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1. Introduction

The Rogers-Ramanujan functions are defined for |q] <1 by

G )._i qn2 and HC )~—iqn(n+l) (1)
P LG, VT Lgon '
where (a;q)o:=1 and, forn>1,
n—1
(@ qn =[] (1-aq").
k=0
These functions satisfy the famous Rogers-Ramanujan identities [7,5], [6, pp. 214-215]
1 1
c@= (@ 4°)oe (@% 8°) 0 and H@= (@%0°)00 (@3 %)’ (12)
where

@ @)oo := lim (a; @), Iq] < 1.
n—oo

In a handwritten manuscript published with his lost notebook, Ramanujan stated without proofs forty identities for the
Rogers-Ramanujan functions. The simplest yet the most elegant is the following identity which was proved by L.J. Rogers [8]

H@G(q") —q*G@H(q'") =1. (1.3)
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Let x (q) := (—q; ¢*)so. The identities of Ramanujan that we prove in this paper are as follows.
Entry 1.1. Define

U:=G(q")H(¢*) —4’°G(¢*)H(q") and V:=G@)G(¢**) +q"H(@QH(¢**).

Then
U X(=q
vV~ x(=q'") (14)
and
3 17 3 2
U4v4 — U2V2=M<l 2&) ) 15
i x3(—=q) +a x3(—q'7) (1.5)
Entry 1.2.
2 2
{6(6®)G(@®) +°H(a*)H(¢*?) }{G(a*)H(@) — °G@H(q*)} = x (—x (—9%) +q + m (1.6)
Entry 1.3.
{6@6(@™) +a®H@H(@*)}{G(a")H(a*) —a°G(a*)H(a")}
=x (0 x(—q") +2¢* + o + q\/4x(—q)x (—q*7) +9¢2 + _ s (1.7)
X (=) x (—q*7) X (=) x (—q*7)

D. Bressoud proved (1.4) in his thesis [4] and we will not provide another proof here. A.J.F. Biagioli claimed in [3] that
he was going to prove (1.5), but a proof of (1.5) does not appear in his paper. With the exception of (1.5), Ramanujan’s forty
identities were proved by Rogers [8], G.N. Watson, [9], D. Bressoud [4], and A.J.F. Biagioli [3]. The methods of Rogers, Watson
and Bressoud were elementary while Biagioli used the theory of modular forms. In [2], we extensively studied Ramanujan’s
forty identities and provided various elementary proofs except for five identities in the spirit of Ramanujan. Author in a
recent work [10], gave a generalization of an identity of Rogers. Our generalization is actually based upon Bressoud’s work
who generalized and used Rogers identity to prove some of Ramanujan’s identities. In [10], we also developed similar
identities and provided new identities for the Rogers-Ramanujan functions and gave new elementary proofs for two of
Ramanujan’s identities. In this paper, we give elementary proofs for the remaining three identities above by employing
some of the results obtained in [10]. We employ Ramanujan’s modular equations of degree 23 and 47 and several identities
of Ramanujan from his list of forty identities.

The rest of the paper is organized as follows. The preliminary results are given in Section 2. In the following sections,
we give proofs of Entries 1.1-1.3 along the way we obtain various similar identities for the functions involved.

2. Definitions and preliminary results

We first recall Ramanujan’s definition for a general theta function and some of its important special cases. Set

oo
fa.by:= Y " ®D2pn=D2 - ap| < 1. (2.1)

n=-—oo

For convenience, we also define

f(a,b) if k=0 (mod 2),
b) = 2.2
fx(@,b) { f(—a,—b) ifk=1 (mod 2). (2.2)
The function f(a, b) satisfies the well-known Jacobi triple product identity [1, p. 35, Entry 19]
f(a,b) = (—a; ab)oo(—b; ab) (ab; ab)eo. (2.3)
The three most important special cases of (2.1) are
o
2 2
0@ :=f@9= Y q"=(-a¢) ("), (2.4)

n=—o0

oo 2. 42
V@) =f(q.4°) =) "™V = M (2.5)
=0 ;9
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and

f=f(-0.-*) = Y D"V =@ g =" n(2), (26)

n=—o0

where q = exp(2rwit), Im7 > 0, and 1 denotes the Dedekind eta-function. The product representations in (2.4)—-(2.6) are
special cases of (2.3). Also, after Ramanujan, define

X@:=(-q:4%) (2.7)
Using (2.3) and (2.6), we can rewrite the Rogers-Ramanujan identities (1.2) in the forms
(_ 27_3) (_’_4)
=TT g pg=LCe) (2.8)
f(-=@ f(-=@
A useful consequence of (2.8) in conjunction with the Jacobi triple product identity (2.3) is
f(=¢°)
G@H(@ = : (2.9)
f=@

The function f(a, b) also satisfies a useful addition formula. For each nonnegative integer n, let
Up = an(n+l)/2bn(n—l)/2 and Vp = an(n—])/zbn(n+1)/2'

Then [1, p. 48, Entry 31]

n—1 U v
U, Vi)=Y U T Zhr ), 210
fU1, V1) er(ur,ur (2.10)
r=0
Two special cases of (2.10) which we frequently use are
@ =o¢(q*) +2qv (¢®) (2.11)
and
V(@ =f(a°q") +af(a*.a"). (2.12)

Our proofs employ the following identities of Ramanujan from his list of forty identities.

Entry 2.1.

C@G(a") +aH@H(a") = '@ = T (213)
Entry 2.2.

5

C@G(¢*) — qH@H(¢") = 2L, 214

@G(q*) —qH@H(q") =) (2.14)
Entry 2.3.

