Available online at www.sciencedirect.com
: : JOURNAL OF
ScienceDirect Mathematical

ECONOMICS

www.elsevier.com/locate/jmateco

fﬂ‘
R Journal of Mathematical Economics 44 (2008) 1180-1196

ELSEVI

Theorems on the core of an economy with infinitely many
commodities and consumers

Ozgiir Evren®*, Farhad Hiisseinov

4 Department of Economics, New York University, 19th West 4th Street, New York, NY 10012, USA
® Department of Economics, Bilkent University, Bilkent 06800, Ankara, Turkey

Received 28 September 2006; received in revised form 29 January 2008; accepted 31 January 2008
Available online 9 February 2008

Abstract

It is known that the classical theorems of Grodal [Grodal, B., 1972. A second remark on the core of an atomless economy.
Econometrica 40, 581-583] and Schmeidler [Schmeidler, D., 1972. A remark on the core of an atomless economy. Econometrica
40, 579-580] on the veto power of small coalitions in finite dimensional, atomless economies can be extended (with some minor
modifications) to include the case of countably many commodities. This paper presents a further extension of these results to
include the case of uncountably many commodities. We also extend Vind’s [Vind, K., 1972. A third remark on the core of an
atomless economy. Econometrica 40, 585-586] classical theorem on the veto power of big coalitions in finite dimensional, atomless
economies to include the case of an arbitrary number of commodities. In another result, we show that in the coalitional economy
defined by an atomless individualistic model, core—Walras equivalence holds even if the commodity space is non-separable. The
above-mentioned results are also valid for a differential information economy with a finite state space. We also extend Kannai’s
[Kannai, Y., 1970. Continuity properties of the core of a market. Econometrica 38, 791-815] theorem on the continuity of the core
of a finite dimensional, large economy to include the case of an arbitrary number of commodities. All of our results are applications
of a lemma, that we prove here, about the set of aggregate alternatives available to a coalition. Throughout the paper, the commodity
space is assumed to be an ordered Banach space which has an interior point in its positive cone.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we show that if a coalition blocks an allocation, that coalition can in fact block that allocation
by disposing a strictly positive amount of its resources, provided that all of its subcoalitions have strictly positive
endowments. We then use this lemma to prove several useful facts about the core of an economy with infinitely many
commodities and consumers. The assumptions that we use in our main results are satisfied by the models considered
in the equilibrium existence result of Khan and Yannelis (1991), the core non-emptiness result of Podczeck (2003),
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the core—Walras equivalence result of Podczeck (2003), and ignoring some minor points, the core—Walras equivalence
result of Rustichini and Yannelis (1991, Theorem 4.1). Throughout the paper, we assume that there is no production
sector and that the commodity space is an ordered Banach space which has an interior point in its positive cone. The
aggregation of commodity bundles will be formalized via the Bochner integral.

Assuming that the commodity space is the Banach space of bounded sequences, /o, Hervés-Beloso et al. (2000)!
proved the following infinite dimensional version of Grodal’s (1972) classical theorem on the veto power of small
coalitions in atomless economies: If a coalition can improve upon an allocation f, there exists a finite number n( f) such
that f can be blocked by a union of n( f) coalitions that can be chosen to be arbitrarily small in measure and diameter.”
Here, the diameter of a coalition can be interpreted as a measure of how similar the agents in that coalition are, where
similarity of agents may refer to the similarity of their predetermined characteristics such as initial endowments and/or
preferences. There are three important conclusions that follow from this result. (a) An extension of Schmeidler’s (1972)
classical, finite dimensional result to the case of countably many commodities: Any allocation outside the core can
be blocked by a coalition of an arbitrarily small measure.> Hence, to implement a core allocation, the formation of
only small coalitions is sufficient. (b) In fact, we can further restrict our attention to those small coalitions that can be
represented as a union of finitely many coalitions each consisting of similar agents. Therefore, to implement a core
allocation all we need to assume is the possibility of communication/coordination between the members of any finite
collection of approximately homogenous coalitions, i.e., “types.” (c) Given an allocation f that is outside the core, we
can find an upper bound, n( f), to the number of types needed to block f, independent of the level of homogeneity and
size of these types. Notice, however, that in contrast to Grodal’s original result, where the number of commodities is
identified as a uniform upper bound, this upper bound n( f) depends on f, i.e., the particular allocation that must be
blocked. Hence, despite the conclusion (c), to make sure that all allocations outside the core will be blocked, we may
need to assume the possibility of communication between an arbitrarily large (but finite) number of types. Nevertheless,
it should be noted that when the space of agents is totally bounded, for predetermined and acceptably small levels of
measure and diameter, as an immediate implication of the conclusion (a), we can find an upper bound to the number
of types that we need, independent of the particular allocation that must be blocked.

One of our main purposes in the present paper is to prove the following version of Grodal’s (1972) theorem: If
the commodity space is an ordered Banach space which has an interior point in its positive cone, provided that the
space of agents is atomless and endowed with a separable pseudometric, given any positive number ¢, an allocation
outside the core can be blocked by a coalition of measure less than ¢ that can be represented as a union of finitely many
coalitions each having a diameter less than &. This result immediately extends the conclusions (a) and (b) to the case of
an economy with an arbitrary number of commodities so that, say, a model with continuous time or an Arrow—Debreu
economy with state contingent commodities and a continuum of states can also be covered.* On the other hand, in our
extension we sacrifice the conclusion (c) which, in our opinion, does not seem to be very important.’

The method of proof that we use in this paper is substantially different than that of Hervés-Beloso et al. (2000). They
work with Mackey continuous preferences so that gains/losses in the distant future are negligible. Since in their model
a commodity bundle is a sequence, this allows them to disregard the tails of a blocking allocation and use Grodal’s
(1972) finite dimensional approach. Obviously, it is hard to imagine a similar argument that could be used in our more
general model. Instead of following this approach, here we first give an extension of Schmeidler’s (1972) result using
Uhl’s (1969) theorem on the approximate convexity of the range of an infinite dimensional, atomless vector measure.
Our proof is almost the same with that of Schmeidler: The only difference is that we benefit from our lemma to be able

! We owe this reference together with Cornwall (1972) and Hervés-Beloso et al. (2005) to referees.

2 Hervés-Beloso et al. (2000) define an allocation as a Gelfand integrable function, but their arguments would also work with Bochner integrable
allocations.

3 In fact, Schmeidler proved the following stronger result: If a coalition E can improve upon an allocation f via g, then for any positive number ¢
less than the measure of E, there is a subcoalition F of measure c that blocks the allocation f via g. Example 1 of Hervés-Beloso et al. (2000) shows
that when there are infinitely many commodities, in order to block f, subcoalitions may need to use alternative allocations that are possibly different
than g. The technical question whether ¢ can be chosen to be arbitrary is not addressed in Hervés-Beloso et al. (2000). Our analysis below shows
that the answer is positive.

4 This follows from the fact that the Banach space of bounded, continuous real functions on a topological space and the Banach space of essentially
bounded real functions on a measure space have interior points in their positive cone under their natural ordering.

5 Example 2 of Hervés-Beloso et al. (2000) shows that under our assumptions the conclusion (c) cannot be preserved. For more on this, see
footnote 17 below.
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to use an approximate version of Schmeidler’s original argument which relies on the precise convexity of the range of
a finite dimensional, atomless vector measure. We then employ our lemma once again to derive our version of Grodal’s
theorem from the extended version of Schmeidler’s theorem.

A related, classical result on finite dimensional, atomless economies is due to Vind (1972) which reads as follows:
Under a suitable local non-satiation condition, an (attainable) allocation outside the core can be blocked by a coalition
of an arbitrary measure. This result implies that given an allocation outside the core, we can find an arbitrarily
large majority of agents who would be better off by suitably redistributing their resources among themselves, and
hence, vindicates the core as a solution concept from a normative perspective. Recently, Hervés-Beloso et al. (2005,
Theorem 3.3.) proved an infinite dimensional version of Vind’s theorem for a differential information economy with
the commodity space lo,.% In this result, they assume that the set of agents can be partitioned into finitely many
different subsets such that agents in each of these subsets are identical. More importantly, they also assume that the
allocation which must be blocked has the equal treatment property. These assumptions enable them to reduce the
problem at hand to a finite dimensional one, so that Liapounoff’s (1940) theorem on the convexity of the range of a
finite dimensional, atomless vector measure can be applied. As a side payoff of the extended version of Schmeidler’s
(1972) theorem, we generalize in the present paper the result of Hervés-Beloso et al. (2005) in several dimensions:
(i) We cover the case of an arbitrary allocation which is outside the core. (ii) We drop the assumption that the set of
agents is partitional. (iii) Instead of working on /., we assume that the commodity space is an ordered Banach space
which has an interior point in its positive cone, so that models with a continuum of commodities can also be covered.
(iv) We drop the assumption that preferences are convex. (v) We drop the assumption that there is a common prior.”
The economic importance of the point (i) deserves a special emphasis: We can now conclude that even with infinitely
many commodities, given any allocation outside the core, an arbitrarily large majority of agents can improve upon this
allocation.

