
For g € G, the conjugate Mackey functor |£[”1T = 8T is the ur (8 H)-module T with the module
structure given for any x € ur($H) and t € T by x.t = (yg_lxyg)t where y, is the sum of all

CX with X ranging over subgroups of H. Obviously, one has |g By = SKII; < vy

{g e Ng(H): 8T =T} of Ng(H) is called the inertia group of T in Ng(H).

The subgroup

Theorem 2.3. (See [7].) Let H be a subgroup of G. Then Tg is both left and right adjoint of ¢g.

Given H < G > K and a Mackey functor M for K over R, the following is the Mackey
decomposition formula for Mackey algebras, which can be found in [9],

itk M= @ Miex binek 15 M

HgKCL

We finally recall some facts from [8] about inflated Mackey functors. Let N be a normal sub-
group of G. Given a Mackey functor M for G /N, we define a Mackey functor M = Infg nM

for G, called the inflation of M, as M(K) = M(K/N) if K > N and M(K) = 0 otherwise.
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The maps tg , rg,c% of M are zero unless N < H < K in which case they are the maps
~K/N ~K/N ~gN o~ . G/N ~
tH//N, rH//N,c‘}g_I/N of M. Evidently, one has Infg/N SH;N’V ~ SS,V'

Given a Mackey functor M for G we define Mackey functors LE M and L nM for G/N

as follows:

(LG wM)(K/N) = M(K)/ > f (M),

J<K:J#N

(LgwM)(K/Ny= () Kerrf.
JSK: JEN

The maps on these two new functors come from those on M. They are well defined because the
maps on M preserve the sum of images of traces and the intersection of kernels of restrictions,
see [8].

Theorem 2.4. (See [8].) For any normal subgroup N of G, LJGF/N is a left adjoint ofInfg/N and
LE;/N is a right adjoint ofInfg/N.

Theorem 2.5. (See [8].) For any simple yux (G)-module quv, we have

G ~ AG NG (H) Ng(H)
Sav ="TNgH) Iang(H)/H Sy

3. Kernels, inflations, and relative projectivity

In this section, we want to define and study a notion of a kernel of a Mackey functor, and also
want to relate this notion to the adjoints of the inflation functor given in 2.4. We also study the
relative projectivity of inflated Mackey functors.

Let M be a ux(G)-module. We first study the existence of a normal subgroup N of G such
that M = Infg y T for some pug(G/N)-module T. There is an obvious such N, namely the
trivial subgroup of G. Indeed, we will show that there is a unique largest normal subgroup /(M)
of G such that M is inflated from the quotient G //C(M).

For any nonzero uk (G)-module M we define

KM)=(x
X

where X ranges over all minimal subgroups of M. Since the set of minimal subgroups of M
is closed under taking G-conjugates (as the maps ci’; are bijective), K(M) is the unique largest
normal subgroup of G satisfying (M) < H for any subgroup H of G with M (H) #0.

Remark 3.1. Let N be a normal subgroup of G and M be a UK (G/N)-module. Then, letting

M =Tnf , M we have N € K(M) and K(M)/N = K(M).

Proof. This is obvious by the definition of inflated Mackey functors. O
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For a ug(G)-module M with maps ¢, r, c we define a ug(G/K(M))-module MO (see 3.2)
with maps 7, 7, ¢ as follows:

M°(H/K(M)) = M(H),

“K/K(M) _ K ~K/K(M) _ K ~gKK(M) ¢
twikony =tHs Tuycon =Ty a0d Cpeay = Cys

forany H, K and g € G with C(M) < H < K <G.

Lemma 3.2. M° is a pux (G /K(M))-module satisfying M = Inf% MO and K(M°) = 1.

G/K(M)
Proof. Let H be a subgroup of G. If M(H) # 0 then IC(M) € H so that

M(H) = (Infg -,y M°) (H).

This shows that M = Infg (M) MO as sets. Moreover, it follows by the construction of M 0 that

the maps 7, 7, ¢ of MY satisfy the required axioms so that M° becomes a Mackey functor because
the maps ¢, r, ¢ satisfy the similar axioms. Therefore M 0is a well defined u (G /K (M))-module
such that M = Infg/,C(M) MO. Finally, 3.1 shows that IC(MO) =1. O

We note that the Mackey functor M constructed above is equal to both of LJGr K M)M and
L_G//C(M)M'

Proposition 3.3. For any ux(G)-module M, the set of all normal subgroups N of G such that
M is inflated from the quotient G/N has a unique largest element with respect to inclusion.
Moreover, this largest element is equal to KC(M).

Proof. 3.2 implies that M is inflated from the quotient G//C(M). Suppose that N is a normal
subgroup of G such that M is inflated from the quotient G/N. Then N is a subgroup of (M)
by 3.1. Hence K (M) is the largest normal subgroup of G such that M is inflated from the quotient
G/K(M). O

It is evident that 3.3 is true for Mackey functors over any commutative ring R, not just over a
field K.

It is clear that any uk(G)-module M can be inflated from G/N where N is any normal
subgroup of G with N < KC(M).

Let M be a ux(G)-module. By the kernel of M we mean the subgroup IC(M). We say that
M is faithful if it is not inflated from a proper quotient of G, equivalently (M) = 1.

For a subgroup H of G, we denote by Hg the core of H in G, that is the largest normal
subgroup of G contained in H, equivalently the intersection of all G-conjugates of H.

We now describe the kernels of simple Mackey functors.

Corollary 3.4. IC(SS’V) = Hg for any simple uk(G)-module Sg,v- In particular, for any nor-
mal subgroup N of G contained in H, we have

G ~ G/N
Spy = Infg/N SH/N,V'
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Proof. It is clear that IC(SIC; v) = Hg, because the minimal subgroups of Sg v are precisely the
G-conjugates of H. So 3.3 implies that Sg,v = Infg/N T for some uk (G/N)-module T. As Inf

is an exact functor, 7" must be simple which is isomorphic to SS% v by the definition of inflated
functors. O

As in [9] we denote by P g v the projective cover of the simple px (G)-module 51(1;,\#

Corollary 3.5. Let K be a field of characteristic p > 0 and H be a p-subgroup of G. Then for
any simple KN g (H)-module V the ux(G)-module Pg’v is faithful.

Proof. This follows from [9, (12.2) Corollary] stating that 1 is a minimal subgroup of Pg v O
Before going further we need the following.

Lemma 3.6.

(1) Let M be a ux(G)-module and H be a subgroup of G such that ¢g M #0. Then K(M) <
KAS M.

2) K(M) < K(T) for any ux(G)-module M and any submodule T of M.

(3) Let M — T be an epimorphism of ug(G)-modules. Then KK(M) < K(T).

(4) Let H be a subgroup of G and T be a ug(H)-module. Then K(Tg T) <K(T).

(5) For any exact sequence

0O=-S—-M—->T—-0

of ur(G)-modules, (M) = K(S) N K(T).
(6) K(M| ® M) =K(M;) NIKC(M>) for any ug(G)-modules M| and M.

Proof. (1) If K is a minimal subgroup of J,I(_;I M then M (K) # 0 so that K contains a minimal
subgroup of M. This shows that JC(M) < K(¢f1 M).

(2) Let T be a submodule of M. Then it is clear that any minimal subgroup of 7 contains a
minimal subgroup of M, implying that (M) < K(T).

(3) Let K be a minimal subgroup of 7. As T is an epimorphic image of M, there is a surjective
map M(K) — T(K), implying that M(K) # 0 because T(K) # 0. Therefore K contains a
minimal subgroup of M. Consequently, (M) < IC(T).

(4) By the Mackey decomposition formula 7 is a direct summand of ingI T. Then parts (1)
and (3) imply that

k(16 T) < K(§15 T) < K(D).

(5) Parts (2) and (3) imply that (M) < KC(S) N KC(T). For the reverse inclusion, if K is a
minimal subgroup of M then it follows from the exactness of the given sequence that S(K) or
T (K) is nonzero, implying that (M) 2 K(S) N K(T).

(6) Follows by part (5). O

We now note that the inclusions in the previous results may be strict inclusions.
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Let M = SIC_;I k- Then it is clear that ¢g M = SgK. Therefore 3.4 implies that JC(M) =

and K(ig M) = H. So the inclusion in part (1) of 3.6 may be strict.
Let K be a field of characteristic p > 0 and C be a subgroup of G of order p. Then the socle
of any principal indecomposable uk (G)-module of the form PGV is isomorphic to SG v by [9,

(19.1) Lemma]. Therefore if we put M = PGV and T = SC v then T is a subfunctor of M such
that (M) =1 (by 3.5) and K(T) = Cg. Furthermore, T is an epimorphic image of M. This
shows that the inclusions in parts (2) and (3) of 3.6 may be strict.

We next record some commuting relations of induction and restriction with inflation.

Lemma 3.7. Let N be a normal subgroup of G and H be a subgroup of G.

(1) If N < H then for any ux (H/N)-module T,

G/N
Infg TH//N T=1Gmff 7.