ACR)

G@H(—q) + G(—q)H(q) = = : 215

@H(=q) +G(=q)H(q) 2D - ) (215)
Entry 2.4.

2qy(q'°)
G@QH(—q) — G(—q)H(q) = =~ 2. 216
(@H(=q) = G(=H(q) ) (216)

In the remainder of this section we collect several results from [10]. Let m be an integer and «, 8, p and A be positive
integers such that

am? + B = pa. (217)

Let 8, € be integers. Further let | and t be real and x and y be nonzero complex numbers. Recall that the general theta
functions f, fi are defined by (2.1) and (2.2). With the parameters defined this way, we set
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p—1
2 2 _ _ _
R(s, s, l, ta, ﬂ, m, p, AL X, y) — Z (_USkykq{An +pal +20mml}/4f5 (Xq(l—k—l)pot-&-anm’X 1q(1 l)pa omm)

k=0
n=2k+t

X feprms (X yPqPPHPn xMy=PgPBp), (2.18)
We have

Lemma 2.5. (See [10, Lemma 1].) Let |, t and z be integers with z € {—1, 1}. Define §1 := ep + md and assume that

e(p+t)+5(+m)=1(mod?2). (2.19)
Then,
zm Z
R1(z,&,8,1,t,, B,m, p) = R(e,s,l— Tt 2o pmpl, 1)
(z+1)(1+81)
— (— flq%{l’alzﬁ'l’ﬁ/g}f(_quﬁ/-%){51 + (_1)€f/252}, (2.20)
where
p—1 _
S1= Z (—1)5(n_[)/2q411{’\”2+2am"’—2"ﬁ/3} f(=q*P"3, —q?PP3=20n7)
. fs, (qPn/3, q2pB/3—Pn/3)
nztréaod 2)
x fa(q(1+l)pa+amn,q(l—l)pa—otmn), (2'2-1)
$7— { f5(qHhpe q(=Dpety jfr =51 +1=0 (mod 2), (2.22)
0 otherwise.

Lemma 2.6. (See [10, Lemma 2].) Let | and t be integers. Define 81 := €p + mé and assume that

et+35(+1)=1(mod 2). (2.23)
Define

1
R2(e, 8,1, t,ax, B, m, p) ::R<8,8,l— §,t,a,ﬁ,m,p,k,1,1>.

Ifgcd(m, p) =1, then

R2(e, 8,1, t,, B,m, p) =’ f(—q*P*/){S3 + 54}, (2.24)
where
p-1 I - ]
3= ) (1)e 072 G+ 2amn-1 3y pat-23y) L QT e BT

o f8 (qa(nm+lp)/3’ qZpoz/3fa(nm+lp)/3)
n=t (mod 2)

x fs, (qPPTPn, qPP=Pm), (2.25)
()25 (gPP) ift =0 (mod 2),
S4 = 2(_1)m+l+;(P—t)qpﬂ/4w(q2Pﬂ) ifp=t=8=1+m+I=1(mod?2), (2.26)
0 otherwise.

Theorem 2.7. (See [10, Theorem 2].) Let «, B, m, p, and A be as before with am? + B = pa, and let ¢, 8, |, t be integers with
(1+Dé +te =1 (mod 2). Assume further that 3 |am and gcd(3, A) = 1. Recall that R1 and R2 are defined by (2.20) and (2.24). Let
a1, 1, my, and py be another set parameters with o1 f1 = o, o? +m1p? = p1A and Al(@m — aymy). Set a := (m — oymy) /.
Then,

R2(e, 6,1, t,, B,m, p) = R1(z,68,¢,l1,t1,1, a8, m, 1), (2.27)
wherely :=t+amz/3,t1 :=1—1/3 — zA/3 and z = £1 with z= —A (mod 3). Moreover, if 3 | ¢ymy, then

R2(e, 8,1, t, 0, B,m, p) = R2(¢,8 +ae,l, tp, a1, B1, m1, p1), (2.28)
wherety; =t +a(l —1/3).
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If3]B1 and gcd(3, ymq) = 1, then
R2(e,s,1,t, 00, B,m, p) = R1(y, &, 8 +ae, I3, t3, a1, B1,m1, p1), (2.29)
where y =+1 withy=mq (mod 3),l3=1—1/3+ymy/3,andt3 =t +a(l —1/3) — yp1/3.

Lastly,

Theorem 2.8. (See [10, Theorem 3].) Let «, B, m, p, and A be as before with am? + B = pa, and let €, 8, I, t be integers with
g(p+t)+ 81+ m)=1 (mod 2). Assume that y = +1 with y = m (mod 3). Assume further that 3| 8 and gcd(3, mA) = 1. Recall
that R1 and R2 are defined by (2.24) and (2.20). Let o1, 1, m1, and py be another set parameters as in Theorem 2.7 and set a :=
(om — aymy)/A. Then,

R1(z,&,8,1,t,a, B,m, p) = R1(y,8,¢,l1,t1, 1, B, am, 1), (2.30)
wherely =t + (zp +amy)/3,t1 =1 — (zm + yA)/3, z=£1 with z = —X (mod 3). Moreover, if 3 | 81 and gcd(3, «1m1) = 1, then