It is clear that whenever core—Walras equivalence holds, the above results on the veto power of small or big coalitions
can also be interpreted as arguments supporting the notion of a Walrasian equilibrium. We next turn to the issue of
core—Walras equivalence. Podczeck (2003, p. 701) writes:

“Suppose fis a feasible allocation of some (atomless) economy, and suppose there is a price system p such that
relative to every fixed separable subspace G of the commodity space almost all agents are optimizing at p. Then,
since allocations have to be almost separably valued, fis a core allocation.”

He then adds in footnote 9:

“It may be shown that, conversely, for a given core allocation a price system such as above exists (even when
the commodity space is non-separable) provided the economy in question is atomless and, say, the “desirable
assumptions” hold.”

From the context we infer that these “desirable assumptions” include monotonicity of preferences and the assumption
that consumption sets are equal to the positive cone which has a non-empty interior. A useful implication of Podczeck’s
second observation is that in the coalitional economy, which is implicit in the individualistic model, core—Walras
equivalence must hold. Following Vind’s (1964) coalitional approach, Cheng (1991) demonstrates this fact under
the assumption that consumption sets are equal to the whole space. We introduce here a coalitionwise local non-
satiation condition (see the assumption (LNNC) below), and use this condition to give a direct and simple proof of
core—Walras equivalence for the coalitional economy, without making restrictive assumptions on the consumption set
correspondence. This result transforms the problem of core-Walras equivalence in the individualistic model to the
problem of equivalence between coalitional equilibria and individualistic Walrasian equilibria. Thus, we arrive at an
alternative interpretation of the negative examples of Tourky and Yannelis (2001) and Podczeck (2003) on core—Walras
equivalence (for the individualistic model) in the case of a non-separable commodity space: At a given price vector,
an allocation can be optimal for every subcoalition of a coalition, even though that allocation is suboptimal for every

6 For an extension of Vind’s theorem in another direction, see Sun and Yannelis (2007, Proposition 5), where the authors consider an asymmetric
information economy with informationally negligible agents and finitely many contingent commodities.

7 In the main body of the paper we do not model information explicitly. In Appendix A we construct a differential information economy and show
that this model is compatible with our main results.



O. Evren, F. Hiisseinov / Journal of Mathematical Economics 44 (2008) 1180—1196 1183

agent in that coalition, since it may not be possible to aggregate the alternatives that are better at the individual level
to better coalitional alternatives via the Bochner integral.

We next apply the coalitional equivalence result to give a proof of Podczeck’s (2003) assertion on the existence of
a price system at which on every separable subspace almost all agents are optimizing. This allows us to arrive at a
second characterization of the core. Our coalitionwise local non-satiation condition is satisfied under the assumptions
of Podczeck (2003, Theorem 4), and in any model where preferences are monotone and consumption sets are equal to
the positive cone. Hence, our formulation of Podczeck’s (2003) assertion extends, in a technical sense, core—Walras
equivalence results of Rustichini and Yannelis (1991, Theorem 4.1) and Podczeck (2003, Theorem 4), for in both of
these results the commodity space is assumed to be separable. Moreover, excluding convexity, we do not impose any
restriction on the shape of consumption sets so that they are allowed to be “thin” and/or unbounded subsets of the
positive cone. Hence, unlike the mentioned previous equivalence results,® we can cover various models of differential
information, for instance the one that we would obtain by replacing the commodity space of Hervés-Beloso et al.
(2005) with an ordered, separable Banach space which has an interior point in its positive cone. Equivalence between
the core (in the sense of Yannelis, 1991b) and the set of Walrasian equilibria (in the sense of Radner, 1968) for
differential information economies was previously proved by Einy et al. (2001, Theorem B) for the case of finitely
many commodities, and by Hervés-Beloso et al. (2005, Theorem 3.2) for the case of an economy with the commodity
space [, and Mackey continuous preferences.’

Using the coalitional equivalence result, we then show that in an atomless economy the strong core coincides with
the core and every core allocation is stable in the sense of Cornwall (1969): Once a core allocation takes effect, no
coalition has an incentive to block that allocation.

We finally present an extension of Kannai’s (1970) theorem on the continuity of the core correspondence to the case
of an economy with an ordered Banach commodity space which has an interior point in its positive cone. The finite
dimensional version of Kannai’s theorem was previously generalized by Grodal (1971) to atomic (mixed) economies
and by Hiisseinov (2003) to economies with possibly non-convex preferences. In our extension to infinitely many
dimensions, we do not require convexity or non-atomicity.

The paper is organized as follows: In Section 2 we introduce our notation and terminology. The results are presented
in Section 3. In the main body of the paper we do not model information explicitly and show in Appendix A that our
main results are compatible with the case of a differential information economy with a finite state space and an ordered
Banach commodity space which has an interior point in its positive cone.

2. Notation and terminology

Recall that a partial order (an antisymmetric, reflexive, transitive binary relation) > on a vector space X is said to
be a vector ordering if for any x, y, z € X and any positive number o, x > y implies ax + z > ay + z. Throughout the
paper, S denotes an ordered Banach space, i.e., a Banach space endowed with a vector ordering > such that the positive
cone Sy:={x €S : x> 0}isclosed. S’ stands for the norm dual of S. The value of a p € §" at x € S is denoted by (p, x)
instead of p(x). S', stands for the positive cone of §’,i.e., S’ :={pe S : (p,x) >0, VxeS;}.

We preserve the letters «, y, §, € for real numbers and the letters i, j, k, m, n for natural numbers. N (resp. Q) denotes
the set of all natural (resp. rational) numbers.

Throughout the paper, (7, X, 1) stands for a measure space which consists of a non-empty set 7, a o-algebra X of
subsets of 7, and a countably additive measure @ on X. We refer to elements of ¥ as measurable sets. X g denotes the
restriction of X to subsets of a measurable set E. Given a measurable set E, when we say that a function f from E into
S is measurable (resp. integrable) we mean that fis (strongly) p-measurable (resp. Bochner pi-integrable). A detailed
exposition of these notions can be found in Dunford and Schwartz (1967, Chapter 3).

Let E be a measurable set and take a correspondence ¥ from E into S. Graph of ¥ is the set Gry:={(f, x)€ E x §:
xev(t)}. f £ W du denotes the integral of ¥ over E, which is defined as the set of all points x of the form x = f g fdu,
for some integrable f : E — S with f(¢) € ¥(¢) u-almost everywhere on E.

8 Rustichini and Yannelis (1991, Theorem 4.1) assume that consumption sets are equal to the positive cone, while Podczeck (2003, Theorem 4)
assumes that consumption sets are integrably bounded.

9 Sun and Yannelis (2007, Proposition 3) also prove a core~Walras equivalence result for an asymmetric information economy with informationally
negligible agents and finitely many contingent commodities.
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The terms “almost every” and “almost everywhere” are abbreviated as “a.e.”. We sometimes omit the letter ;« and
write (respectively) [ f and a.e., instead of [, f du and p-a.e., and similarly for other related terms and notations.

Let E and F be measurable sets. E \ F (resp. EAF) denotes the set theoretic difference of E from F (resp. the
symmetric difference of E and F). When w(EAF) = 0, we say that E and F are equivalent and write E ~ F.

Given a subset @ of the Cartesian product of two sets O and P, proj,® denotes the set {o€ O:
dp € P such that (o, p) € ©®}.

Let X'be a topological space. The Borel o-algebra of X'is denoted by 8(X). For a subcollection X of X, ¥y ® B(X)
stands for the o-algebra generated by the collection ¥g x B(X):={E x Y : E € ¥, Y € B(X)}. Assume now X is
endowed with a pseudometric d. The diameter of a set ¥ C A is the extended real number diamY:=sup{d(x, y) :
x,y€eY}. Forany x € Xand any ¢ > O, the set {y € X': d(x, y) < ¢} is denoted by B.(x). Given a non-empty set ¥ and
a point x in X, we define dist(x, Y):=inf ¢ yd(x, y). The Hausdorff distance between two non-empty sets ¥, Zin X'is
defined by

o(Y, Z):= max { supdist(y, Z), supdist(z, Y)} .
yeyY zeZ

Given a subset A of S, int A, cl A, and co A denote the interior of A, the closure of A, and the closed convex hull
of A, respectively. Unless stated otherwise, all topological notions regarding sets and sequences in S refer to the norm
topology of S.