(2) Let M be a ur(G/N)-module. If ¢g Infg/N M is nonzero then N < H. Moreover, for
N < H we have

H G/N
‘LH Infg/N M =Infy Viyn M

Proof. (1) One may prove the result by using the explicit description of induced Mackey functors
given in [7]. Alternatively we prove the result by using the adjointness of functors given in 2.3
and 2.4. From the adjointness of the pairs

+ G/N ,G/N
(LG/N’ Infg/N) and (‘LH/N’ TH/N)
we see that the pair

G/N
(‘LH/N G/N> I“fg/zv TH/N)

is an adjoint pair. Similarly, the adjointness of the pairs
G 4G
(‘LH’TH) and (LE/N’Ian/N)
imply that the pair
( H/N ‘LH TH Ian/N)

is an adjoint pair. It is clear by the definition of L™ (see Section 2) that the functors

G/N ¢
‘LH/N Gy and LH/N ‘LH

are naturally isomorphic. Consequently, the functors
G/N G 1nfH
Infg/N ?H/N and THIan/N,

being right adjoints of two isomorphic functors, must be naturally isomorphic.
(2) This is obvious by the definitions of inflated and restricted Mackey functors. O
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Part (1) of 3.7 is straightforward, when Mackey functors are viewed as functors on the cat-
egory of finite G-sets [2]. Induction of Mackey functors corresponds to restriction of G-sets,
and inflation of Mackey functors corresponds to fixed points. If X is a G-set, then the G /N -sets
(Res X YN and Res H/ N(X Ny are obviously isomorphic. See [1,2].

We also need the following commuting relations between L%, L=, Inf and 1.

Lemma 3.8. Let N be a normal subgroup of G and H be a subgroup of G. Given a ux(G/N)-
module M and a ux (H)-module T we have

(1) LG/NInfg/NM%A:{
2) Lg/NlnﬁG/N =
G/N
(3) L&y 15 T= TH//NL'[I/NTLngH

Proof. (1) We note that (InfG /N M )(J) =0 for any J not containing N. Then the result follows

immediately by the definition of LT.
(2) Follows from part (1), since the functor L /N Infg N is right adjoint to the functor

InfG

+
Ly InfG)y-
(3) Firstly it is easy to see from the definitions of | and Inf that the functors

G/N
iglnfg/N and Infg/NiH//N

are naturally isomorphic. Therefore their left adjoints must be naturally isomorphic. As in the
proof of the previous result we see using the adjoint functors given in 2.3 and 2.4 that the respec-
tive left adjoints of the functors

G/N
1§ nfg,y  and Ian/N¢H//N

are

+ G G/N
Lgytg and 15 L H/N' U

Now we can study the relative projectivity of inflated Mackey functors. An indecomposable
Mackey functor M for G over K is said to be H-projective for some subgroup H of G if M is
a direct summand of Tg¢g M, equivalently M is a direct summand of Tg T for some Mackey
functor T for H. For an indecomposable Mackey functor M, up to conjugacy there is a unique
minimal subgroup H of G, called the vertex of M, so that M is H-projective, see [7].

Although the definition of relative projectivity of Mackey functors is similar to the that of
modules of group algebras, there are some differences. Any principal indecomposable uk (G)-
module Pg’ v has vertex H.If M is an indecomposable pk (G)-module and K is of characteristic

p > 0, then vertices of M are not necessarily p-subgroups of G in which case we have ¢g M=0
where P is a Sylow p-subgroup of G. For more details see [9].

Remark 3.9. Let H be a subgroup of G and M be an indecomposable H-projective uk(G)-
module. Then (M) < Hg.
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Proof. M is a direct summand of Tg¢g M. Thus i,g M # 0. So we may find a minimal sub-
group of M contained in H. This shows that (M) < H. The result follows by the normality of
KM)inG. O

Note that by their definitions all of the functors Inf, L™, and L~ commute with finite direct
sums. Indeed, by 2.4 we see that LT and Inf commute with arbitrary direct sums, while L~
commutes with arbitrary direct products.

Lemma 3.10. Let N be a normal subgroup of G and M be a ur(G/N)-module. Then

@)) Infg /N M z~s indecomposable if imd only if M is indecomposable.
2) If Infg /N M is projective then M is projective.

Proof. We let M = Infg /N M.

(1) It is clear by the definition of the functor Inf that End,. () (M) = End . (G/n) (1\71) as K-
algebras. Then, the result follows, because a module is indecomposable if and only if the identity
is a primitive idempotent of its endomorphism algebra.

(2) By the functorial properties of the functors L‘g /N and Infg /N given in 2.4, we see that

LJGr /N seilds projectives to projectives. Hence, if M is projective then LJGr / N M, which is isomor-
phic to M by 3.8, is projective. O

In the next result we show that inflation preserves the vertices of Mackey functors, which is
not the case for modules of group algebras.

Theorem 3.11. Let N be a normal subgroup of G, let M be an indecomposable px (G/N)-
module, and let M = Infg/N M. If Q is a vertex of M and P/ N is a vertex ofM then Q =g P.

Proof. As P/N is a vertex of M , there is a ug (P/N)-module T such that M is a direct sum-
mand of Tg;x T. Since Inf commutes with direct sums, M is a direct summand of
G/N =
Inf(G;/N e T
which is by 3.7 isomorphic to
Tg Infh /N T.

So M is P-projective. This implies that Q < P because M is indecomposable.
Moreover, having Q as a vertex, M is a direct summand of Tg T for some ug (Q)-module T.

Then, for Lg N commutes with finite direct sums, we see that Lg / yM is a direct summand of

+ G
LontoT
isomorphic to

G/N ;+
Ton LonT
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by 3.8, where we also use 3.9 to see that N < Q. Hence LG / yM is Q/N-projective. It follows
by 3.8 that

12

L& yM=LE  Infé,y M= M.

Consequently P/N <g/vn Q/N,or P<g Q. O

Almost the whole proof of 3.11 holds for modules over group algebras, the only difference is
the point where we use 3.9 to see that N < Q.
We next give a result about inflations of principal indecomposable Mackey functors.

Corollary 3.12. Let Pg’v be a principal indecomposable ug (G)-module. If N is a normal sub-
group of G in the kernel of Pg,v then

G/N
Py = Infg/zv Pyin,v-

Proof. We may write
PFy =Infg M

for some uk (G/N)-module M. Then 3. 10 implies that M is isomorphic to a principal indecom-
posable uk(G/N)-module, say M = PK/N w- We may assume that H = K because H =g K

by 3.11. As Infg 18 an exact functor and P // n.w is the projective cover of SI%%’W, there is a
1K (G)-module epimorphism

PHV_)Infg/NSH/N W_SHW
This shows that SG v = SH w»andhence V=W. 0O

The previous result shows that inflation of some projective Mackey functors are still projec-
tive, which is not true for some other projective Mackey functors. Therefore, given a principal

indecomposable ux (G/N)-module Pg //1]\\,/\, it is not true in general that
G ~ G/N
Pyy = Infg/zv PyiNv-

For example, let K be a field of characteristic p > 0 and H be a p-group. If the above isomor-
phisms holds then considering kernels of both sides we get 1 = N (see 3.5 and 3.1).

Lemma 3.13. Let N be a normal subgroup of G. If Pg//;\\,lv is a principal indecompos-
able ux(G/N)-module such that M = Infg/N PH/N v is a projective ug(G)-module, then

mM=pr§,
Proof. Being an exact functor, Infg /N induces a uk (G)-module epimorphism

G/N ~ oG
M — Infg/N SH/N,V =Sgv-
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Then by 3.10 M is indecomposable. Since it is also projective, M is isomorphic to the projective
cover PS’V of Sfl’v. |

For any group X, we denote by Px () the projective cover of its argument which is a ux (X)-
module. We also denote by J () the radical of its argument.

By the following we can easily describe the image of a principal indecomposable uk (G)-
module under the functor L.

Theorem 3.14. Let N be a normal subgroup of G and M be a ux(G)-module. Then

6} Lg/NPG(M) x~ PG/N(Lg/NM).
2) L—(‘S/N Pg (M) is nonzero if and only if M /J (M) has a simple summand with kernel contain-
ing N.

Proof. It follows by 2.4 that L™ sends projectives to projectives. Letting M| = LJ(E /N Pc(M)

and M = Pg/n (Lg/NM), we will show that My /J (M) = M3 /J(M>). This clearly shows that

M = M, because both are projective.