R1(y,&,8,l,t,a, B,m, p) = R1(y1,€,86 +ae, I, tz, a1, B1,my, p1), (2.31)
wherely =1— (ym — y1my)/3,t =t +al+ (yp — y1p1 —aym)/3, and y1 = =1 with y1 =mq (mod 3). If 3| wymy, then
R1(y,e,8,l,t,a, B,m, p) = R2(¢, 8 +ag, I3, t3, a1, B1, M1, p1), (2.32)

wherels =14+ (1 —ym)/3,t3=t+al+ y(p —am)/3.
3. Proof of Entry 1.1

Let S(q):=U(@)V(q), Q :=q'7, and T(q) := x*(—q)x%(—Q). The proof of (1.5) will follow from a series of identities
given below. The last identity, (3.8), is clearly equivalent to (1.5). We have

xQ 5, x@

—)U(q) = _ , 31
XCQU@ =S = =0T (31)
2V () = v2(— 2<X(Q)_X(—Q)>7 3
W) =N 0 T xco (3.2)

2 2

_02\U U_:X(Q) 4X(Q)’ 33
x(—Q*)U(@U(~q) prao i ey (3.3)
2 (—a® VWV (a?) = »2(— 2<X(Q) X(—Q)>7 34

W) =N ot e 34)
S@S(—q) — S(¢%) = 4a° (3.5)

T(@) '

S(—q)S(q*) —qS@) =T(q), (3.6)

(q)— 545(@) = T(@) + ~L- (3.7)

q q>(q) =1(q T(q)’ .
3 17 3 2

S4(q) — 5> ZMQ zw). 38

(@ —qS°(@) ) +q =g (3.8)

We start by proving (3.1). By (2.30) with the set of parameters z=1,¢=1,8=1,I=t=0, =17, =3, m=1 and
p=4 (A =5), we find that

R1(1,1,1,0,0,17,3,1,4)=R1(1,1,1,7,-2,1,51,17,5). (3.9)

By Lemma 2.5, we also find that

A\l (02
R1(1,1,1,0,0,17,3,1,4)=q1/3f(—q8)<<p(—Q4)— 4%). (3.10)
By several applications of (2.3) together with (2.8), we find that
a2 _q3 _ —a. —gt _
f(=q°,—q°)  f( Q)G(z), and f(=q.—q%)  f( Q)H(z)' (311)

fa@.qd  f(—¢% f@.¢  f(—¢%
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Employing Lemma 2.5 again together with (3.11) with g replaced by Q2 and by (2.8), we conclude that

R1(1,1,1,7,-2,1,51,17,5)
_JB¢(_pl0 f(—q“, _q6)f(—Q47 -Q5 Lgt f(—qz’ —qs)f(—QZ» —QS))
ahI=e )( F@% 0% I F(@* a9
=q'7f(-Q*)f(-a*)(G(a*)G(Q*) +q"H(a*)H(Q"))
=q'"Pf(-¢*) F(-Q%)V(q). (312)
Therefore, by (3.9)-(3.12), after replacing g2 by ¢, and by (2.4)-(2.6), we arrive at
f(=q% < (—Q?) - zw(—qz)w(—Q)> _ 1 < Q) o x@ )
ff(=Q) Y (—q) X (=) \ x (=g x(=Q2))’
which, by (1.4), is equivalent to (3.1).
Next, we prove (3.2). Recall that
G(Q*)H(¢") —a°H(Q*)G(q") = U(a®).
G(Q*)G@ +q"H(Q*)H(@ =V (@),
G(Q*)G(—q) —q’H(Q*)H(—q) = V(—q).
Regarding G(Q2), g°H(Q2), and 1 as the “variables,” we conclude from this triple of equations that
H@h —-G@bH U@
G(q) qH(q) V(g |=0. (3.14)
G(-q9) —qH(=q) V(-9
Expanding this determinant (3.14) by the last column, using Entries 2.3 and 2.1, we deduce that

V(g = (3.13)

U(qz) 2 2
—2q——- -V —q)+ V(- =0. 3.15
vy @Ox )+ V(=D x (@ (3.15)
We should remark that by (1.4), the identity (3.15), is equivalent to
U@
X(q)x(Q)U(—q)—x(—q)x(—Q)U(q)—ZqW. (3.16)

Therefore, by (3.15) and by two applications of (3.13) with g replaced by —q in the first application, we find that

U(g?) 5 < 1 (x(—Q) 5 X(=q) )) 5 < 1 (X(Q) 5 X@ ))
20— = — _ _ _
e e\l T xcan)) X o \cd T T x—ey

_x-Q) x@
T ox(- x@

_ X(—Q2)< x@ x(—q)>
Cox=e») \x(Q  x(-Q))

which, by (1.4), is equivalent to (3.2). We should remark that the proof of (3.2) similar to the proof of (3.1) can be given.
Next, we prove (3.3). By (2.30) with the set of parameters z=1,¢=0,8=1,I=t=0,0¢ =17, =3, m=1and p=4
(A =5), we find that

R1(1,0,1,0,0,17,3,1,4) =R1(1,1,0,7,-2,1,51,17,5). (3.17)

By Lemma 2.5, we find that

A\l (02
R1(1,0,1,0,0,17,3,1,4) =q”3f(—q8)<<p(—Q4) +q4%>. (3.18)
By using (1.2), (2.3), and some elementary product manipulations, we can show that
4 6 2 48
c@G—a =D and HgH(—g = L9 (3.19)