Let {x, } be a sequence in S. We denote by w — lim, x,, the weak limit of {x,}, and w — Ls,x, denotes the set of all
weak limit points of {x,}, i.e., w — Ls,x, is the set of all points x such that x = w — limjx,,j for a subsequence {x,,j}
of {x,}.

For a measurable set E, g(E) stands for the range of a function g from E into S, that is, g(E):={g(¢) : t € E}. If g(E)
is a separable subset of S, we say that g is separably valued on E. A function f from T into S is said to be essentially
separably valued if fis separably valued on a measurable set 77 such that 7/ ~ T. Li(u, S) denotes the Banach space
of (equivalence classes of) integrable functions from 7 into S.

3. The model and the results
3.1. The model

The commodity space is an ordered Banach space S. (7, X, u) denotes a measure space of consumers. Consumption
sets of consumers are defined by a non-empty valued correspondence X : T = S, where X(¢) is the set of a priori
possible consumption bundles of a consumer ¢. Endowments of consumers are represented by an integrable function
e : T — §,where e(¢) is the initial endowment of commodities of a consumer ¢. Preferences of consumers are defined by
means of a correspondence >: T = § x S such that >; C X(¢) x X(¢) forall t € T. Here, > represents the preference
relation of a consumer ¢. An exchange economy, then, is a list £&:={(T, X, n), S, X, e, >}.

z,={(x, y) € X(t) x X(1) : (y, x) ¢ >} is the preference or indifference relation of a consumer 7. Instead of
(x,y)€>; (resp. (x,y) € = t) we sometimes write x>;y (resp. x = . ¥). An allocation f is an integrable function from
T into § such that f(¢) € X(¢) a.e. on T. For an allocation f, Uy denotes the correspondence from T to S defined by
Ur@):={xe X@) : x> f(®)} forallteT.

We now present the pool of assumptions that we use throughout the paper.

(A0). Sisan ordered Banach space with int S # 0. (T, X, ) is a positive, finite and complete measure space.
(A1). X(z)is convex for every t € T, and Gry belongs to X ® B(S).
(A2). X(t)isclosed foreveryteT.

(A3) (Survival). There is an integrable function ¢ : T — S such that ¢(¢) € X(¢) a.e. on T, and fE(e —@)du €int S4
for every measurable set E with w(E) > 0.
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(P1) (Measurable preferences). For any allocation f, and any separable, closed, linear subspace Y of S with f(T) C Y,
the graph of the correspondence Y N Uy :t = Y N Uy(t) (t € T) belongs to £ ® B(Y).

(P2) (Upper continuity). For any t € T and any x € X (), the set {y € X(¢) : y>;x} is (norm) open in X(7).

(P3) (Lower continuity in the weak topology). Foranyt € T and any x € X (), the set {y € X(¢) : x>y} is weakly open
in X(¢).

(P4) (Ordered preferences). Foranyt e T, >; is asymmetric ((x, y) € >; implies (y, x) ¢ >;) and negatively transitive
((y,x) & = and (x, z) & >, imply (y, z) ¢ >). In particular, = . is reflexive, complete and transitive.

Remark 1. The condition that the positive cone has an interior point holds in the models of Hervés-Beloso et al.
(2000, 2005) (see footnote 12 below and Appendix A), and directly assumed in Khan and Yannelis (1991), Rustichini
and Yannelis (1991, Theorem 4.1), and Podczeck (2003). The remaining conditions in assumption (AQO) are standard.
In the sequel, (AO) is assumed to be true without further mention.

Remark 2. (Al) is either trivially true or directly assumed in Khan and Yannelis (1991), Rustichini and Yannelis
(1991), Hervés-Beloso et al. (2000), and Podczeck (2003). Moreover, one can map the model of Hervés-Beloso et al.
(2005) into our setting and show that (A1) also holds in their model (see Appendix A).

Remark 3. (A2), (P2) and (P4) are standard assumptions.
Remark 4. The lower continuity condition (P3) will be used only in the extension of Kannai’s (1970) theorem.

Remark 5. (A3) is an abstraction of the survival assumption (H.2) of Hervés-Beloso et al. (2000); in particular, in
their model (A3) holds. Notice that if X admits an integrable selection ¢ with e(¢) — ¢(¢) € int Sy for a.e. t € T, then
(A3) holds.'? Hence, (A3) is valid, if as in Hervés-Beloso et al. (2005), 0 € X(¢) and e(¢) € int Sy forevery t € T. The
following assumption employed in Khan and Yannelis (1991) and Podczeck (2003, Theorems 2 and 4) also implies
(A3):

(R-5.1). Gry belongs to ¥ @ B(S), X is integrably bounded'" and there exists a separable subset Sy of S such that
[e(t) — So N X ()] Nint S+ is non-empty a.e. on T.

To see that (R-5.1) indeed implies (A3), ignoring a set of measure 0 assume e(7') is separable and let Y be the closed,
linear space spanned by e(7) U Sp. Define a correspondence ¥ : t = [e(f) — Y N X(£)] Nint S from T into Y. Now,
note that since Gry is in £ ® *B(S), Gry belongs to ¥ ® B(Y). Since Y is separable and complete, and since ¥ is
non-empty valued, by Aumann’s (1969) measurable selection theorem, ¥ admits a measurable selection 4. Since X is
integrably bounded, the mapping ¢:=e — h satisfies all conditions demanded by (A3).

Remark 6. The following condition implies (P1):

Gry belongs to ¥ ® B(S4), and > is induced by a Carathéodory function U(-,-) on T x Si; that is, for everyt € T, >,
is induced by a norm continuous real function U(t, -) on Sy, such that for every fixed x € S; the mapping t — U(t, x)
is measurable.

To see this point, let f be an allocation and Y be a separable, closed subspace of S with f(T) C Y. Since U(-, -) is
a Carathéodory function, using the fact that f is the pointwise limit of a sequence of simple functions, it can easily
be seen that the mapping t — U(t, f(¢)) (t € T) is measurable. Thus, the function ¢ : (¢, x) — U(t, x) — U(t, f(2))
is a Carathéodory function on 7 x S, and so is the restriction ¢g of ¢ to T x (S N Y). Since Y is separable, ¢g
must be jointly measurable, i.e., ¥ ® B(S;+ N Y)-measurable (see Aliprantis and Border, 1999, Lemma 4.50, p. 151).

10 The discussion that follows (H.2) in Hervés-Beloso et al. (2000) shows that the converse is not true, that is, (A3) does not imply the condition
e(t) —p(t)eint S; forae. reT.
! That is, there exists an integrable function ¢ : T — R such that sup{||x|| : x € X(£)} < g(¢) a.e. on T.
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Thus, in this case, Grme = ¢0_1(0, 00) N Gry belongs to ¥ ® B(S+ N Y), which proves our claim. Also note that
Gryny, = (T x Y) N Gry,. Hence, (P1) is again valid, if for any allocation g the set Gry, belongs to X ® B(S).
Following Podczeck (2003, Appendix A), we also note that if X is graph measurable and integrably bounded, under
some further mild assumptions, the following condition (Aumann measurability) implies (P1):

For any two allocations g and h, the set {t € T : g(t)>:h(t)} belongs to .

In particular, (P1) is valid in Podczeck (2003, Theorems 2 and 4). Khan and Yannelis (1991) assume Gr,. € £ ® B(S x
S), which obviously implies Aumann measurability. So, by the above observation, (P1) is also valid in their model.
It can also be shown that the models of Hervés-Beloso et al. (2000, 2005) satisfy (P1) as well.!2 (See also Appendix
A.) Finally, note that for any two allocations g and &, we have {t € T : g(t)>/h(t)} = proj;(Gr, N Gryny, ), where,
ignoring a null set, we assume that Y’ is a separable, closed, linear subspace with g(T) U h(T) C Y’. Hence, (P1) is
stronger than Aumann measurability.