For any simple yux (G/N)-module T = Sg;%’v, by the adjointness of the pair (L, Inf) given

in 2.4, we have the following K-space isomorphisms:

Homy,, G/n)(M1/J (M), T) = Homy, /vy (M, T)
= Hom, 6) (P (M), S§ )
= Homy.,.6) (P6(M)/J (Po(M)), S5 1/)
= Homy, () (M/J (M), S5 /)
= Homy,y. (6) (M., S5 y)-

Similarly we have

Homy,y, (G/n) (M2/J (M2), T) = Homyuy G /n) (LG y M/ I (LG yM), T)
= Homyy /N (LG nM. T)
= Homy (6) (M. Si7.v).
Consequently,
Homy, (6/n) (M1 /J (M), S) = Homy,, /n) (M1/J (M1), S)

for any simple ug (G/N)-module S. This proves that My /J (M) = M>/J(M>).
Finally, from

G/N \ ~
HomuK(G/N)(Ml/J(Ml)’ SH?N,V) = Hom,, ) (M’ Sg,v)’

it follows that M; # 0 if and only if Hom, G)(M, Sg,v) # 0, equivalently M/J (M) has a
simple summand of the form Sg,v with N < H. Then part (2) follows by 3.4. O
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Corollary 3.15. Let N be a normal subgroup of G and PI({;,V be a principal indecomposable
Ux (G)-module. Then L—g/N PI?,V is nonzero if and only if N < H. Moreover, if N < H then

+ G ~ pG/N
LG/NPH,VZPH/N,V‘

Proof. Letting M = S¢ 7.y it follows by 3.14 that

G ~ G
LJcr;/N PH,V = PG/N(Lg/NSH,V)’

and also that it is nonzero if and only if N < K(M) < H. Suppose now that N < H. Then 3.4
implies

SH V= Infg/N SH/N V-

Finally, applying the functor LJGr /v to the both sides of the latest isomorphism, by 3.8 we obtain

+ G ~ 7+ G/ ~ oG/N
LG/NSH,V = LG/N Irlfg/N SH/N,V = SH/N,V‘

This finishes the proof. 0O

We also have the following obvious consequence of 3.14.

Corollary 3.16. Let N be a normal subgroup of G and M be a ux(G)-module. Then, L“GL/NM
is nonzero if and only if M/ J (M) has a simple summand with kernel containing N.

Although it is clear by the definition of L™, the proof of 3.15 shows that

+ ~ oG/N
LG/NSH,V = SH/N,V

if N < H (and 0 otherwise).
Given a principal indecomposable ux (G/N)-module Pg//lzvvyv’ it follows by 3.12 and 3.13

that InfG PH / N v 18 projective if and only if N < IC(Pg’V). However, for the projective cover
of an 1nﬂated Mackey functor we have the following.

Proposition 3.17. Let N be a normal subgroup of G and M be a ux(G/N)-module. Then
PG (Infg,x M) = Pg(Inf¢ PG n(M)).

Proof. Letting M| = Pg (Infg/N M) and M, = Pg (Infg/N Pg/n(M)), it suffices to show that
Hom,, (6)(M1, §) = Homy,, (G)(M>, S)

for any simple uk (G)-module S because M| and M, are projective.
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Take any simple g (G)-module S. If Hom,, (G)(M;, S) # 0 fori =1 or i =2, then we first
observe that S can be inflated from the quotient G/N. Indeed, if

Hom,,, ) (M;, S) = Homy,, ) (M;/J (M;), S) # 0
then it follows by part (3) of 3.6 that K(M;/J (M;)) < K(S). As
M, /J(My) ZInfg,y M/J (Infg M),
part (3) of 3.6 implies that
N < K(Infg,y M) < K(Infg y M/J (Infg M) =K (M, /] (My)).

Similarly, we can deduce that N < C(M3/J (M3)). Thus we may assume that N < /C(S).
As N < K(S), by the proof of 3.15 the ux(G/N)-module LJG“/NS is simple and

S= I“fg/zv LJ(E/NS'
Now by using the adjointness of the pair (LT, Inf) and part (1) of 3.8 we obtain

Homy, (6)(M1, §) = Homy, ) (M1/J (M1), S)
= Homy, () (Infg/N M/J(Infg/N M).5)
= Homy,. () (Inf¢ M, S)
= Homyuy () (InfGy M, InfG, y L S)
= Hom,,, (G/N) (Lg/N Infg/N M, Lg/NS)
= Homy (G/n) (M» LZ/N5)~

In a similar way we obtain also that

Homy,,, ) (M2, S) = Homyy, G/ (P6/n (M), L§ . S)

= Homyy, (6/n) (M, Lg,yS)
where the last isomorphism follows from the simplicity of L‘g / NS O

The argument of the proof of 3.17 uses 3.6 which implies that if Hom,,, G)(M, S) # 0 for
a simple ug(G)-module S and a ukg(G)-module M with N < (M) then N < KC(S) so that
L'(';/NS is simple and S = Lg/N Infg/N S. As in the proof of 3.17 we can conclude by using the

adjointness of the pair (L, Inf) that

Infg/N T/J(Infg/N T) ;Infg/N(T/J(T)) ;Infg/N T/Infg/N J(T)

for any ug (G/N)-module T'. In particular, Infg/N T is semisimple if and only if 7 is semisim-
ple.
The following is immediate from 3.17.
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Corollary 3.18. Let N be a normal subgroup of G and Pg //ZIVVV be a principal indecomposable
ur (G/N)-module. Then

G/N \ ~ pG
PG(Infg/N PH/N,V) =Pyy-

We are aiming to characterize the normal subgroups N of G such that the functor Infg /N sends
projectives to projectives. The example given before 3.13 shows that this problem is related to
the problem of finding kernels of principal indecomposable i (G)-modules.

For any prime p and group H, we denote by O (H) the minimal normal subgroup of H such
that the quotient H/OP(H) is a p-group. If H = OP(H) then H is said to be p-perfect.

The following is an immediate consequences of some results proved in Section 9 of [9], by
analyzing the action of the Burnside ring on a Mackey functor.

Lemma 3.19. Let K be a field of characteristic p > 0 and H be a subgroup of G. Then, for any
indecomposable u(G)-module M with vertex H,

(0P (H)); < K(M) < Hg.

Proof. The inclusion (M) < Hg follows by 3.9. According to the results of [9] mentioned
above, if M (X) is nonzero then OP (H) <¢ X. Therefore (O?(H))g < K(M). O

Since any principal indecomposable uk (G)-module of the form PS’V has vertex H, the pre-
vious result applies to Pg,v'

Lemma 3.20. Let N be a normal subgroup of G. If the functor Infg /N sends projectives to pro-

Jjectives then the same is true for the functor Ian /N where H is any subgroup of G containing N.

Proof. Let M be a projective uk(H/N)-module. By 2.3 both of the functors | and 1 send
projectives to projectives. Therefore the puk (G)-module
G/N ~
Infg 15N M =15 Inffh M

is projective, where we use 3.7 for the isomorphism. It follows by the Mackey decomposition
formula that Infz /N M 1is a direct summand of the projective ux (H)-module

Vit Inff M.
Therefore Infg INM is projective. 0O

We now characterize the normal subgroups N of G for which the right adjoint L ; /N of the
functor Infg N is exact.

Theorem 3.21. Let K be a field of characteristic p > 0, and N be a normal subgroup of G.
Then, the functor Infg /N sends projectives to projectives if and only if N is p-perfect.
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Proof. Suppose that the functor Infg /N sends projectives to projectives. Then the same is true

for the functor Inf% by the virtue of 3.20. Thus, inflating the following isomorphic projective
UK (N /N)-modules

N/N N/N
PN/N,K = SN/N,]K’

we get the following isomorphic projective puk (N )-modules

InfY N/ N

~ 1. ¢N N/N
n/N Pynjn ok =Inf

N/N SNyN K = SN K-
Then 3.13 implies that
N ~
Py =Syk-

Therefore SZIQ,’,K is a projective simple puk(N)-module. [9, (13.2) Corollary] states that for a

simple Mackey functor Sgyv to be projective it is necessary that H is p-perfect. This result
allow us to deduce that N is p-perfect.
Conversely, we assume that N is p-perfect. We take any principal indecomposable ux (G/N)-

module PH//II\,VV We want to show that Infg /N PH//N v 18 a projective ug(G)-module. As
OP(H) is a normal subgroup of H and H contains N, we see that N N OP(H) is a normal
subgroup of N. Then, from
N/NNOP(H)=NOP(H)/OP(H)< H/OP(H),
we obtain that N = N N OP (H) because N is p-perfect. Hence
N<OP(H)<H

implying by the normality of N in G that

N<(0P(H));<H
Now, 3.19 yields N < IC(PgYV). Finally, from 3.12 we get

G ~ G/N
Pyy =Infg/1v Pyinv-

This proves that Infg /N PH / N v 1s projective. O
The proof of 3.21 suggests the following result connected to 3.19.

Proposition 3.22. Let K be a field of characteristic p > 0 and H be a subgroup of G. Then, any
indecomposable ug (G)-module M with vertex H satisfies

0P (K(M)) = OP(Hg).
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Proof. Let N be any normal subgroup of G with N < H. Then we see that N N O”(H) is a nor-
mal subgroup of N, and the corresponding quotient is isomorphic to a subgroup of H/OP?(H),
and so
OP(N)X NN OP(H)< OP(H).
Since OP(N) is a normal subgroup of G contained in O (H), it follows by 3.19 that
OP(N) < (OP(H)); < K(M) < Hg.
Letting N = Hg we obtain
OF(K(M))=0P(Hg). O

Let M be an indecomposable uk (G)-module with vertex H and K be field of characteristic

p > 0. We know that H is a p-group if and only if ¢§; M # 0 where S is a Sylow p-subgroup

of G, see [9]. A slight stronger form of this is the following.