f(=¢* f=q*)
By Lemma 2.5, (2.8), (3.19) and by Entry 2.4, we also find that
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R1(1,1,0,7,-2,1,51,17,5)
_ B0y (L@ aDF(=0% -0 1 f@.a®)f(=Q% -Q%) m)
ahI=e )< [T LR L R R TS LR 1) V")
v (6 af) £ (0% ~Q%) g (0" F(-0% — )
f(=Q2,-Q¥f(-Q% -Q°
-2¢°f(—Q°% -Q%) f(-@* -Q%v(q"))
_ 4173 f(_Q]O)fz(_Qz)f(_qz) <G G- G2(02) — a"“H(a\H (—a H2(0 2
9 07 —0H 04 —08 \C@ECD (Q°) —a"*H(@H(-pH*(Q?)
10
—2a8G(02)H(02 ¥(q ))
q (Q ) (Q )f(_qZ)
—q”3f( ) f(—Q*)(G@G(-9)G*(Q?) —q"* H(@)H(-9 H*(Q?)
"G(Q*)H(Q?)(GC@H(—9) — G(-9)H(@)))
—q”3f( ) f(-Q*)(6@G(Q?%) +q"H(@H(Q?)(G(-9)G(Q?) — a’H(-q)H(Q?))
=q'"Pf(—-a*) F(-Q*)V(QV (-9 (3.20)
Therefore, by (3.17)-(3.20), we conclude that
f(=¢* < 4 4<p(—q4>w<—Q2)>
VQV(—q)= —————— — +qF— . 3.21
R ey e Ul ey G20
Now (3.3) follows by similar considerations as in (3.13) since the theta functions that appear are essentially the same.
Next, we prove (3.4). Observe by (2.4)-(2.6) and (2.11) that

2

2 @ @@ +2qy@q® x2@h 1
- - - 2 . 322
HO=5 "0 (=0 X xR P (g (3.22)
Therefore,
4
2x%(q*) = x (=¥ x (=¢*) (x*@ + x*(—@)) and Xz(iqu)=x(—q2)x(—q4)(x2(q)—xz(—q)). (3.23)

By (3.1) with q replaced by q* and by (3.3) with q replaced by g2, and by two applications of (3.23) with g replaced by
q and Q, respectively, and by (3.2), we find that

2004 24
2(_ 0N (—\U (U (a%) = XQ) 16 _X°@)
Q) = &) e LT

_q2 _ 44 N2 _Nn4
_ x(=a9x(=q );(q( Q)x(=Q )((XZ(Q)+X2(—Q))(X2(Q)—XZ(—Q))

— (X2(Q) - X2 (2@ + X2 (=)
_ X EPx(=aHx(=QHx(=Qh

(X2@x*(=Q) — x>~ x3*(Q))

4q
_ x(—q2>x<—q4)x3(—Q2>x(—Q“)(x(q) _ X9 )(x(q) N x(—q)>
4q Q@ xO/\x@ " x-Q
2y O02\v(_ 4 _
_ X)X (=gHx(=Q9)x(=Q )V(q2)<x(q) 4 x( q)>. (3.24)
2 x(Q)  x(=Q)
By two applications of (1.4), we observe that
2 4
2(2Q*)U(=g?)U(?)U(a%) = 2 (=) U (=) V () L9y (¢ X9 3.25
1 (=QYU(=)U (@)U (a") =1 (- QW (I (0) > 53V (@) o3 (3:25)
Now, we use (3.25) in the leftmost side of (3.24) and complete the proof of (3.4).
Next, we prove (3.5). By (3.3) and by (3.1) with q replaced by g2, we find that
1
X’ (AU @U*(—q) — x*(-Q*) U () =4¢* —5————5- (3.26)

X(—=q®)x(-Q?)
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From (3.26), by using (1.4), we obtain

X(=q X(Q) 2 2 2 X(_qz) 4 1
— S =4 ,
o O o =M e
from which (3.5) readily follows.
Next, we prove (3.6). By adding (3.2) and (3.4), we find that

xz(—Qz)% =U(=¢*)V(q*) +qV(a®).

In (3.27), we replace q by —q and multiply the resulting identity with (3.27), we obtain that

x3(-Q?)S(@)S(—q)

4 n X@ x(—q 2 2\1,2( 4 212 (A2
0 =U“(— V —q°V .
X ( )X(Q)X(—Q) ( q) (q) 1 (q)

Now in (3.28) by replacing g% by q and employing (1.4) several times, we arrive at (3.6).

Now we prove (3.7). In (3.6), we replace g by —q and multiply the resulting identity with (3.6), we find that

S@S(—a)(5%(a*) — a*) — qS(a?) (S%(@) — S*(—)) = T@T(—q) = T(q?).
By (3.5), and by (3.6) with g replaced by g2, we also find that

S@S-s(-a°)s(a*) = (S(qz) + T‘t‘flz))( ’S(@) +T()

2¢2(,2 2 2 4q°
=q°S*(q°) + S(q )(T(q )+T( 2))—i-4q

Starting with the relations
G(¢*)G(Q%) +4"*H(e*)H(Q*) =V (%),
q3G( ?)H(Q) + H(¢*)G(Q) = U (@),
°G(a°)H(-Q) + H(¢*)G(—Q) = U(~q),
and by arguing as in (3.14)-(3.16), we similarly find that

XDX(QV(-0) ~ x(-Dx(-QV@ =28 L4
x2(=Q?
Next, we multiply (3.16) and (3.31) together, we find that
S 2
T(—)S(—@) +T@S@ — x(—a°) x (—Q*) U@V (=) + U(—q)V (@) =4q" TEZZ; '

By (1.4) and by (3.4) we observe that

U(q) U(—Q)) U(—g»)V(q*)
+ =2V(QV(—q)—————.
v Vo VD002

In (3.32), we use (3.33) and the value of T(q) (and T(—q)) given by (3.6), we arrive at

U@V +U(=V(Q=V(@V(- Q)<

X( %)
x(—Q )

25@S(—)S(a°) — q(S*(@) — S*(—q)) — @

Observe that

X (—q?)
x(—Q?)

Therefore (3.34) can be written as

V@V (U (~*)V (@*) = /S@S-)S(~a?)S(a?).