Following Khan and Yannelis (1991), Hervés-Beloso et al. (2000, 2005), and Podczeck (2003), we assume free
disposal. Hence, an allocation fis attainable if fT fdu < fT edu. A coalition E is an element of ¥ with u(E) > 0. Eg
is a subcoalition of a coalition E if Ey is itself a coalition and Eg C E. A coalition E is said to block an allocation fvia
g if there exists an integrable function g : E — S such that || g&du < /, g edu and g()> f(¢) a.e. on E. An allocation
is a core allocation if it is attainable and if it is not blocked by any coalition. The core, denoted by C(§), is the set of
all core allocations. An attainable allocation f belongs to the strong core, denoted by SC(), if and only if there do not
exist a coalition E and an integrable function g : E — § with [, gdpu < [ edu such that g(r) ., f(1) a.e. on E and
g(t)>; f(¢) a.e. on some subcoalition Eq of E.

Remark 7. If preferences are ordered and monotone in the sense that, for all r € T, X(¢) + S+ C X(¢) and x>,y
whenever x — y € Sy \ {0} and y € X(), then allowing free disposal is innocuous: In the above definitions, we could

113

replace the inequality sign “<” with “="" and all of our results would remain true.
3.2. A technical observation

In this section, we discuss and prove the following lemma which shows that if a coalition blocks an allocation, it can
do this, in fact, by disposing a strictly positive amount of its resources. In the remainder of the paper, this observation
and an implication of its proof will be our main tolls.

Lemma 1. Let & be an economy that satisfies assumptions (A0), (A1), (A3), (P1) and (P2). If a coalition E blocks an
allocation f, then fE edu —ze fE Uy du for some z €int Sy.

A close relative of Lemma 1 is Theorem 9 of Cornwall (1972) which, adapted to our economic setting, reads as follows:
Suppose that S is separable and (T, Z, 1) is o-finite. Let & be an economy that satisfies assumptions (A1), (P1) and
(P2). Let e(t) be in int X(t) a.e. on T. Take any allocation f and assume that U y is convex valued. Now, if a coalition E
blocks f via a function g : E — S with [ gdu = [ edpu, then [pedpeint [, Uydpu.
A finite dimensional version of Cornwall’s theorem was previously proved by Grodal (1971). We find another finite
dimensional version of this theorem in Cornwall (1970) within the context of set valued measures.!3 Compared with
Cornwall’s (1972) result, Lemma 1 has three advantages: (a) It does not require S to be separable. (b) U need not be
convex valued, that s, preferences need not be convex. (c) The interior of X(¢) can be empty forany ¢t € T. The importance
of the point (c) is based on two reasons. First, as we shall see in Appendix A, in differential information economies

12 In Hervés-Beloso et al. (2000), S = I, and X(r) = S, for every ¢ € T. They assume preferences are induced by a function U(-,-) on T x S
with U(t, -) € C for every ¢, such that + — U(z, -) is a measurable function from 7 into C, where C is the space of Mackey 7(/~, /1) continuous real
functions on S which is endowed with the topology of uniform convergence on bounded subsets of S. Note that for every x € S and every real
a,{teT:U(t,x)>a} ={teT : U, )€ Oy}, Where Oy o:={V €C: V(x) > a}, which is open in C. Hence, by measurability of t — U(z, -), the
function t — U(t, x) is measurable for every x. Finally, since 7(/~, /1) is weaker than the norm topology, it follows that U(-, -) is a Carathéodory
function. Thus, (P1) is valid in this framework.

13 The main contribution of the result presented in Cornwall (1970) is its role in the proof of Cornwall’s (1969) extension of the coalitional
equivalence theorem of Vind (1964), which inspired the equivalence result that we prove in this paper.
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consumption choices of agents must be compatible with the information available to them. This informational constraint
typically leads to “thin” consumption sets which have an empty interior even if the positive cone has an interior point.
Second, in equilibrium-core existence results, it is frequently assumed that consumption sets are weakly compact (e.g.,
see Khan and Yannelis (1991), Martins-da-Rocha (2003), or Podczeck (2003)). On the other hand, a Banach space
admits weakly compact sets with interior points if and only if the space under focus is reflexive.'*-!3

We proceed with a proof of Lemma 1.

Proof of Lemma 1. Let g: E — S be an integrable function with f (& — ) < 0 such that g(t) € Us(¢) a.e. on E.
Ignoring a null set, assume that there is a separable, closed, linear subspace Y which contains the set f(E) U g(E) U
¢(E), where the function ¢ is as in the survival assumption (A3). For each ¢ > 0, define a correspondence B, by
Be(t):=Y N B.(g(1)) (t € E) and note that Grj, belongs to g ® B(Y). By measurability assumptions (A1) and (P1),
clearly, graphs of the correspondences X0:=Y N X0, 0f(t):=Y NUy(t)(t € E) also belong to X g @ B(Y).

Forevery t € E, put &;:=sup{e > 0 : (B:(t) N X(r)) C Uy(1)}. Obviously, by the continuity assumption (P2), &, > 0
a.e. on E. Now note that for any o > 0, we have

{teE: g <a}= U {teE:B.t)NnX)NY\Us(1) # 0} = projz0O,
reQn(0,a)

where ®:= (Ure@ﬁ(o,a)GrB,) NGrgy N(E x Y\ GrUf), which obviously belongs to X ® B(Y). Now, since Y is

separable and complete, from the projection theorem (see Hu and Papageorgiou, 1997, Theorem 1.33, p. 149) it
follows that the mapping ¢t — ¢; is measurable.

Foreachn e N, put h,:=g+ (1/n)(¢ — g), and E,;:={t € E : ||h,(t) — g(®)|| < &}. Note that E,, € X, E,, C E;+1
(neN)and |J,E, ~ E. Hence, lim, u(E \ E,) = 0. For each n € N, define the function g, : E — Y by

g(t) forteE\ E,,
gn(t):=
h,(t) forte E,.

Since X is convex valued, by construction, g, (¢)>, f(¢) a.e. on E. Now note that

/gn =/ g"f'/ hn:/ (g_hﬂ)+/hll
E E\E, E, E\E, E
1 1 1
=/ f(g—<p)+/ (<1—>g+<p)
E\E, 1 E n n
1 1 1
e [((-ee b
E\Enn E n n
:/e—}—lum
E n

where u,,:= f plo—e)+ f E\E, (g — ). Since f (@ —e) € —int S, from absolute continuity of integral it follows that
up is in —int S for a sufficiently large n. Hence, z:= [, e — [, g, belongs toint S.. [

The following result is implicitly proved above. This will play a key role in the proof of coalitional core—Walras
equivalence.

Corollary 1. Let & be an economy that satisfies assumptions (AQ), (A1), (A3), (P1) and (P2). Let f be an allocation,
and g : E — S be an integrable function such that g(t)>; f(t) a.e. on a coalition E. Then, there exist a number o > 0

14 See Dunford and Schwartz (1967, Theorem V.4.7).

15 We are not aware of an infinite dimensional reflexive Banach space which is used in applied economic theory and which has an interior point
in its positive cone under its natural ordering. Hence, Cornwall’s (1972) theorem seems to be practically incompatible with the assumption that
consumption sets are weakly compact subsets of the positive cone. On the other hand, this interiority problem also leaves many important cases out
of the coverage of Lemma 1: Not only many important reflexive spaces such as L, spaces (I < p < 00), i.e., spaces of p-power integrable functions,
but also L spaces, as well as spaces of signed measures cannot be covered under their natural ordering.
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and a subcoalition F of E such that the point fE gdu + o fF(<p — g)du belongs to the set fE Uyrdu, where ¢ is as in
assumption (A3).

3.3. Decisive power of small or big coalitions

In this part of the paper we show that, without changing the core, there are various ways in which we can restrict
the set of coalitions that are allowed to form. We now introduce a condition needed for the extension of Vind’s (1972)
theorem.

Definition 1. We say that an allocation f is coalitionwise locally non-satiating if [ fduecl [, Uy dpu for every
coalition E.

Remark 8. Obviously, if preferences are monotone (see Remark 7), any allocation is coalitionwise locally non-
satiating. In fact, the following weaker condition, which requires the existence of a feasible improving direction, is
clearly sufficient for this purpose:

(R-8.1). Thereis a z € S such that for every t € T, every x € X(t), and every y > 0, x + yz € X(¢t) and x + yz>x.

We next give a further case where a given allocation f would be coalitionwise locally non-satiating:

Suppose that\J, . 7 X(¢) is separable and that for every t € T preferences are locally non-satiated at f(t). 16 Then, under
the measurability assumption (P1), the correspondence t = Be(f(t)) N Uy (t) (t € T) admits a measurable selection
for every ¢ > 0. This selection is integrable, for | is finite and f is integrable.