Remark 3.23. Let K be a field of characteristic p > 0 and M be an indecomposable uk(G)-
module with vertex H. Then, H/Hg is a p-group (equivalently, OP (H) < G) if and only if

¢I(C;(M)S M#0
where S is a Sylow p-subgroup of G.
Proof. There is a ux(G/N)-module M such that

M =Infg,y M,

where N = C(M). By 3.10 and 3.11, M is indecomposable and has vertex H/N. Then using 3.7
we get

G NS | G/N
Yns M =Infygy dysn M-

Since NS/N is a Sylow p-subgroup of G/N, it follows by the explanation above that H/N is a
p-group if and only if

Us)y M #0.
Finally, from the proof of 3.22 we see that
OP(Hg) < K(M)=N < Hg < H,
and so H/KC(M) is a p-group if and only if H/Hg is a p-group. O

In the situation of 3.23 we can find the kernels of some principal indecomposable uk(G)-
modules.
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Remark 3.24. Let K be a field of characteristic p > 0. If H/Hg is a p-group then IC(Pg v) =
OP(H).

Proof. Let M = Pg v and N = OP(K(M)). Then N is a p-perfect normal subgroup of G, and
so from 3.21 and 3.13 we get M = Infg/N M where M = Pg//,]\,v v - By the proof of 3.22,

OP(Hg) = 0P (K(M)) = N < (0P (H)); <K(M) < Hg < H.

Thus, if H/Hg is a p-group then H/N is a p-group and 3.5 implies that IC(]VI) = N/N. Conse-
quently, (M) = N from 3.1 and it is then easy to see that N = OP(H). O

Another case for which we can find the kernel of Pg v 18 explained in the next result.

Proposition 3.25. Let K be an algebraically closed field of characteristic p > 0. If G is nilpotent,
then for any principal indecomposable uk (G)-module Pg v we have IC(Pg v) = (0P(H))g.

Proof. Since G is nilpotent, O”(X) = X for any subgroup X of G where X, is the unique
Hall p’-subgroup of X. If G is nilpotent then by Section 7 of [12] the Mackey algebra ux(G)
admits a tensor product decomposition ug (G p) ®k uk(Gp). It is easy to see that under this
identification of uk (G), the module ngv corresponds to the module

G,/ G
P )4
SHp/,V ®K PHp,]K’

see [12] and the proof of 6.11. Then the result follows because the functor Infg /N corresponds
to

G/ G
P P
Inpr//Np/ QK Inpr/Np . O
4. Projective covers of Mackey functors for quotient groups

We devote this section to obtaining a relationship between principal indecomposable Mackey
functors of the form Pg//l‘}\,v’v and Pg,v~ Let V be a simple KG-module and N be a normal
subgroup of G acting on V trivially. Then it is well known that the KG and K(G/N)-module

projective covers PG (V) and P,y (V) of V satisfy:
Po/N(V) = Pg(V)/J(KN)Pg(V).

We mainly want to obtain a similar result for Mackey functors, see 4.9.
For any normal subgroup N of G we put

ey = Z t)‘)((.

X<G:X=N

It is clear that ey is an idempotent of uk(G) with the property that, for a ux(G)-module M,
eyM = M if and only if N < KC(M).
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We now record some well-known (and widely used in representation theory of symmetric
groups) basic facts about the modules of an algebra A and its corner subalgebra eAe where e is
an idempotent of A. We have the following functors some of whose properties are recalled in the
next result:

R, :Mod(A) - Mod(eAe) and C,, I, :Mod(eAe) — Mod(A)
given on the objects by
R.(V)=¢eV, Ce(W)=Homgg.(eA, W) and I[,(W)=Ae Rcse W.
The definitions on morphisms of these functors are obvious (and well known).

Remark 4.1. Let A be a finite dimensional algebra over a field and ¢ be an idempotent of A.
Then:

(1) I, and C, are full and faithful linear functors such that both of the functors R.I, and R,C,
are naturally isomorphic to the identity functor.

(2) (I, R.) and (R, C,) are adjoint pairs.

(3) Both of I, and C, send indecomposable modules to indecomposable modules.

(4) Any simple e Ae-module is of the form eS for some simple A-module S, and conversely for
any simple A-module S the eAe-module eS is either zero or simple.

(5) Given simple A-modules S and S’ that are not annihilated by e, one has § = S’ as A-modules
if and only if S = eS’ as e Ae-modules.

(6) Given a simple e Ae-module T, the A-module 7,(7) has a unique maximal A-submodule Jr
and one has R,(I,(T)/Jr) =T and Jr is the sum of all A-submodules of 7,(7T") annihilated
by e.

The above fact is well known, and can be found in [5, pp. 83-87].

Let ngv be a principal indecomposable px (G)-module. If N is a normal subgroup of G
such that ey Sg.v # 0, then by an application of the following result ey ngv is the projective
cover of the simple en UKk (G)eny-module eNSg,V’ and I, R, (ngv) = ngv.

Lemma 4.2. Let A be a finite dimensional algebra over a field and e be an idempotent of A.
Suppose that S is a simple A-module such that eS # 0. If P is the projective cover of the A-
module S, then e P is the projective cover of the e Ae-module eS.

Proof. Let P’ be the projective cover of the simple eAe-module eS. By 4.1 the functor I,
which is right exact, preserves indecomposability and projectivity. Therefore, by parts (5) and (6)
of 4.1, we have an A-module epimorphism I,(P') — I.(eS) — I.(eS)/J.s = S. Consequently,
I.(P') = P proving that P’ =eP. O

To make use of the existing results about functors between module categories it may be useful
to identify the inflation functor Infg /N given in Section 2 with the functor

1 (G MK(G/N) @y (G/N) —-
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Let N be a normal subgroup of G. Then the Mackey algebra kg (G/N) can be regarded as a
left uk (G)-module if we identify ux (G/N) with the inflated pk (G)-module Infg IN ur(G/N).
Therefore, the left 1k (G)-module action on uk(G/N) is given by

H ¢ K. _ H/N gN K/N
thc]rJ.x_thJ/ch/Nrj/Nx

if N < J and 0O otherwise. In a similar way uk (G/N) has a right uk (G)-module structure.
Lemma 4.3. Let N be a normal subgroup of G. Then the functors

I“fg/zv and ;3 (GHUK(G/N) ®ux(G/N) —
are naturally isomorphic.

Proof. Although this is evident from the definition of inflated Mackey functors given in Sec-
tion 2, one may also deduce the result from the characterization of additive right exact covariant
functors commuting with direct sums between module categories given in [10, Theorem 1]. This
results says that if F' is such a functor from modules of a ring A to modules of a ring B then F'
is naturally isomorphic to the functor p F(A) ®4 —. O

It is now clear that the inflation functor Infg /N can be identified with the restriction functor
along the unital morphism of algebras ux(G) - uk(G/N) given by

H 8 K H/N ¢N K/N
lLeg€yry 7= Len yyNCINT TN

if N < J and 0 otherwise. The left and right uk (G)-module structures on uk (G/N) come from
this algebra homomorphism. See also the algebra homomorphism vy introduced after 4.5.

We can also make similar identifications for the functors L~ and LT. Let A and B be algebras,
and let 4Up be an (A, B)-bimodule. It is well known that the pair

(aU ®p — Homa(4Ug, —))
is an adjoint pair, and in the case Up is finitely generated and projective the pair
(3 Homp(4Up, Bp) ®4 —, AU ®p —)
is an adjoint pair.

Remark 4.4. Let N be a normal subgroup of G. We have the following natural isomorphisms of
the functors:

Ly = ueG/MHk(G/N) @6y — and L,y = Homyy 6) (ue(@)#r(G/N), —).

Proof. Letting A = ug(G) and U = B = ug(G/N) and noting that Homp (4 Bp, pBp) and
B B4 are isomorphic as (B, A)-bimodules, the result follows by the explanation given above. O

We want to relate the functor Infg /v With the functors Rey. Cey, and I, where A is the
algebra uk (G).
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Given a normal subgroup N of G we define the following function

on Uk (G/N) — enuk(Gen
whose image at a nonzero element x of ug(G/N) of the form

__ H/N gN K/N
X =Len g NCI/NTIIN

is given by
H 8 K
on(x) = tgjc‘irj .

Proposition 4.5. The K-linear extension of the map ¢y is a unital K-algebra monomorphism,
and we have the direct sum decomposition
enpur(Gley =Imoy & Iy

where Iy is a two sided ideal of ey uk(G)en having the elements of the form tgh}cirf with

H > N < K and J not contain N as K-basis.

Proof. This follows easily by the basis Theorem 2.1 and by the axioms in the definition of
Mackey algebras. O

By the previous result, we have a K-algebra epimorphism
VN tenpuk(Glen — pur(G/N)

whose kernel is equal to the ideal /. Thus its image at a nonzero element of ey uk (G)ey of the
form

H 8 K
Yy=enNlgjCc ;ryenN
is given by

H/N gN K/N
wN(y):th‘]/Nc]/Nr]/N

if N < J and 0 otherwise. We note that y is nonzero if and only if N < H N K, and in this case
y= tgHJc[’J]rf . Furthermore, the left ux (G)-module action on uk(G/N) described before 4.3
satisfies a.x = Yy (eyaen)x.