S 2
25@SC0S() ~a(52@) — 5*-0) ~2/S@S 05 (-)5(a") =4a'

2
V@V (U (~)V (q*) = 4q* 29

427

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Now we multiply both sides of (3.36) by S(g?) and substitute the value of S(q2)(52(q) — S%(—q)) from (3.29), we deduce

that
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52 2
S@S-0 (@) + T() + S@S(-0) ~ 25(0)yS@S(-0)5(~2)(a*) =4a* ((;2)).
Now in (3.37), we substitute the value of S(q)S(—q) from (3.5) to find that
302 2 4q° 2¢(2 2 5 4
S°(@°) +T(q°) + @@ T S(q°) =25(q )\/S(q)S(—q)S(—q )S(q*).
Next, we return to (3.30) and use (3.38), we find that
54(a®) — 25° (@) S@S(-0S(~a?)S (%) + S@S(~)S (~a°)S (") = 4q".
From (3.39), we conclude that
JS@Sa)s(-a2)s(a*) = $*(¢?) - 24
Returning and using this in (3.30), we arrive at
4q°
$3(a2) — 5025 (a?) = T(q? ’
(@) =50°5(@") =T(@) + 73
which is (3.7) with g replaced by g2.
Lastly, we prove (3.8). By (3.1), by (3.1) with g replaced by —q, and by (3.4), we find that
0 U@ (— :( x(Q 5 x@ )(x(—Q) 2 X9 )
XCQW@UCo =T 70 )k T o
X(—Q?% 2< 1 1 ) 4 X(—0%
= — + +
2o T ax o T xcox@) T ey
_x(=Q%» (1 4X3(—q2))_ 21 (x(Q) N x(—q))
x2(=q%) x3(=Q?) X(=aH\x(Q)  x(=Q)
x(—Q2>< 4 X0 ) 2 1 2y (g
= 1+ -2 —————=-U(—q°)V .
e\ an) T ey V@)

From (3.42), we have that

Xz(—Q2)< 2 X3(=q%) )2
X4(—q%) x3(—=Q?)

2(-Q*)UX(qU%(—q) + 4¢ p

1
+ 4q* U
T Cdxi—Qy

2(_q2)vz(q4)_

1
(—q®)x(—Q?)

U(-@U@U(—q*)V(q*)

1 2
—_0\U(q\U(— 22—U—2V4)
(x( QW@ +20" 55— U (=a')V (")
X

We multiply both sides of (3.43) by x(—q?)x (—Q?) and after several applications of (1.4), we arrive at

xX*(=Q% 4 X2(=6%)

5 \ 1T 3 2
x>(=q°) x>(=Q°)

Next, we employ (3.5), (3.40), (3.6) and (3.7) both with g replaced by g2, we find that

X3(—Q2)< 4 X3(_q2) )2 ( 2 4
1+ =S + 4
e U ey @)+ 4a

T(g?)

+4252 2
T(q2)> T

which is (3.8) with q replaced by g2.

2
) =S@ST(a*) + 4q2\/5(q)5(—q)5(—q2)5(q4) +4q

)T(qz) +4¢%(S*(q%) - 2¢°) + 4q4(

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
) 4
45(—q )f(q ) (3.44)
T(q*)
qu(q2)+T(q2)>
T(q?%)



H. Yesilyurt /J. Math. Anal. Appl. 388 (2012) 420-434

4. Proof of Entry 1.2
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Proof. Let Q :=q%3, A(q) :=G(q*>)G(Q) +q°H(q®)H(Q), and B(q) := H(q)G(Q?) —q°G(q)H(Q?). From (2.28), we find that

R2(1,0,0,1,3,23,2,5) =R2(1,-9,0,4,69, 1,1, 10).

We employ Lemma 2.6 and argue similarly as in (3.12), we obtain that

R2(1,0,0,1,3,23,2,5)
_ 7/6 f(_10 f(—q4,—q6)f(—Q4,—Q6)+ 1of(—q2,—qs)f(—Q2,—Q8)>
77 (- )< f(@?.q¢® 1 f@*.q%
— ()1 (-Q)A()

Next, we employ Lemma 2.6 to find that

R2(1,-9,0,4,69,1,1,10)
e o] 2 FQL QO ) 5 F(-Q% Q) f(—q* —q"®)
a(-e ){ 1 f(—Q2,—Q) 1 F(—Q5,—Q4

F(=Q8 - f(=¢% —q' F(=Q*% -Q'9f(—¢* —q'®)
R T T R Yt o) +q]8¢(—q1°)}'

By using (1.2), (2.3), and some elementary product manipulations, we can show that

f(=¢*.—¢%) _ f(=¢* c@ f(=4*.—4% _ f(=¢*
f(=q,-¢%  f(=q'% 77 f(=¢®-q)) f(—=q'0)
By (4.4) with q replaced by Q2 and by (1.2), we have

H(q).