We are now ready to present the promised extensions of Schmeidler’s (1972) and Vind’s (1972) theorems.

Theorem 1. Let & be an economy that satisfies assumptions (A0), (A1), (A3), (P1) and (P2). Suppose that a coalition
E blocks an allocation f. If i is atomless, the following are true.

(a) Forany c € (0, u(E)), there is a subcoalition Eo of E with u(Eq) = c that blocks f.
(b) If f is attainable and coalitionwise locally non-satiating, then, for any c € (0, u(T)), there is a coalition F with
W(F) = c that blocks f.

Remark 9. In Appendix A, we note that the condition (R-8.1) is valid in Hervés-Beloso et al. (2005). Hence, in their
model every allocation is coalitionwise locally non-satiating. Thus, their Theorem 3.3 is a particular case of Theorem
1(b).

Proof of Theorem 1. By Lemma 1, there exists an integrable function g : E — S such that g(¢)>, f(¢) a.e. on E and
= fE(e — g) €int S4. First, pick any ¢ € (0, w(E)). Put C:=cl { (/,L(B), fB e — g) :BCE Be E}. By Uhl’s (1969)
theorem (see also his concluding remark), C is convex. Hence, there exists a sequence of measurable subsets { B, } of
E such that lim, (u(B,), an e — g) = y(u(E), z), where y:=c/u(E). Since u is atomless, for each n, there exists a
measurable subset E,, of E such that u(E,) = cand u(E,AB,) = |c — u(By)|. Since lim, u(E, A B,,) = 0, by absolute
continuity of integral, lim,, [ E, (e — g) = yz. Since yz € int S, for a sufficiently large n, |, E, (e — g) belongs to int S
Hence, the coalition E, blocks fvia g. This proves part (a).

Now assume f is attainable and coalitionwise locally non-satiating. By part (a), to complete the proof it suffices
to show that there exists a blocking coalition of arbitrarily large measure. Let U C S be an open set with 0 € U such
that ez — U C int S, where ¢ is a number in (0, 1). Following Yannelis (1991a, Theorem 6.2), cl fE Uy is convex.
Since, by assumption, f [ belongstocl f ¢ Uy, there exists an integrable function &2 : E — S such that h(7)>; f(¢) a.e.
onEand [h=c¢[,g+ (1 —¢) [ f+uforsomeuecU.Then, [(h=c¢[.e+(1—¢) [ f— (ez—u). Note that
z0:=¢€z — u belongs to int Sy. Let Vi, V5, V3 C S be open sets with 0 € Vi N Vo, N V3 suchthatzg — Vi — Vo — V3 C

16 Recall that x € X(¢) is said to be a satiation point if the set {y € X(¢) : y>,x} is empty. The preference >, is said to be locally non-satiated at
x € X(¢) if for any neighborhood U of x there is a point y € U N X(¢) such that y>,x.
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int S4. Since cl { (/L(B), fB f fB e) :BCT\E,Be E} is convex, there exists a measurable set B C T \ E such
that vi:= [, f — (1 —¢) fT\E feViand vy:=(1 — ¢) fT\E e — [z e € Va. As in the proof of part (a), without loss of
generality we can assume (B) = (1 — ¢)u(T \ E). Furthermore, there exists an integrable function fo : B — S such
that fo(1)>; f(1) a.e. on B and v3:= [}, fo — [ f € V3. Now define/ : EU B — S by

{ h(t) forteE,
I(t):=
fo(t) forteB.

Then,

/ l =8/e+(1—8)/f—zo+/f+v3
EUB E E B
=8/€+(1—8)/f—z0+(1—8)/ f+uv+uvs
E E T\E

Ss/e+(1—8)/e—(zo—v1—v3)
E T

=/e+/e—(zg—v1—v2—v3).
E B

Since zg — v — v2 — v3 €int S, E U B blocks fvia I. Finally, note that u(E U B) = u(T) — en(T \ E). O

The next result shows that even in atomic economies the precise formation of a particular coalition is unnecessary.
A finite dimensional version of this result is due to Hiisseinov (2003).

Proposition 1. Let & be an economy that satisfies assumptions (A0), (A1), (A3), (P1) and (P2), and suppose that a
coalition E blocks an allocation f. Then, there exist a 6 > 0 and a function g : E — S such that any subcoalition F of
E with u(E \ F) < 8§ blocks fvia g. If f is coalitionwise locally non-satiating, there is a 8’ > 0 such that any coalition
F with W/(EAF) < & blocks f.

Proof. By Lemma 1, E blocks fvia a function g : E — S such that z:= |, ple —g)eint ;. Let {E,} be a sequence of
subcoalitions of E such that lim, u(E \ E,) = 0. By absolute continuity of integral, lim, f E, (e — g) = z. Hence, for
all sufficiently large n, || E, (e — g)eint S, and E, blocks fvia g. This proves the first part. To prove the second part,
let {F,,} be a sequence of coalitions such that lim, u(F, AE) = 0. Without loss of generality assume u(F, \ E) > 0
for each n, and pick a function f,, : F,, \ E — S such that f,(r)>,f(¢t) a.e. on F,, \ E and || an\E(fn — NIl < 1/n.
Then, lim, an\E fu = lim, an\E f = 0. Hence, if we let g,:;=g on F, N E and g,:=f, on F, \ E, we will have
lim, | F,(8n — e) = —z. So, for all sufficiently large n, F;, blocks fvia g,. U

Our next purpose is to present the promised extension of Grodal’s (1972) theorem. Here we assume that the set of
agents is endowed with a separable topology induced by a pseudometric. One way of obtaining such a pseudometric
is to derive it from a separable and metrizable topology on the set of agents’ characteristics [ J, crle®), z t). For a
discussion of alternative topologies which can be defined on a collection of subsets of a topological space, we refer to
Hu and Papageorgiou (1997, Section 1.1).

Corollary 2. Let & be an economy that satisfies assumptions (AQ), (Al), (A3), (P1) and (P2), and suppose that a
coalition E blocks an allocation f. Assume that T is endowed with a pseudometric which makes T a separable topological
space such that B(T) C 2. Assume further that |4 is atomless. Then, for any €, § > 0, there exists a subcoalition F of E
which blocks f such that u(F) < ¢ and F = Ji_, F; for a finite collection of coalitions {F1, . .., F,} with dlamF; < §
foreveryi=1,...,n.

In this result, we can interpret each F; as a particular “type” of consumers, and n as the number of different types
needed to block an allocation. Corollary 2 implies, as a consequence of Theorem 1(a), that we can control the measure
of the coalition formed by the union of these different types without a difficulty. However, as Grodal (1972) emphasizes,
even with finitely many commodities we may not be able to control the diameter of this union, i.e., we may truly need
types that are substantially different than one another. Another issue is the number of types which must come together.
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As we noted earlier, Grodal finds a uniform upper bound to the number of types needed. On the other hand, for a given
allocation f that is outside the core, Hervés-Beloso et al. (2000) find an upper bound to the number of types needed
to block f, which possibly depends on f, but which is uniform in diameter of types. In Corollary 2, we also loose this
uniformity.!” Ignoring this difference, Theorem 1 of Hervés-Beloso et al. (2000) is a particular case of Corollary 2.
When passing, we emphasize once again that if T is totally bounded, we can obtain an alternative, and perhaps, a
more useful uniformity as an immediate implication of Theorem 1(a): For predetermined, acceptably small levels of
diameter and measure, we can choose an upper bound to number of types uniformly in allocations.

Proof of Corollary 2. By Theorem 1(a), there exists a subcoalition Ey of E with u(Ep) < & that blocks f. Let
{t; : i € N} be a dense subset of T. Put F;:=Eq N Bs/2(t;) for all i € N. Since UZOZIU F; = Ey, by Proposition 1, for
a sufficiently large n the coalition F:=(J,_, F; blocks f. O

i<n
i<n

From the proof of Corollary 2 it is clear that even if u is atomic, an allocation outside the core can in fact be blocked
by a union of finitely many coalitions that can be chosen to be arbitrarily small in diameter. We close this section with
arelated result for atomic economies. This result generalizes Proposition 1 of Hervés-Beloso et al. (2000) to an atomic
economy with an arbitrary number of commodities.