The K-algebra epimorphism v induces the following well-known functors, some of whose
properties are recalled in the next result, between the module categories of the algebras

enuk(G)ey and ug(G/N):

Resey = eydey B @B —, Ind,y = BB ®cyaey — and

COindeN = HomeNAeN (ENAENBa _)v

where A = uk(G) and B = ug(G/N).
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Remark 4.6.
(1) (Ind.y,Res,) and (Res,, , Coind,, ) are adjoint pairs.
(2) Both of the functors Ind,, Res,, and Coind,, Res,, are naturally isomorphic to the identity
functor.
The above result is well known, and its second part follows from the surjectivity of ¥y .
Lemma 4.7. The functor Ind,,, is naturally isomorphic to the functor
Mod(eyAey) - Mod(B), M — M/IxnM
where N is a normal subgroup of G, A = uk(G), and B = ux(G/N).
Proof. As in the proof of 4.3 the latter functor is naturally isomorphic to the functor
BlenAen/InenAen) QeyAey —
Then from 4.5 we see that
enyAey/IneyAey E=Imoy =B
as (B, ey Aey)-bimodules. O

Proposition 4.8. Let N be a normal subgroup of G. Then we have the following natural isomor-
phisms of functors:

Resey = Rey Infgy,  Indey =L Ly, and  Coindey =L nCoy-

Proof. Infg N and 4B ®p — are naturally isomorphic by 4.3, where A = ug(G) and B =
uk(G/N). Since A-module action on B is given by a.x = ¥y (eyaey)x, it follows that Res,,,
and R, Infg /N are naturally isomorphic. By the uniqueness of adjoints, the other isomorphisms
of functors follow from 4.6, 4.1 and 2.4. O

Theorem 4.9. Let N be a normal subgroup of G. For any principal indecomposable ux (G/N)-

module Pg//jl\\,],v, one has

G/N ~ G G
PH/N,V ZENPH’V/INPH,V-
Proof. Noting that ey Sg,v # 0, we have by 4.2

IeNReN (Pg,V) = PI?,V'

Then using 4.7 and 4.8 we obtain
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where we use 3.15 for the latest isomorphism. O
5. Inflations of projective covers

This section concerns inflations of principal indecomposable Mackey functors. Given a
Uk (G)-module M and a normal subgroup N of G we first want to study the relationship be-
tween the uk (G)-modules

Infg/NLg/NM7 Infg/NLa/NM, and M.

In fact, we will observe that the first two are isomorphic to a quotient module and a submod-
ule of M, respectively. These results will allow us to relate the ug(G)-modules of the form
Infg/N PH//N y and ng

We begin with recalling from [8] that if x is a family of subgroups of G closed under taking
subgroups and taking G-conjugates then any Mackey functor M for G has the following two
subfunctors defined by:

(me &)= Y f (MX),

Xex:X<K

(Kerr))(K) = ﬂ Ker(rf : M(K) — M(X)).
Xex:X<K

For any normal subgroup N of G we denote by )V the set of all subgroups of G not contain-
ing N. That is,

Yn ={J <G: Nisnotin J}.
It is obvious that Yy is closed under taking subgroups and taking G-conjugates.

Lemma 5.1. Let N be a normal subgroup of G and M be a ug(G)-module. Then we have the
following ug (G)-module isomorphisms:

+ ~ M B - Iy
Infg L yM = M/Ime)l and  Infg, L M =Kerr)) .

Proof. For a subgroup X of G, if X does not contain N then X € Yy so that by their definitions
Im t)/‘;’N (X) = M(X) and Ker rﬁ‘j’N (X) =0. Suppose now that X is a subgroup of G containing N.
Then the set {J € Vy: J < X} consists of all subgroups J of X not containing N. Therefore, the
result follows by the definitions of L™, L™, and Inf given in Section 2. O



2016 E. Yaraneri / Journal of Algebra 319 (2008) 1993-2029

Lemma 5.2. Let N be a normal subgroup of G and M be a ug(G)-module. For a ug(G)-
submodule T of M we have:

(1) Ifthe kernel of M/ T contains N, then IthN <T.
(2) Ifthe kernel of T contains N, then T < Ker rﬁ‘)’lN.

Proof. (1) By its definition it is clear that Imj";’N is the minimal subfunctor of M such that

Imjﬂ;’N (X) =M (X) for all X € Vy. Therefore, it is enough to show that 7 (X) = M (X) for any

X € Yn. Suppose that T (X) £ M (X) for some subgroup X of G. Then (M/T)(X) # 0 and so
X >K(M/T)> N, implying that X ¢ Vy.

(2) By the definition of Kerr™ subfunctor, T < Ker™ if and only if ry (T(K)) =0 for
all K < G and X € Yy with X < K. Indeed, if T(X) ;é 0 for some subgroup X of G then
X > K(T) > N implying that X ¢ Vu. Consequently, for any subgroup K of G and an element
X of Yy with X < K, we have r)l(((T(K)) CTX)=0. O

The previous two results suggest the following.
Proposition 5.3. Let N be a normal subgroup of G and M be a ug(G)-module. Then

(1) M has a unique smallest ug(G)-submodule Jy (M) such that M/Jy (M) has kernel con-
taining N. Moreover, Jy (M) is equal to Im IJA;IN.

(2) M has a unique largest u(G)-submodule Sy (M) such that Sy (M) has kernel contain-
ing N. Moreover, Sy (M) is equal to Ker rJA;IN

Proof. Let M and M, be ug(G)-submodules of M.

(1) Since M /My N M, is isomorphic to a submodule of M/M; & M/M,, it follows by 3.6
that if M/M; has kernel containing N for i = 1, 2 then the kernel of M /M| N M> contains N.
Therefore, Jy (M) is the intersection of all ug(G)-submodules M’ of M such that M /M’ has
kernel containing N. Finally it follows by 5.1 that Jy (M) < Img‘,’IN. The reverse inclusion follows
from 5.2.

(2) We have an exact sequence

0— M — M +My— Ma/MiNMy— 0

of uk (G)-modules, from which we can conclude by 3.6 that IC(M1) N K(M3) < K(M| + M3).
Therefore, Sy (M) is the sum of all uk(G)-submodules of M with kernel containing N. Fi-
nally, 5.1 and 5.2 imply that Sy (M) = Ker rﬁ‘,”N. a

Theorem 5.4. Let N be a normal subgroup of G and M be a uk(G)-module. Then

) InfG / NvLG / NM is isomorphic to the largest quotient of M with kernel containing N.
2 InfG /N L. / N M is isomorphic to the largest submodule of M with kernel containing N.

Proof. Immediate from 5.1 and 5.3. O

We can also give the following identifications of the subfunctors Im tﬁ‘;’N and KerJA;IN whose
proof is easy and hence omitted.
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Remark 5.5. Let N be a normal subgroup of G and M be a uk(G)-module. Then
Iy = Jy(M) = ux(G)(1 —en)M,
Kerré‘,’lN =Sy(M) = {m eM: eyam =amVa € MK(G)}-

Theorem 5.6. Let N be a normal subgroup of G and M be a ug(G)-module. Then, the largest
quotient of Pg (M) with kernel containing N is isomorphic to

Inf(c;;/N PG/n (Lg/NM)'
Proof. By 5.4 the largest quotient of Pg (M) with kernel containing N is isomorphic to
+ ~ +
Inf¢y LGy Po (M) ZTnfE y Pon (L, y M)

where we use 3.14 for the isomorphism. O

Corollary 5.7. Let N be a normal subgroup of G and Pg//g,v be a principal indecomposable
ur(G/N)-module. Then, Infg/N Pg//ll\\/],v is isomorphic to the largest quotient of Pg,v with
kernel containing N.

Proof. Letting M = Pg,v, it follows by 3.15 that LJGr NM = Pg//}lvv’v. Then the result follows

from54. O
6. Imprimitive Mackey functors

A pukr(G)-module M is called imprimitive if there is a subgroup H of G with H # G and a
ux (H)-module T such that M = Tg T.1If M is not imprimitive then it is called primitive. Our
aim in this section is to study imprimitive Mackey functors.

Lemma 6.1. Let K be a subgroup of G and T be a ux(K)-module. Then

(1 Ing T is simple then T is simple.

2) If Tg T is indecomposable then T is indecomposable.

3 If Tg T is projective then T is projective.

@) If Tg T is simple (respectively, indecomposable) then ’[‘II‘( T is simple (respectively, inde-
composable) for any L with K < L < G.

S IfM= Tg T is indecomposable then M and T have a vertex in common.

(6) The minimal subgroups of Tg T are precisely the G-conjugates of the minimal subgroups
of T.

Proof. We first note that if Tg T =0then T =0, because by the Mackey decomposition formula
T is a direct summand of i,g Tg T.