2 f(=QA -0 f(=% -9 5, f(=Q% -Q")f(=q* —¢"°)

 a\p 4
— f( fQ(_)](;(ZO)Q )(G(q4)G(Q2) 1+ q"°H(q*)H(Q?))
L f=ghHf=Qh
=@l TDIEC ) 2,
T Feom A0

By (2.3), it is easy to verify that

f(-4*.—q") = f(-a*)H(—9)G(q*) and f(—q,—q¢°) = f(~4*)G(—q)H(q*).
Also from (2.8), we find

f(-9.-4") _ f(-q ¢ - _ )

f=a%-a®  f(=¢>) f(=a,—q¢"  f(=q>
Using (4.6) with g replaced by g2 and (4.7) with q replaced by Q4, we find that

H?*(q) and GX(q).

f(=Q3 - f(—¢% —q") 35 f(—Q% —-Q1%) f(—¢* —q'®)

18 (10
F—Q%—qi) +a FCQ5 —a1) +a7¢(=a")

= LEOICO0 (@04 (-)o(e’) + K@) () HE) +a L 0D,

f(=Q?9) f(=a® f(=Q%
Next, by Entry 2.2 with g replaced by —q? and by (2.9) with q replaced by Q4, we deduce that

9(=q") f(=Q*) _
f(=q% f(=Q%

(6(~4*)G(¢®) +a*H(=a*)H(a®))G(Q*)H(Q?).

(4.1)

(4.4)

(4.6)

(4.7)
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Returning and using (4.9) in (4.8), we arrive at

f(=Q% -Q"™) f(=¢°% —q") + g f(=Q% -Q") f(=¢*, —q"®)

n q13¢(_q10)

f(—Q4,—Q]6) f(—st_Q]z)
— 4 — 4

= %(c@%(a‘*) +aH(@*)H(Q*) (H(-°)6(Q") +a"°G(~a°) H(Q?))
(—gHf(=Q%h

= H R AB)

By (4.3), (4.5), and by (4.10), we conclude that

R2(1,-9,0,4,69,1,1,10) =q"/® f (—q*) f (- Q*) (—q*A(q*) + A(q*) B(—¢?)).
Therefore, by (4.1), (4.2) and by (4.11), we arrive at
f(=a*)fF(-Q*)A(@*) = f(-a") F(-Q*)(-a*A(¢®) + A(a*) B(-47))-
Lastly, by replacing q2 by g, we conclude that
(X (~Dx(-Q) +)A@@) = B(—DA(d*).
Next, we prove the companion formula
(X (~Dx(-Q) +9)B@ = A(-D)B(q*).
By (2.28), we find that
R2(1,1,1,1,3,23,2,5) =R2(1,-8,1,-5,69,1,1, 10)
and
R2(1,1,0,0,3,23,2,5) =R2(1,-8,0,3,69,1, 1, 10).
By Lemma 2.6, we find that
R2(1,-8,1,-5,69,1,1,10)
_5/12¢(_ 20 11 f(_Qz’ _le)f(qsqlg) _ f(_Q6a _Ql4)f(q3’ql7)
70 ){q f@.Q™) T @
3 f(=Q5%-0"™f@’. 9"
f@7,Q1)

By employing Lemma 2.6, we also obtain that

s9(=Q'"v (@)
¥(Q?)

+q

+q55f(—Q2, -Q® % q" }

f@2, QM

R2(1,-8,0,3,69,1,1,10)

=q5/uf(_on){_qgf(—Qz,—le)ﬂqg,q“)+f(—Q6,—Q‘4>f<q7,ql3)_ s9(—=Q'"0y (g%
f(Q,Q") f(Q3, Q1) ¥(Q%)
+qu(—QG, -Q'"f@.q") _q57f<—Q2, —Q”‘)f(q,q“’)}
f@7,Q") f@%.Q™m '

By employing (2.10) twice with a = —q%, b=—q, n=2 and a= —q, b= —q*, n =2 we easily find that

f(-*-)=f(.q")-¢*f(g.q"°) and f(-q.—¢*)=f(a".q") —af(¢’.q"").
Next, we add (4.17) with (4.18) then collect terms and use (4.19) to find that

R2(1,-8,1,-5,69,1,1,10) + R2(1, -8,0, 3,69, 1, 1, 10)
_ 5125020\ _ gf(_Qz’ _le)f(_qz’ —CI3) f(_QGs —Q14)f(—q, _q4)
TI=e )i ‘ f@. Q™ * f@% Q")
23 f(=Q% Q") f(=q,—q% 55f<—Q2,—Q18>f<—q2,—q3>}
f@7,Q1) f@?o QM '
By using (4.19) again, this time with q replaced by Q, we find from (4.20) that

+q

—q

(4.10)

(411)

(4.12)

(413)

(4.14)

(4.15)

(4.16)

(417)

(4.18)

(4.19)

(4.20)
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R2(1,-8,1,-5,69,1,1,10) + R2(1,—-8,0, 3,69, 1,1, 10)
_ 525020y _ o f(=Q% -Q®) f(—¢*, —¢*) f(-Q% -Q?)
T ){ i F@. Q™ f@% Q™

f(=Q5% —Q"™f(—q,—gHf(-Q,-QH
M f@% QM@ a") } 421
By several applications of (2.3), we can verify that
[0 —a'®)f(=¢* —a") _ f-oHE) . f(4° —a"Df (=4, —qY) _ f(-9)G(g*) (4.22)
f@.q4")f (@ q') f(=q%) f@.4")f(@q.q'3) f(=q%0) ’

By returning to (4.21) and using (4.22) with q replaced by Q, we conclude that

R2(1,-8,1,-5,69,1,1,10) + R2(1, -8,0,3,69,1,1, 10)
=g f (- f(-Q(H@G(Q?) — ¢°G(@H(Q?))
=¢”"f(-q) f(-Q)B(q). (4.23)
By Lemma 2.6 and by (4.4), we find that

R2(1,1,1,1,3,23,2,5)
_ oy (fE0H 0O F(=Q% Q% o f(=a* —¢®)f(-Q°% —Q8)>
L L )< f(=¢* —q") I f(=q,—q%
=—q"""f(-¢*) f(-Q*)(H@G(Q?) —¢°G(@H(Q?))
=—q"""?f(-¢*)f(-Q°)B(@. (424)
We employ Lemma 2.6 again and argue similarly as in (4.8)—(4.10) to deduce that