Corollary 3. Let & be an economy that satisfies assumptions (A0), (Al), (A3), (P1) and (P2), and suppose that a
coalition E blocks an allocation f. Assume that T is a Polish space such that the completion of 8(T) with respect to
is 2. Then, there exists a compact, positive measure set K C E that blocks f via a function g : K — S such that both
fand g are continuous on K18

Proof. By Proposition 1, there exist a § > 0 and a function g : E — § such that every coalition F' C E with u(E \
F) < § blocks f via g. By passing to an equivalent subcoalition of E if necessary, assume that f and g are separably
valued on E. Since a finite Borel measure on a Polish space is tight, there is a compact, positive measure subset K
of E with u(E \ K1) < §. Since K is also a Polish space and since f and g are separably valued on K1, by Lusin’s
theorem (see Aliprantis and Border, 1999, Theorem 10.8, p. 371), we can find a compact subset K of K1, arbitrarily
large in measure, such that fand g are continuous on K. In particular, we can choose K such that u(E \ K) < é and
wK)>=0. O

3.4. Core—Walras equivalence and stability
Our coalitional core—Walras equivalence result is based on the following local non-satiation condition.

(LNNC) (Local non-satiation at non-satiated coalitions). For every allocation fand every coalition E, if [ gUrdu #£ 0,
then [ fduecl [ Usdu. If [ Uydu = @, then there exists a subcoalition E of E such that on fdu > on edpu.

Remark 10. The assumption (LNNC) is closely related with the following well known non-satiation assumption
which is also used in Podczeck’s (2003) core—Walras equivalence result Theorem 4.

(R-10.1). Fora.e. t €T and every x € X(t), if x is not a satiation point, then x is in the closure of {y € X(t) : y>x}.
If x is a satiation point, then x > e(t).

Indeed, if as in Podczeck (2003, Theorem 4) the set Ut < 7 X(2) is separable, under the measurability assumption (P1),
(R-10.1) implies that for any allocation f and any coalition E, the set [ Uy du is empty if and only if f(r) is a satiation
point for a.e. # in some set of positive measure Ey C E. Hence, in this case, (LNNC) follows from (R-10.1).1%-20 On

17 Example 2 of Hervés-Beloso et al. (2000) presents an economy where such a uniform upper bound fails to exist and all our relevant assumptions
hold. They identify the source of the problem as the lack of Mackey continuity. Hence, if possible, to obtain such an upper bound in the present
framework one would at least have to strengthen our continuity condition.

18 1f, as in Hervés-Beloso et al. (2000), each agent ¢ is endowed with a utility function U(f, -) such that t — U(t, -) is a measurable mapping from
T into a second countable space C, we can make sure that this mapping is also continuous on K.

19 See also Remark 8.

20 We did not check whether the converse implication is also true.



O. Evren, F. Hiisseinov / Journal of Mathematical Economics 44 (2008) 1180—1196 1191

the other hand, in the non-separable case (R-10.1) may not imply (LNNC).?! Independent of the separability of the set
U, < 7X(2), provided that there is a feasible improving direction, (LNNC) trivially holds (see the condition (R-8.1)).

In the sequel, we say that an attainable allocation f'is a coalitional equilibrium allocation if there exists a vector
p €S’ \ {0} such that, for every coalition E:

(o frw)=(o o)

xe/dep, implies (p, x) > <p,/edu>. 2)
E E

We say that an attainable allocation fis a Walrasian allocation if there exists a vector p € S’ \ {0} such that a.e. on 7,
(p, f) = (p, e(t)) and

x>, f() implies (p,x) > (p,e(?)).

and

The next theorem establishes the equivalence between the core and the set of coalitional equilibrium allocations.

Theorem 2. Let & be an economy that satisfies assumptions (A0), (A1), (A3), (P1), (P2) and (LNNC). Then, an
allocation belongs to C(§) if and only if it is a coalitional equilibrium allocation.

Proof. Since the “if” part is trivial, it suffices to prove the “only if” part. Let f be a core allocation. Using Uhl’s
(1969) theorem one can easily modify the proof of Proposition 5 in Hildenbrand (1974, p. 62) to show that the set
C:=cl [U {fE Ur — fE e:EeX, u(E) > O}] is convex. Since int S is open, C N —int S+ = @. Otherwise, the set
gUr— /, g ¢ would intersect —int S;. for a coalition E, and this would contradict the hypothesis that f is a core
allocation. First, assume C is non-empty. Then, since —int S} is an open convex cone, by a separating hyperplane
theorem (see Dunford and Schwartz, 1967, Theorem V.2.8), there is a p € S’ \ {0} such that, for every coalition E:

X € / Uy implies (p,x) > <p,/e>. 3)
E E

Suppose now that there exist a coalition £ and an integrable function g : E — S with < D, f glg— e)> = 0 such that
g(®)>; f(¢) a.e. on E. By Corollary 1, there exist a number o > 0 and a subcoalition F of E such that the point
x:=[pg+a [p(¢p—g) belongs to [, Uy, where ¢ is as in the survival assumption (A3). By (3), we must have
(p. [r(g —e)) = 0,and hence, (p, x) = (p. [pe+a [p(9—8) < (p, [re+a [p(p—e).Now,sincea [(¢ — ¢)
belongs to —int S, it follows that (p, x) < <p, fE e>, where we use the fact that (p, u) > 0 for all u €int Sy. This
contradicts (3) and proves (2).

Notice that from the assumption (LNNC) and (2) it immediately follows that < D, f ef > > < p, f E e> for any coalition
E with f Uy # 0. Suppose now there exists a coalition £ such that (p, f(¢)) < (p, e(t)) for a.e. t € E. This implies
(p. [ f) < {p., [ e) for any subcoalition F of E. In particular, (p, [ f) < {p, [ ), and hence, [, Uy = #. From

(LNNC) it then follows that there exists a subcoalition Ey of E such that f Eo f=> on e. But then < P, f Eo f > >

< D, f Eo e>, a contradiction. This shows that (p, f(¢)) > (p, e(t)) a.e. on T. Since fis attainable and p is positive, we

conclude that (p, f(¢)) = (p, e(?)) a.e. on T. This completes the proof for the case C + @.

Finally, suppose C = ) and take any p € S/ \ {0}. Note that for every coalition E the set /, g Uy is empty and
the statement (2) is voidly true. Moreover, by (LNNC), every coalition E has a subcoalition Ey with || Eo =] Ey &
Applying the argument in the preceding paragraph, we see that (p, f(¢)) = (p, e(t)) a.e.onT. O

Remark 11. Proof of Theorem 2 shows that when the conclusion of Corollary 1 holds, every coalitional quasi-

equilibrium is a coalitional equilibrium, that is, conditions (1) and (3) hold if and only if conditions (1) and (2)
hold.

21 The trouble is fE U dp may be empty even if U ¢(t) is non-empty a.e. on E.
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In the next result, we apply Theorem 2 to give a proof of Podczeck’s (2003) assertion: Given any core allocation in
an atomless economy, there exists a price system which makes this allocation a Walrasian allocation in every separable
subeconomy. In view of Remark 10 and the discussion in Section 3.1, this result is a technical extension of core—Walras
equivalence theorems of Rustichini and Yannelis (1991, Theorem 4.1) and Podczeck (2003, Theorem 4) to the case of
a non-separable commodity space.??

Corollary 4. Let & be an economy that satisfies assumptions (AQ), (A1), (A3), (P1), (P2) and (LNNC). Then, an
attainable allocation f belongs to C(§€) if and only if there exists a p € SQ_ \ {0} such that (p, f(¢)) = (p, e(t)) a.e. on
T, and for every separable subset Q of S:

ae.onT: xeQandx> f(t) imply (p,x) > (p,e(t)).

Proof. Since integrable functions are essentially separably valued, the “if”” part is obvious. To prove the “only if” part,
let fbe a core allocation. Apply Theorem 2 and obtaina p S; \ {0} with (p, f(t)) = (p, e(?)) a.e. on T that satisfies (2).
Let QO C S be separable, and ignoring a null set, let Y be a separable, closed, linear subspace such that Q U f(T) C Y.
For every t € T define Y(1):={x €Y : (p,x —e(t)) < 0} N Uy(). Notice that by the measurability assumption (P1),
Gry belongs to X ® B(Y). Hence, clearly, the set E:={t € T : ¥(¢) + @} is measurable. Obviously, to complete the
proof it suffices to show that (E) = 0. Suppose to the contrary ©(E) > 0. By Aumann’s (1969) measurable selection
theorem, there exists a measurable function g : E — Y such that g(t) € ¥(¢) a.e.on E. ForeachneN, letg, : E > Y
be a simple function such that lim, g, (f) = g(¢) a.e. on E. Now, by Egoroff theorem (see Dunford and Schwartz, 1967,
Theorem II1.6.12), there exists a subcoalition Eq of E such that g, (f) converges to g(¢) uniformly on Ey. But then g
must be integrable over Eg. By construction, this contradicts (2). [J

An obvious fact, also implied by the results above, is that every Walrasian allocation is a coalitional equilibrium
allocation. On the other hand, in view of the examples of Tourky and Yannelis (2001) and Podczeck (2003), the
converse is not true. Proof of Corollary 4 demonstrates a way of understanding the nature of the problem: Even if it is
non-empty valued on every member of a coalition E, the correspondence ¥(¢) = {x €Y : (p, x —e(?)) < 0} N Uz (?)
may not admit a measurable selection over E, provided that Y is non-separable. This, in turn, may prevent the existence
of a subcoalition Ey of E for which the aggregate alternative |’ Eo f du is suboptimal at the given price vector p. In
other words, it may not be possible to transform the individual alternatives, which are affordable at given prices, and
which are preferred to a given allocation, into an aggregate preferred alternative, no matter over which subcoalition
we try to carry out this aggregation procedure.