(1) Let T’ be a uk (K)-submodule of T. By the exactness of the functor Tg (see 2.3), we get
an exact sequence

0 G T 4T >4¢T/T' >0
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of ux(G)-modules. Since Tg T is simple, it follows that either Tg T' or Tg T/T’ is zero,
implying that 7" =0 or T = T'. Hence T is simple.

(2) For the functor Tg commutes with direct sums.

(3) As the functor ¢g sends projectives to projectives by 2.3, the result is clear from the
Mackey decomposition formula implying that 7 is a direct summand of the projective uk (K)-
module J,ng T.

(4) This is obvious because we may write Tg T= Tfo( T and use parts (2) and (1).

(5) Let P and Q be vertices of M and T, respectively. Then there are uk(P) and ux(Q)-
modules M’ and T’ such that M and T are respective direct summands of 1§ M’ and Tg T'.
From M = Tg T we see that M is a direct summand of T(Q; T'. This shows that P < Q. On the
other hand, from the Mackey decomposition formula 7 is a direct summand of J,g M whichisa
direct summand of

G AG !~ K sp 8 /
M= @ tieepdiher HM
KgPcG

This shows that Q <x K N &P for some g € G. Consequently Q =g P.
(6) We use the following explicit formula for the induced Mackey functors from [7], see also

(81,

(¢ T)(H) = @ T(K NH?).

HgK<G

If Y is a minimal subgroup of Tg T, then T(K NY¢¥) # 0 for some g € G implying the existence
of a minimal subgroup X of T such that X < KNY¥é < Y. Moreover, for any minimal subgroup
X' of T, from

0£T(X')C EB T(KNX"®)=(1$ T)(x),

X'gKCG

we see that there is a minimal subgroup Y’ of 1§ 7 such that ¥’ < X’. Evidently, these imply
the result. O

The last part of the previous result implies
Remark 6.2. Let K be a subgroup of G. Then IC(T% T) = (K(T))¢ for any ug(K)-module T'.

We now study primitive simple Mackey functors. The next result is an immediate consequence
of explicit construction of simple Mackey functors given in [8].

Remark 6.3. Let Sg,v be a simple puk(G)-module. If Sg v 18 primitive then H is a normal
subgroup of G.

Proof. Itisclear from2.5. O
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Lemma 6.4. Ing’V is a simple uk(G)-module satisfying Sg,v = Tg S for a subgroup K of
G and a pg(K)-module S, then S = SgKH,Wfor some g € G with 8 H < K and for some simple
N (8 H)-module W.

Proof. Follows from parts (1) and (6) of 6.1. O
For future use we record the following from [11, Lemma 3.4 and Proposition 3.5].

Lemma 6.5. Let H < K < G be such that 8H < K for every g € G. Given a simple ux(K)-
module Sg,W we put

_ 4G ¢K _ ANG(H)
S=1gSygw and V= T/VK(H) .
Then S(H) =V, and S is a simple ui (G)-module if and only if V is a simple KN g (H)-module.
Moreover S = Sg,v if V is simple.

Theorem 6.6. Let Sg,v be a simple uk(G)-module. Then, Sg,v is imprimitive if and only if
either H is a nonnormal subgroup of G, or H is a normal subgroup of G different from G and
V is an imprimitive KG / H-module.

Proof. Suppose that Sg v is imprimitive. Thereis a K < G with K # G and a uk (K)-module T
such that Sg,v = Tg T. Assume that H is a normal subgroup of G. From 6.1 we get H < K, and

so H is different from G. Now 6.4 implies that T = SE’W for some simple KK /H-module W.

Since H is normal, we may apply 6.5 to deduce that V = T%Z W. Therefore V is an imprimitive

KG/H-module.

Conversely, suppose that a simple pk(G)-module Sf“, is given. If H is a nonnormal sub-
group of G then 6.3 implies that Sg,v is imprimitive. Thus we assume that H is a normal
subgroup of G different from G and V is an imprimitive KG/H-module. Then there is a sub-

group K with H < K < G and K # G such that V = T%z W for some necessarily simple

KK /H-module W. Now it follows by 6.5 that Sg,v = Tg Sg,w. Consequently, Sg,v is im-
primitive. O

Corollary 6.7. Let K be algebraically closed, G be a nilpotent group, and Sg v be a simple

Uk (G)-module. Then, Sg v is primitive if and only if H is a normal subgroup of G and 'V is one
dimensional.

Proof. Suppose that SI(-;],V is primitive. Then H is a normal subgroup of G by 6.3. Since G/H is
nilpotent and K is algebraically closed, the simple KG/H-module V must be monomial, see [6,

Theorem 3.7, p. 205]. Hence V = T%Z W for some subgroup K with H < K < G and some
one dimensional KK /H-module W. Now 6.5 implies that SS,V = Tg Sg,w- Hence, if V is not
one dimensional then K # G, implying that Sfl,v is imprimitive.

The converse statement follows from 6.6 because H is a normal subgroup of G and, being
one dimensional, V is primitive. O
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The above result follows also from [11, Corollary 3.9].

Corollary 6.8. Any faithful simple ukx (G)-module M whose minimal subgroup is different from
1 is imprimitive.

Proof. Let M = Sg,v with H # 1. By the condition (M) = Hg = 1, the subgroup H is not
normal in G, and so the result follows by 6.6. O

We next investigate primitive principal indecomposable uk (G)-modules. However, except for
nilpotent groups we have no criteria for a g (G)-module P g,v to be primitive. Obviously, im-
primitivity of an indecomposable ik (G)-module is related to indecomposability of an induced
Uk (G)-module from a proper subgroup of G. A classical result about indecomposability of an
induced module in the context of group algebras is Green’s theorem. It is shown in [11, Theo-
rem 6.3] that an analogue of Green’s theorem works in the context of Mackey functors. Namely,
letting K be an algebraically closed field of characteristic p > 0 and N be a normal subgroup
of G, for an indecomposable uk (N)-module T the induced module Tg T is indecomposable if
and only if L/N is a p-group where L is the inertia group of 7 in G.

Let M be a simple g (G)-module and Pg (M) be its projective cover. One may wonder about
the connections between primitivity of ux (G)-modules M and Pg(M). For example, suppose
that G is a p-group and K is an algebraically closed field of characteristic p > 0. Then, Sg’K
is primitive if and only if H is a normal subgroup of G (by 6.7), while Pg’K is primitive if and
only if H = G (by Green’s theorem). Therefore, in general primitivity of one of M or Pg(M)
does not imply primitivity of the other. However we have the following trivial result.

Remark 6.9. Let K be a subgroup of G. For a simple uk (K )-module 7 and a simple uk(G)-
module M, if Pg(M) =1 Px(T) then 1§ T/J (1§ T) = M.

Proof. Since the functor Tg is exact and sends projectives to projectives (see 2.3), P(;(Tg T)
is a direct summand of Tg Px (T) which is indecomposable. Therefore PG(Tg T)= Pg(M),
proving the result. O

We next provide a result about principal indecomposable uk(G)-modules induced from
p-subgroups of G where p is the characteristic of K.

Proposition 6.10. Let K be an algebraically closed field of characteristic p > 0. If a principal
indecomposable p (G)-module M is induced from a p-subgroup of G then Ng(H) is a p-group
where H is the vertex of M.

Proof. Let M = PI-(I;,V be induced from a p-subgroup K of G, and write M = Tg T for some
uk (K)-module T'. Using 6.1 we see that T is isomorphic to a ik (K )-module of the form Pglfq K

for some g € G with 8 H < K. We first show that f =1, g is a primitive idempotent of uk (G).
Now, it follows by [12, Proposition 3.1] that f is a primitive idempotent of ux(K) and T =
ur(K) f. Then

M =1$ T = pug(G) @uy k) 1x(K) f = ug(G) f,

implying from the indecomposability of M that f is a primitive idempotent of uk (G).
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For any subgroup L of G, it is shown in [11, Proposition 5.17] that if tLL is a primitive idem-
potent of ur (G) then Ng(L) is a p-group. This implies that Ng(H) is a p-group. 0O

For any group X and prime p, we denote by X, and X, the respective largest normal p and
normal p’-subgroups of G.

Let G be nilpotent. Since the subgroups X of G satisfy X = X, x X, it follows by the basis
Theorem 2.1 that the Mackey algebra uk (G) admits a tensor product decomposition

~ H & K Hy, gp Kp Hy gy Ky

UK(G) = ur(Gp) Ok Ur(Gp), LegCyry < tgpjpcjprjp ® tgpz Jp/c‘]p, Iy
see Section 7 of [12]. Therefore, if K is algebraically closed, then any ux(G)-module M can
be identified with a k(G ,) ®k ur(G p)-module of the form M’ ®x M” for some uk(Gp)
and uk (G )-modules M’ and M”. Moreover, if X is a subgroup of G, if M is a ur(X,)-
module, and M"” is a puk (X ,)-module, then considering M’ ®x M" as a pug (X)-module we
have a uk (G)-module isomorphism

G Gy .
Tx) M'®k 1t X;’/ M" = 1$ (M @k M") given by

H, K, H, s K
(tgl)ljpc§Zer’ ® m/) Q (tgpfj ,c‘j:)/ er’/’ ® m”) < tgh}cﬁrf ® (m' @m").
P
Theorem 6.11. Let K be an algebraically closed field of characteristic p > 0. Suppose that G is
nilpotent. Then, a principal indecomposable k(G)-module Pg v is primitive if and only if H
is a normal subgroup of G such that G/H is a p'-group and dimg V = 1.