R2(1,1,0,0,3,23,2,5)
_ 42 _ .8 _n3 _n7 _ 4 _ 6 _ N9
=q5/12f(_q10)<_q5f( q°,—q°) f(-Q°,-Q )_ 18 f(=q*, - f(=Q,-Q )+(,0(—Q5)>

f(—q* —q5 f(—q?,—q®
=" f(-¢*)F(-Q*)(H(¢*)G(Q*) —a'®G(a*)H(Q"))(G(4*)G6(—Q) — a°H(¢*)H(-Q))
=" f(-a*) f(-Q*)B(¢*) A(—9). (4.25)
Therefore, by (4.15), (4.16), (4.23), (4.24), and by (4.25), we arrive at
—qf (—¢*) F(—Q2)B(@) + f(—4*) f(—=Q?)B(¢*) A(—=q) = f (—9) f (= Q) B(q), (4.26)

which is clearly equivalent to (4.14). Now in (4.14), we replace q by —q and multiply the resulting identity with (4.13), we
conclude that

A(@*)B(¢*) = (x@x(Q) —a) (X (~0)x (—Q) +4). (4.27)
Therefore, by (4.27) and by (1.6), it remains to prove that
2 4
K (=) x(-Q2) + @ + —— = (X @1 (Q) — ) (X (DX (—Q) +7). (4.28)

X(=a)x(=Q?)
It is straightforward to verify that (4.28) is equivalent to a modular equation of degree 23 of Schréter. This modular equation
is also stated by Ramanujan and an elementary proof can be found in [1, p. 551, Entry 15(i)]. O

5. Proof of Entry 1.3

Proof. Let Q :=q*, A(q) :==H(@>G(Q) —q°G(q®)H(Q), and B(q) := G(q)G(Q2) +q'°H(q)H(Q?). The proof of Entry 1.3 is
very similar to that of Entry 1.2 and so we skip most of the details.
From (2.27), we find that

R2(1,0,1,1,3,47,1,5) =R1(-1,0,1,0,4, 1, 141, 3, 10). (5.1)

We employ Lemma 2.6 and argue similarly as in (3.12), we obtain that
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R2(1,0,1,1,3,47,1,5)

_ 19610y (_ S~ f(=Q% Q%) 18f<—q4,—q6>f<—Q2,—Q8>>
(- )< f@*.q% +a f(@?.q®
=—q"9%f(—¢*) F(-Q?)A(d). (5.2)

Next, we employ Lemma 2.5 to find that

R1(-1,0,1,0,4,1,141,3,10)
:q19/6f(_Q20){q4 f(_Q47 _Q16)f(_q47 _q16) ) f(_Qsa _le)f(_qsa _qlz)

F(-Q% - I F(=Q5 -
F(=Q8 —Q™)f(=¢%. —q"®)  ,,f(—Q* -Q"f(—¢® —q') 35 . 1o }
- - - . 5.3
Q% -q™) ! feas-qm e 52
By arguing as in (4.3)-(4.11), we conclude that
R1(~1,0,1,0,4,1,141,3,10) = q'¥° f (—¢*) f (- Q*)(a*A(q?) — A(q*) B(—q?)). (5.4)
Therefore, by (5.1), (5.2) and by (5.4), we arrive at
—f(=a*) F(=Q*)A(*) = F(—a*) f (- Q%) (a*A(a®) — A(q*) B(~4?)). (5.5)

Lastly, by replacing q2 by g, we conclude that

(X~ x(—Q) +4*)A(@) = B(—-)A(q?). (5.6)

Next, we prove the companion formula

(X (—9x(—=Q) +4*)B(q) = A(—q)B(q?). (5.7)
By (2.27), we find that

R2(0,1,0,1,3,47,1,5) =R1(-1,1,0,0,3,1,141,3,10) (5.8)
and

R2(0,1,0,0,3,47,1,5) =R1(-1,1,0,-1,3,1, 141, 3,10). (5.9)

By Lemma 2.5, we find that

R1(-1,1,0,0,3,1, 141, 3, 10)

:q5/12f(_Q20){_q19 f(_Qza _le)f(q7,ql3) zf(_QG, _QM)f(q,qlg) _qm(o(_QlO)‘/’(qs)

+q

f(Q,Q19) f(Q3,Q17) ¥(Q5)
o F(=Q8% =" f(g% q') 114f(—Q2,—Q18)f(q3,q”)}
— . 5.10
+a fQ7.0B) I F@%Qm (510)
By employing Lemma 2.5, we also obtain that
R1(-1,1,0,-1,3,1,141,3,10)
_5/12¢(_ 20 _zof(_Qza_Q]S)f(CP’QU) f(—Q67—Q14)f(q97qn)_ 10(P(_Q10)1//(q5)
e(-Q ){ 1 f(Q.Q1 * FQ3. Q1) @
40 F(=Q°% Q™) f(q.q") 113f(—Q2,—Q18)f(q7,q13)}
— . 511
+a FQ7. Q1) a F@%. QM (11)

By arguing as in (4.19)-(4.23), we conclude that

R1(-1,1,0,-1,3,1,141,3,10) — R1(-1,1,0,0, 3,1, 141, 3, 10)
=¢""?f(— f(-Q)(C@G(Q?) +q" H@H(Q?))
=g’ f(-q) f(-Q)B(q). (5.12)
By Lemma 2.6 and by (4.4), we find that
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R2(0,1,0,1,3,47,1,5)
_ iz p(_gioy( L0 =00 (=04 =08 | 1 f(=q" —¢°)f(=Q*, —Q8)>
T )< f(=q,—¢% I f(=a3,—q")
=" f(—¢*) f(-Q*)(G@G(Q?%) + 4’ H(@H(Q?))
=¢* f(-*) f(-Q%)B(@. (513)
We employ Lemma 2.6 again and argue similarly as in (4.8)—(4.10) to deduce that