The next result presents two useful implications of Theorem 2: A core allocation in an atomless economy is stable
in the sense of Cornwall (1969) and belongs to the strong core.

Corollary 5. Let &={(T, X, n), S, X, e, >} be an economy that satisfies assumptions (A0), (A1), (A3), (P1), (P2)
and (LNNC), and let f be a core allocation of §.

(a) Then, f belongs to the core of the economy & :={(T, 2, ), S, X, f, >}.
(b) If& also satisfies assumption (P4), then f belongs to SC(&).

Proof. Letp be a vector in §’, \ {0} that satisfies (1) and (2). Then, for any coalition E and any x € f rUr (P, x) >
(p. [ge) = {p, [ [)- Since p is positive, we cannot have x < [, f. This proves part (a). To prove part (b), let E be
a coalition and suppose that g : E — § is an integrable function such that g(7) = ; f(¢) a.e. on E and g(t)>; f(t) a.e.
on some subcoalition Eq of E. Suppose (p, g(t)) < (p, e(t)) for all 7 in a measurable set B C E \ Ep with u(B) > 0.
By (LNNC), this implies [, U # @, and hence, [ g €cl [ Uy. Note that, by (P4), [, U, C [z Uy. Thus, from (2)
it follows that (p, [, g) = (p. [ e), a contradiction. Hence, {p, g(1)) > (p, e(t)) a.e. on E \ Eo. Combined with (2),
this implies (p, [ g) > (p. [ €). Since p is positive, we cannot have [, g < [pe. O

22 The measurability and survival assumptions of Rustichini and Yannelis (1991) are weaker than those used here. They also avoid free disposal.
On the other hand, they make the additional assumption that preferences are monotone and ordered.
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Remark 12. In view of Corollary 5(b), if preferences are ordered, under the hypotheses of Theorem 2, the strong
core and the set of coalitional equilibrium allocations coincide.

3.5. Continuity of the core correspondence

In this section, we present an infinite dimensional extension of Kannai’s (1970) theorem on the continuity of the
core correspondence. In the sequel, we endow S x S with a norm which generates the product topology. Since we
identify preference relations of agents as subsets of § x §, the Hausdorff distance between two preference relations is
defined via this norm as in Section 2.

Theorem 3. Suppose that the commodity space S and the consumer space (T, %, ) satisfy (AO). Let
E={(T, Z, n), S, X, e, =} be an economy and take a sequence &,:={(T, X, n), S, Xn, en, ="} (n € N) that converges
to &€ in the sense that lim,, fT lle —enll du = limyo(z,, b?) = O a.e. on T. Assume further that & satisfies assumptions
(A1)—(A3), (P1)—(P4), and &, satisfies assumptions (P1) and (P4) for every n € N. Let { f,,} be a sequence of functions
such that f, € C(§,) for all n € N, and suppose further that:

(1) There exists an integrable function q : T — R such that sup,|| f,(1)|| < q(¢) a.e. on T.
(i) w — lim,, f,,(¢) exists a.e. on T.

Then, under any of the following two conditions, the function defined by f(t):=w — lim, f,,(t)(t € T) is a core
allocation in the economy &.

(@) X, = X forallneN.
(b) S is separable and Gry, € ¥ ® B(S) for alln € N.23

Remark 13. As we shall see shortly, in the proof of Theorem 3, given any allocation g in the economy &, we need
to find an allocation g, in the economy &, (n € N) such that the sequence {g,} converges to g pointwisely. If the
commodity space is non-separable, convergence of preferences in the Hausdorff distance may not be sufficient for this
purpose, for the consumption sets in the approximating economies can be too dispersed across consumers. Hence the
need for conditions (a) or (b). We also emphasize that even if it allows non-separability, condition (a) is not innocuous:
If the limit economy is being approximated by a sequence of economies obtained from a discretization of the set of
consumers (see Martins-da-Rocha, 2003; Araujo et al., 2004), then unless consumption sets across agents are constant,
consumption set correspondences across economies would not be constant.

Itis worth to note that in contrast to Kannai’s (1970) original approach, in Theorem 3 we do not assume non-atomicity.
This, in turn, prevents the exploitation of the price characterization of core allocations on separable subeconomies.
Following Grodal’s (1971) approach, we use here the conclusion of Lemma 1 to show directly that the limit of
a sequence of core allocations is in the core. On the other hand, this approach necessitates the admittedly strong
pointwise convergence condition (ii). We note, however, that if the sequence {&,} consists of atomless economies that
satisfy hypotheses of Corollary 4, and if the preferences in the economy & are convex, under a set of further mild
assumptions, one can replace this condition with a Fatou-type convergence condition “ f(#) e cow — Ls, f,(¢) a.e. on
T.”** We close the discussion with a proof of Theorem 3.

Proof of Theorem 3. Since Z;l is reflexive for all € T and all n € N, whenever lim,o(% o t?) = 0, there is
a sequence {x’,} in X(¢) such that lim,||x!, — f,(#)|| = 0. Then, f(r) = w — lim,x!, a.e. on 7. Since X(¢) is closed
and convex, it is weakly closed, and therefore, f(¢)€ X(¢) a.e. on T. Note that for every pe S’ and every n,
[(p, fn@®))] < q(®)| pll a.e. on T, and hence, by Lebesgue dominated convergence theorem, the definition of fimplies

23 For various alternative continuity results for the case of a differential information economy with finitely many consumers and infinitely many
states, see Einy et al. (2005) and Balder and Yannelis (2006).

24 This assertion can be proved by applying Corollary 4 to each member of the sequence {&,} and then by following similar arguments to those of,
for instance, Martins-da-Rocha (2003, Claim 5.1) or Araujo et al. (2004, Claims 5.2 and 5.4). Similarly, one can show that in an atomless economy
that satisfies the hypotheses of Podczeck’s (2003) core non-emptiness result Theorem 2, the core is weakly compact in L1 (i, S).
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lim,, fT(p, fa(@) = fT(p, f(1)). Moreover, for a.e. t € T, f(t) belongs to co{ f,,(¢) : n € N}, and thus, fis essentially
separably valued and || f(#)|| < g(¢)a.e.onT. So, fis integrable (see Dunford and Schwartz, 1967, Theorems I11.2.22 and
111.6.11), and hence, for every p € S, lim, {p, [; fu) =lim, [(p, fu(®)) = [;{p, f®)) = (p. [; f) (see Dunford
and Schwartz, 1967, Theorem II1.2.19), that is, fT f=w-—1lim, fT fn. Finally, note that since Sy is weakly closed,
and since fT fu < fT en (n € N), we have fT f< fT e. Thus, fis an attainable allocation in the economy &.