Proof. Under the tensor product decomposition of ux(G), the simple puk(G)-module Sf“,
corresponds to the simple uk (G p) ®k 1Kk (G p)-module

Gp Gy

Sty x ®K Sy, v

see the proof of [12, Corollary 7.4]. Therefore, the projective cover ngv of Sg,v corresponds
to the principal indecomposable uk (G p) ®k uk (G pr)-module

Gp

G,
V4
PHp,]K Ok SHP/,V’

where we also use the semisimplicity of the algebra uk (G ) from [8]. Therefore, it follows
. . G . .. . . Gy G »
by the explanation given above that Py ,, is primitive if and only if both of PHp,lK and S H,V

are primitive. Green’s indecomposability theorem for Mackey algebras implies that Pg : K 18
primitive if and only if H, = G,. Thus, the result follows from 6.7. O

When K is an algebraically closed field of characteristic p > 0 and G is p-solvable, by a
theorem of Fong [3, Theorem (2D)], any principal indecomposable KG-module V is isomorphic
to an induced module Tg W of a KK-module W where K is a Hall p’-subgroup of G. We next
try to obtain a similar result for Mackey functors.
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Let K be a subgroup of G and T be a simple (K )-module with minimal subgroup H where

K is any field. In the next result we relate the KN g (H )-modules (Tg T)(H) and T;GEZ; T(H).
K

A similar result appears also in part (iv) of [11, Lemma 3.4] where it is assumed also that $ H < K
for every g € G which is necessary only for the other parts of that result (see also 6.5). For
convenience, we give its similar justification.

Lemma 6.12. Let H < K < G. For any simple ug(K)-module T = S,’; w we have the following
KN g (H)-module isomorphism:

(1§ 7)(H) = 426 w.

Proof. Because of T = S§,W7 fora g € G we see that T(K N HE) # 0 if and only if K N HS
is equal to H8 and H¢ is a K-conjugate of H, which is equivalent to g € Ng(H) K. Moreover,

-1
T(KNHE) = c‘z (W) if g € Ng(H)K where c is the conjugation map for 7. Then using the
explicit formula for the induced Mackey functors given in [7,8] we obtain

KeH = @ & W

gKSNg(H)K

If ¢ denotes the conjugation map for Tg T then k € Ng(H) acts on an element

x= P xe({T)H) as

gKSNGg(H)K

kox =&k (x) = @ (E];{(x))g where (5';{(x))g = Xj-1g,
¢KCNG(H)K

— -1
see [7,8]. Therefore N (H) permutes the summands ci, (W) of (Tg T)(H) transitively, and
the stabilizer of the summand c}i(W) =W is Ng(H)NK = Nk (H). This proves the result. O

For simple Mackey functors, part (6) of 6.1 has the following stronger form.

Lemma 6.13. Let K be a subgroup of G and T = Sg,w be a simple g (K)-module. Then for

any ux(G)-submodule M of Tg T the minimal subgroups of M are precisely the G-conjugates
of H.

Proof. Let X be a minimal subgroup of M. Then M’'(X) # 0 where M’ = Tg T . Therefore there
is a minimal subgroup of M’ contained in X, implying from part (6) of 6.1 that H <¢ X. Using
the adjointness of the pair (¢,C<;, Tg) we get

0 # Homy,y, ) (M, 1§ T) = Homyu (k) (V§ M, T).

As T is simple, the above isomorphism of K-spaces implies the existence of a uk (K)-module
epimorphism ig M — T. Therefore it follows from T (H) # 0 that M (H) # 0. This shows that
X=gH. O
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Over characteristic 0 fields, in the next result we observe that dropping some conditions from
the hypothesis of 6.5 does not alter the conclusion.

Proposition 6.14. Let K be a field of characteristic 0 and K be a subgroup of G. For any
simple uk (K)-module SII; w the induced module Tg Sg,w is simple if and only if the KN g (H)-
module

Ng(H)

V= TN (H)

is simple. And if this is the case then

G K ~
Tk Suw=SHyv-

Proof. Since the Mackey algebra ux(G) is semisimple in this case [8], the uk(G)-module
M =1¢ X SK . w 1s semisimple. By 6.13 the minimal subgroups of the simple summands of M are
all (G- conjugate to) H, and so the result follows from 6.12. O

We next obtain a result about indecomposability of induced Mackey functors from p’-
subgroups where p is the characteristic of the coefficient field.

Theorem 6.15. Let K be a field of characteristic p > 0 and K be a p’-subgroup of G. For any
simple ug (K)-module S g’w, the induced module Tg S IIS,,W is indecomposable if and only if the

KN g (H)-module

NG(H)
U= TN (H)W

is indecomposable. Moreover; if this is the case then U is a principal indecomposable KN G (H)-
module and

15 Sﬁ,wgpg,v
where V.=U/J(U).

Proof. T =S E’W is a projective uk(K)-module because uk(K) is a semisimple algebra by
[8]. Since the functor T,C(; sends projectives to projectives, Tg T is a projective uk (G)-module.
Moreover, as H is a vertex of T, the indecomposable summands of Tg T are all projective
MK(G) modules which are H-projective. Therefore if M is an indecomposable summand of
16 % T then M is of the form PX W for some subgroup X with X < H and some simple KN ¢ (X)-

module W’'. On the other hand, it follows from 6.13 that H is a minimal subgroup of P X w- This
gives X = H because P X, W,(X ) # 0. Consequently we may write

G ~ G
TK T:@nv’PH’V/
V/
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where ny: are nonnegative integers and V'’ ranges over a complete set of isomorphism classes of
simple KN ¢ (H)-modules. Then by 6.12

U=(1§T)H) = Pnv P, (H).
V/

Noting that each Pg v/ (H) is nonzero, we see that if U is indecomposable then Tg T is
indecomposable.
Conversely, suppose that Tg T is indecomposable. Then TG T = Pg v+ for some simple

KN g (H)-module V' so that U = PG Ly (H). Using the fact that H is a p’-group, one can prove
that U is indecomposable. (Indeed, in 7.5 we will prove that it is a projective indecomposable
KN g (H)-module.)

Now suppose that U is indecomposable. Then we have

reT=PG
for some simple KN g (H)-module V. This shows
NTII(GT) =G,
from which we may obtain by evaluation at the group H that
ujiz=v’

where J = (J (T % T))(H). We next see that U is a principal indecomposable KN g (H)-module

NG (H) Ng(H)
because U = TN (H) N o (H)
sends projectives to projectives. Hence, being a principal indecomposable module, U has a
unique maximal submodule J(U), implying from the isomorphism U/J = V’ and from the

simplicity of V' that J = J(U). Hence V' =U/J(U). O

W, because KN g (H) is a semisimple algebra and the functor 1=

We now provide a Mackey algebra version of Fong’s theorem on induced modules.

Theorem 6.16. Let K be an algebraically closed field of characteristic p > 0, let G be a p-
solvable group, and let K be a Hall p’-subgroup of G. Then, for any principal indecomposable
K-projective ug (G)-module M, there is a ug(K)-module T such that M = Tg T

Proof. Let M = Pg’v with H < K be given. Let U be the projective cover of the simple
KN g (H)-module V. Evidently, N (H) is p-solvable and Nk (H) is a Hall p’-subgroup of
N (H). Then by Fong’s theorem for group algebras there is a simple KN g (H)-module W such
that

Ng(H)

U= TN (H)

Now, letting T = SE’W the result follows from 6.15. O
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Before stating a consequence of 6.16, we observe the projectivity of any indecomposable
1Kk (G)-module having a p’-group as vertex where p is the characteristic of the field K (this
follows easily from the semisimplicity of the Mackey algebras of p’-groups over K, see also [12,
Remark 4.4]).

Corollary 6.17. Let K be an algebraically closed field of characteristic p > 0 and G be a p-
solvable group whose order is divisible by p. Then any indecomposable 1k (G)-module whose
vertex is a p’-group is imprimitive.

Proof. Follows from 6.16 because any p’-subgroup of G is contained in a Hall p’-subgroup K
of G (so that an indecomposable uk (G)-module whose vertex is a p’-group is K -projective) and
K#G. O

7. Evaluations

Let M be a Mackey functor for G over K. For any subgroup H of G, the coordinate module
M (H) becomes a KN g (H)-module via the action gH.x = cfl (x). The aim of this section is to
give some results about properties of the coordinate module ngv (H) considered as a KN g (H)-
module where Pg, v is a principal indecomposable Mackey functor for G. We mainly investigate

subgroups H of G such that P g v (H) is the projective cover of the KN g (H)-module V. By the
methods of [9, Section 12] one may deduce some of the results presented here, except possibly
for 7.5,7.7, and 7.10.