R2(0,1,0,0,3,47,1,5)

of(=q*, —¢®f(-Q% -Q") f(=¢*,—¢®f(-Q,-Q?) )
— g5/12 38 05
=e- <q F=a 4% +q fea o oY)
=¢*/"f(-¢*) f(-Q?)(G(a*)c(Q )+q38H(qz)H(Q4))( (a )G<—Q>+q G(e*)H(-Q))
—qs/”f( )f( Q?%)B(q*)A(—). (5.14)
Therefore, by (5.8), 5.12), (5.13), and by (5.14), we arrive at
—¢*f(—¢? )f(—Q )B@ + f(—=4°) f(—Q?)B(¢*)A(—q) = f(—q) f (= Q)B(9). (5.15)

which is clearly equivalent to (5.7). Now in (5.7), we replace q by —q and multiply the resulting identity with (5.6), we
conclude that

A@*)B(¢%) = (@ + x@x (@) (¢ + X (D x (—Q)). (5.16)
By (1.7), and (5.16), it remains to prove that

(a+x @) x (@) @+ x(=a"*)x(-Q"?))

4

2q 8q*
X (=@ x (=q*7) XD x(=g*)’
To prove (5.17), we employ Ramanujan’s modular equation of degree 47 [1, pp. 446-447], namely,

=x(-0x(-q") +2¢° + + q\/4x @)X (-q*) +9q% + (517)

%{cp( 2)0(Q"2) + ¢(—q"?)p(—Q %)} - %{cp(q)w(Q)Jrrp(—q)(p(—Q)} —-2q"y (¢*) v (Q?)
=P f@f(Q+Ef—f(—Q)+2¢°f(—q*) f(—Q*). (5.18)

We also make use of the well-known identity [1, p. 40, Entry 25(v), (vi)]

0% (@) = ¢*(¢%) + 49y *(q*). (5.19)
Employing (5.19) twice with q replaced by g and Q, we find that
{p@9(Q) +p(-9p(-Q)}’
= 0> @¢*(Q) + 9> (—99*(—Q) +2¢° (=¢*)p* (- Q)
= (¢*(a*) +49v°(@") (¢*(Q?) +4Qv?*(Q%) + (¢*(a*) — 49v°(¢")) (¢*(Q?) - 4Qv?(QY)
+2¢°(=¢°)9*(-Q%)
=2(¢%(¢°)#*(Q?) + 169"y (q")¥*(Q") + ¢*(-a*)9*(-Q?)).
Now by replacing q by q'/2 in the equation we have just obtained, we find that
fo@)e(Q"?) +¢(-a")e(-2"?)}
=2(¢*(@9*(Q) +16¢°4y*(q*)¥*(Q?) + ¢*(-9)9* (- Q)

=2f*(-¢*)f*(-Q?) <x4(q)x4(Q) +x*px*(—Q) +16¢*

1
x4(—q2)x4(—Q2)>' (5:20)

For simplicity, set L:= x(@)x(Q) + x(—q)x(—Q) and T := x (—q*) x (—Q2). From (5.20), we conclude after some algebra
that

24
(o p(Q2) 4 p(-a"2)p (- Q) =272 () (- 02) (14 - ari2 + 272+ 150 ). o2
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Similarly,
P@e(Q) +e(=np(=Q)
= (=) f(-Q*) (X*@x*( Q) + X* () x* (- Q)
= () F(-Q) (X @x(Q) + X (~Dx (—Q)* —2x (- x (—Q*))
= f(=¢*) F(-Q*)(1* -2T).
In (5.18), we divide each term by f(—q2)f(—Q?2) and use (5.21) and (5.22), we conclude that

g\/w—zmhrzrhr16TL424 - %( 2_2T) - Z‘T’; =q2L+2TiS.
In (5.23), we solve for the expression with the square root, then square both sides and obtain

(—TL —29°+2¢°T)(TL+2¢%) (4T — T*L* +2¢°T°L + 8T°q* + 4T Lq® + 4¢°T — 4¢'*) = 0.
It is easy to see that the first two factors do not vanish identically. Therefore, we conclude that

4T3 — 7212 +2¢°T?L 4 8T%q* + 4TLq® + 48T — 4¢'% = 0.

In (5.24), we divide each term by —T?2 and then complete it to squares to find that
2¢5\° 8q

L—q?— =) =4T +9¢* + =.
(1) oo

Lastly, using (5.25), we arrive at

2q8 8q8 2q® 2q°

20+ 2L T [aTrogt+ S =gt + 2 T (L2 - 2E

T T T T
=q*+T+q’L

=¢"+ x(-0*)x (-Q%) + P (X @x (Q) + X (~Dx (- Q))
= (X @x(Q) +¢*) (X ~Dx(=Q) +¢*),
which is (5.17) with q replaced by g%. Hence, the proof of Entry 1.3 is complete. O

We can also prove by similar arguments that
2q° )
A@QA(—q) = (1 + —)A q
x(=g)x(=Q?) (@)
and

B(q)B(—q) = (1 +L>B( %)
DD = Ty )7

These two identities in turn provides the following alternative to (5.16)

A@B@) = (¢* + x@x(Q)) (1 + L)
x(=®)x(=Q%) )
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