Suppose now f ¢ C(&) and let E be a coalition that blocks f'via a function g : E — S. By Lemma 1, we can assume
7= fE(e — g)€int S4. We claim and later prove that under the conditions (a) or (b), for each n € N, there exists a
measurable function g, : T — S such that

limg,(r) = g(t) and g,(t) € X,(t) forae.rteT @)
n

Foreachm e N, put E,;:={t € E : g,(t)>7 fu(t), Vn > m}. Note that for eachm, E,, C E,,41, and since the economy
&" satisfies the measurability assumption (P1) (n € N), E,,, belongs to X. For now let us assume that

U E, ~E. (5)

meN

Assuming (4) and (5) we can proceed as follows. By Egoroff theorem (see Dunford and Schwartz, 1967, Theorem
II1.6.12), for each m there exists a measurable set A,, C E,, with u(E,, \ A;) < 1/m such that as n goes to infinity,
gn(t) converges to g(¢) uniformly on A,,. Hence, there exists an increasing function m — k,, from N into N such that
ky, > m and fAm llgk,, — gll < 1/m for all m. Since lim,, u(E \ A,,) = lim;, w(E \ E;,) = 0, from absolute continuity
of integral it follows that lim,, |’ 4, 8ky = limy, I 4, 8= [z g andlim,, [ 4, €l = limy, / 4, €= [ e, where in the last
set of equalities we also use the assumption that lim,, fT llex,, — ell = 0. But then lim,, fAm (ex,, — 8k,) = 2, and for
a sufficiently large m, | A, €k, — 8k,,) belongs to int S.. This, in particular, implies 1(A,,) > 0. Finally, note that, by
construction, g, (t)>f'" Jk, (t) for all r € A,,. Hence, A,, blocks f, via gi,, in the economy &, . This contradicts the
hypothesis that fi, € C(&,,) and proves that fis in the core of &.

We next prove (5). Fix a point ¢ in E with g(#)>, f(¢) and assume that all pointwise convergence conditions hold at
t. Now, by continuity assumptions (P2) and (P3) and by the assumption of ordered preferences (P4), there exist a norm
open neighborhood U of g(¢) and a weakly open neighborhood W of f(¢) such that for all x, y € X(¢), (x, y) e U x W
implies x>;y. Now, if 7 does not belong to | J,, < nyEm, We can find an increasing function j — n; from N into N such
that fnj(t)z:’/gnj(t) for all jeN. Since 1imjdist((fnj(t), g,,j(t)), zt) = 0, there exists a sequence {(y;, x;)} in Z,
such that limjj|ly; — fn; (0l = limj|lx; — gn;(®)|| = 0. But then, w — lim;y; = w — lim; f,, ;(t) = f(¢) and limjx; =
lim g, () = g(r). Thus, for a sufficiently large j we must have x;>;y;. This contradicts the supposition that y; x x;.
Hence, as we claimed, ¢ belongs to E,, for a sufficiently large m.

We finally prove that there exists a sequence of functions {g,} from T into S which satisfy (4). First note that if
Xn = X for all n, we can simply let g, = g for all n. Now suppose that the condition (b) holds. Since %, is reflexive
for all ¢, convergence of preferences in Hausdorff distance implies dist(g(¢), X, (t)) — O a.e. on T. Since Gry, belongs
to £ ® B(S), and since S is separable, the real function t — d,(¢):=dist(g(?), X, (¢)) + n~! is measurable for all n.
Hence, the graph of the correspondence ¥, : t = X,,(t) N By, )(g(t)) belongs to X ® B(S) (n € N). Moreover, by
definition of the distance function, ¥, (¢) is non-empty a.e. on 7. Hence, by applying Aumann’s (1969) measurable
selection theorem to the correspondence ¥, we obtain the desired function g, (n € N). [
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Appendix A. A differential information economy

Here we construct a differential information economy in the sense of Radner (1968) which generalizes the model
of Hervés-Beloso et al. (2005) in several dimensions and which satisfies all assumptions that we used in Sections 3.3
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and 3.4 so that our results on the blocking power of small or big coalitions and core—Walras equivalence can be applied
to a framework with differential information.

As in the main body of the paper, (7, X, i) denotes a finite, complete, positive measure space of consumers. 2
is a non-empty, finite set which describes states of the nature. The collection of events is given by an algebra A of
subsets of £2. We say that a partition P of §2 is measurable it P C A. Trade, or the implementation of an allocation
takes place before the realization of the state. Hence, the commodity space is defined as the set of all functions from
£ into an ordered Banach space X, with int X' # ¢, denoted by S:=X*?. We equip S with the pointwise algebraic
operations, a product norm, and the product order so that it becomes an ordered Banach space with S; = (X} )* and
int S4 = (int X} )*. Each agent ¢ is equipped with a random utility function V; : £ x X} — R, a random endowment
e(t) € S+, a prior m; on £2, and a measurable partition P(¢) of 2. Here, P(¢) describes the private information of an
agent t, i.e., the agent 7 can discriminate between states which belong to different events in P(¢), but cannot distinguish
those states which belong to the same event in P(#). An agent ¢ evaluates a random consumption bundle x € S with
the associated expected utility U(z, x):=)_, c o7(@)Vi(®, x(w)).

As a logical compatibility requirement, consumption choices and the endowment of an agent must not bear any
information which is not available to her. Hence, the consumption set of an agent ¢ is given by X(¢f):={x€ Sy :
VP e P(t), Vo, ' € P, x(w) = x(")}, and e(r) is assumed to be an element of X (¢). It is clear that X(¢) is a closed,
convex subset of Sy. This completes the description of our differential information economy which is again denoted
by &={(T, £, n), S, X, e, >}, where > denotes the preference correspondence induced by U(-, -).

Before we proceed, let us note that for any p € S’ and any w € £2 we can define a function p,, € X’ by (p,,, a):=(p, a®)
where for every a € X, a® € S is the random vector which assigns a to the state @ and O to every other state, so that
(p.x) =3, colPw, x(w)) for every x € S. Hence, instead of defining a price system as an element of S, we can
equivalently view a price system as a vector (py), c o Where p, € X, represents ex ante prices of commodities
contingent to the state w. We also note that for the differential information economy £, the notion of a Walrasian
allocation that we defined in Section 3 coincides with the definition of an equilibrium allocation introduced by Radner
(1968), and the core, as defined in Section 3, coincides with the notion of private core introduced by Yannelis (1991b).

Let us now make the following assumptions.

(A.A1). The function t+ — P(¢) is measurable, that is, for every measurable partition P of £2, the set Tp:={te T :
‘P(t) = P} belongs to X.

(A.A2). The function t — 7, is measurable, that is, for every w € £2, the real function + — m;(w) is measurable, or
equivalently, for every Borel subset B of the [§2| — 1 dimensional unit simplex, the set {t € T : 7r; € B} belongs to X.

(A.A3). Forevery we £2, (t,a) - Vi(w, a) is a Carathéodory function on T x X, that is, for every (w, 1) € 2 x T
the real function V;(w, -) is (norm) continuous on X, and for every (w, a) € £2 x &, the real function V(w, a) is
measurable on 7.

(A.A4). Forevery (w,1) €2 x T,everyac Xy, and every b eint Xy, Vi(w, a + b) > Vi(w, a).
(A.A5). Forevery (w,t)e 2 x T, e(t)(w) € int X, or equivalently, for every r € T, e(f) €int S.

Remark A. The monotonicity assumption (A.2) of Hervés-Beloso et al. (2005) is identical with (A.A4), and their
survival assumption (A.4) is identical with (A.AS5). They assume the agents have a common prior so that (A.A2)
is trivially satisfied. Moreover, they assume that there is a measurable partition {Iy, ..., I,} of T such that for each
i=1,...,n, agents in [; are identical with respect to all aspects. This implies that t — P(¢) is a simple function so
that (A.Al) holds, and that V(,y(w, a) is a simple function on 7 for every (w, a) € £2 x A so that the measurability
requirement in (A.A3) also holds. Finally, they assume X = [, and Vi(w, -) is Mackey continuous on X for every
(w, 1) € 2 x T, which verifies the continuity requirement in (A.A3).

We shall finally verify that the economy & satisfies the assumptions that we used in Sections 3.3 and 3.4. (A0)
does not require a verification. Next note that Grx = (Jp(Tp x Xp), where the union is taken over all measurable
partitions P of £2, and Xp is the common consumption set of agents in 7p. Hence, (A.A1) implies Gry € ¥ ® B(S4),
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and this verifies (A1). Since 0 € X(¢) for every r € T, (A.AS) immediately implies the survival assumption (A3) (see
also Remark 5). In view of Remark 6, to verify (P1) it suffices to show that U(-, -) is a Carathéodory function on
T x S4. But this is an obvious consequence of (A.A2) and (A.A3) and the definition of U(-, -). Moreover, continuity
of U(t, -) for every ¢ implies the upper continuity condition (P2). Finally, to verify our local non-satiation conditions,
take a point b € int X', and define the constant function b € int S by b(w) = b for every w € 2. Then for every t € T,
every x € X(t), and every y > 0, the point x + yB belongs to X(¢), and by (A.A4), x + y5>,x. This shows that the
condition (R-8.1) is valid in the present model, and therefore, every allocation is coalitionwise locally non-satiating.
This implies in particular that £ also satisfies (LNNC).
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