Lemma 7.1. Let Pg, v be a principal indecomposable ux (G)-module. For any subgroup K of G
with SS,V(K) #+ 0, the module PS,V(K) is the projective cover of SS,V(K) as t,l({,u]K(G)t,I((-

modules.

Proof. This is immediate from 4.2 by taking A = ux(G), S = Sg v»and e = tllg. O

As we want to study coordinate modules like Pg’ v(K) as KN g (K )-modules, we next give a
result about the algebras like tllg MK(G)tII(( and KN g (K).

Lemma 7.2. For any subgroup K of G we have the direct sum decomposition
1§ nx(G)g = Ax @ Jk

where Ak is a unital subalgebra oftllg MK(G)t{(( isomorphic to the group algebra KN g(K) and
Jx is a two sided ideal of tllguK(G)tIIg. Moreover, the elements cf( with gK C Ng(K) form
a K-basis of Ak, and the set of elements of the form thJc‘ﬁrf with KgK € G, J < K8NK,
J # K contains a K-basis of Jk.

Proof. The basis Theorem 2.1 implies that

tEux (G = ( &y Kci) ® Jx

¢KSNG(K)
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as K-spaces, where Ji is the K-subspace with basis elements of the desired form. We see easily
that

P Kcg and KNg(K)
gKSNG(K)

are isomorphic algebras with isomorphism given by c*}} < gK. Finally, using the axioms in the
definition of Mackey algebras we observe that Jx is a two sided ideal of ¢ 1[<( UK (G)Ht Ilg .o

7.1 and 7.2 imply

Theorem 7.3. Let quv be any principal indecomposable ug(G)-module. For any subgroup K
of G with Sf; \,(K) #0, if Jx S§; , (K) = 0 then the module

Py (K)/Jk P (K)
is the projective cover of the KN G (K)-module Sg’ v (K).

We note that the condition Jg Sg’ v (K) =0 in the statement of 7.3 is equivalent to the condi-
tion Jg P\, (K) # P§ , (K).
The following is obtained at once from 7.3 by putting K = H.

Corollary 7.4. For any subgroup H of G and for any simple KN G (H)-module V, the module
Py (H)/Jn Py (H)

is the projective cover of the KN g (H)-module V . In particular, Pg, v (H) is the projective cover
of the KN g (H)-module V if and only if Jy Pg’V(H) =0.

We next single out a case in which the ideal Jg annihilates the module Pg,v (H).

Proposition 7.5. Let K be a field of characteristic p > 0 and H be a p’-subgroup of G. Then for
any simple KN g (H)-module V, the KN g (H)-module Pg’V(H) is the projective cover of V.

Proof. There is an indecomposable uk (H)-module T such that ngv is a direct summand of
Tf, T . By the transitivity of induction it follows that H is a vertex of 7'. Using the semisimplicity
of the algebra uk (H) we conclude that T = SZ‘K' Then Pg,v is a direct summand of Tg SZ,K'
By part (6) of 6.1 the minimal subgroups of Tg Sg g are precisely the G-conjugates of H.
Consequently, any K-basis element 7/ ¢$r" of the ideal Jp annihilates the module 1§ Sff
because J # H. So Jy annihilates the direct summand ngv of Tg S Z,JK' Finally, as Jy PI({;VV =
Ju Pg,v (H) =0, the result follows by 7.4. 0O

Needless to say, the conclusion of 7.5 is not true in general. It may happen that Pg v (H) is
not indecomposable, and not projective as KN g (H)-module. See 7.8, 7.9.
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Lemma 7.6. Let Pg’v be a principal indecomposable x(G)-module, and let K and X be
subgroups of G such that Sg v (X) is nonzero. Suppose that Pg v (K) is nonzero. Then

(1) ngv(K) is a direct summand oft,lguK(G)tf(( as tllguK(G)t,I((-modules.
(2) If K is a normal subgroup of G, then Pg v (K) is a direct summand of

n(1 ¥k Kx/x)

as K(G/K)-modules where Kg x/ is the trivial K(K X/ K)-module and n is the number of
conjugacy classes of subgroups of K N X.

Proof. Let A be a finite dimensional algebra over a field and e be an idempotent of A. If ¢S # 0
for a simple A-module S, then it is obvious and well known that there is a primitive idempotent
€ of A such that the projective cover P of S is isomorphic to Ae and that ee = ¢ = €e. Thus P
is a direct summand of Ae. Consequently for any idempotent f of A, the fAf-module fP (if
nonzero) is a direct summand of f Ae.

(1) This follows from the above explanation by putting A = ux(G), S = Sg’v, e= t)}(( and

f=1K.
(2) By the first part Pg,V(K ) is a direct summand of t,f MK(G)t))(( . Using the normality of K,
the basis Theorem 2.1 implies

K X g K X
tfux Gy = P P Keiifri.
J<knxKNX gKXCG

Now it is easy to see that for any J < K N X, the K-space

¢ K X
@ Kcgtyry
¢KXCG

is isomorphic to T%{j[{ Kgx/k as K(G/K)-module. O

Proposition 7.7. Let H be a normal subgroup of G. Then, Pg’V(H ) is a projective K(G/H)-
module for any simple K(G/H)-module V.

Proof. Letting K = X = H in part (2) of 7.6, the result follows. O

Remark 7.8. Let K be an algebraically closed field of characteristic p > 0 and G be a p-group.
For a subgroup H of G, the module ngK(H ) is an indecomposable KN g (H)-module if and
only if H =1.

Proof. By [12, Proposition 3.1] PSy = ur(G)tfl so that PS(H) is isomorphic to
tg MK(G)tg as tg,uK(G)tg -modules. Therefore, it follows by 7.2 that

P x(H) =KNg(H)® Ju
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as KN ¢ (H)-modules. Consequently, Pg kg (H) is indecomposable if and only if Jg = 0, which
isequivalentto H=1. O

Example 7.9. Let K be an algebraically closed field of characteristic 2, and G be the dihedral
group of order 8. Take a nonnormal subgroup H of G of order 2. Then Pg’K(H ) is a nonprojec-

tive KN g (H)-module.

Proof. Let K be an algebraically closed field of characteristic p > 0 and G be a p-group. For any
subgroup H of G, if PSK(H) is a projective KN g (H)-module, then (since KN g (H) is a local

algebra) it follows that the order of N (H) divides the dimension of Pg’K(H )=l ur (Gl

In this special case, using the basis Theorem 2.1 we easily calculate the dimension of
tg,u]K(G)tg as 5. Since 5 is not divisible by 2 which is the order of Ng(H), Pg’K(H) can-
not be projective. O

For nilpotent groups, using the tensor product decomposition of Mackey algebras we may
give the following general form of 7.8.

Proposition 7.10. Let K be an algebraically closed field of characteristic p > 0 and G be a
nilpotent group. For a subgroup H of G, the module Pg v (H) is an indecomposable KN ¢ (H )-
module if and only if H is a p'-group.

Proof. As in the proof of 6.11, under the tensor product decomposition of uk(G) the uk(G)-
module ngv corresponds to the

G G,/
ur (G p) @k 1k (G ,)-module PH:,K QK SH:,’V.
Therefore, the KN g (H)-module Pg’V(H ) corresponds to the
J— J— G »
KNG,, (Hp) ®k KNGI,/ (Hp)-module PH]ij(Hp) QK V.

Consequently, Pg’ v (H) is an indecomposable KN g (H)-module if and only if Pg : ’K(H p)is an

indecomposable KN g , (Hp)-module. The result now follows from 7.8. O

Using the results obtained about the kernels of Pg’ v we have
Remark 7.11. Let K be a field of characteristic p > 0 and H be a p-perfect normal subgroup

of G. Then, Pg’ v (H) is the projective cover of the K(G/H)-module V for any simple K(G/H)-
module V.

Proof. From 3.19 the kernel of Pg’v is H so that we may write

G ~ G/H
PGy :Infg/H Py
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Evaluating at H we get a K(G/H)-module isomorphism Pg y(H) = PIG ‘//H(l). Finally, it fol-
lows by 7.5 that Pl(?‘/,H(l) is the projective cover of the K(G/H)-module V. 0O

If N is a p-perfect normal subgroup of G where p is the characteristic of the field K, then
Infg  induces an isomorphism between some full subcategories of Mackey functor categories,
see [9, Section 10]. 7.11 may also be deduced easily by using this category isomorphism.

There are some similar results obtained in [9] about evaluations of Mackey functors. In the
next result we summarize these related results from [9, Sections 12 and 13].

Remark 7.12. (See [9].) Let K be a field of characteristic p > 0 and H be a subgroup of G.

(1) P (1) #0if and only if H is a p-group.
(2) If H is a p-group then ngv(l) is an indecomposable direct summand of Tg Kg.

(3) If H is anormal p-subgroup of G then the K(G/H)-module ngv(l) is the projective cover
of the K(G/H)-module V.

4 PIG,V is isomorphic to the fixed point functor F PEV where Py is the projective cover of the
KG-module V.

For example we note the similarity of parts (2) of 7.12 and 7.6.
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