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Schlesinger transformations for Painleve VI equation

U. Mugan and A. Sakka
Department of Mathematics, Bilkent University, 06533 Bilkent, Ankara, Turkey

(Received 26 May 1994; accepted for publication 4 October 1994)

A method to obtain the Schlesinger transformations for Painlevé VI equation is
given. The procedure involves formulating a Riemann—Hilbert problem for a trans-
formation matrix which transforms the solution of the linear problem but leaves the
associated monodromy data the same. © 1995 American Institute of Physics.

I. INTRODUCTION

At the beginning of this century Painlevé"? and his school® classified the equations of the
form y"=F(y',y,z), where F is rational in y', algebraic in y, and locally analytic in z, which
have the Painlevé property, i.e., their solutions are free from movable critical points. Among fifty
such equations, the six Painlevé equations are the most well-known nonlinear ordinary differential
equations (ODE's), since they are irreducible and do not have the solutions in terms of the known
functions. Besides the Painlevé property, these six Painlevé equations, PI-PVI, have mathematical
and physical significance. Their mathematical importance originates from (a) They can be consid-
ered as the isomonodromic conditions for suitable linear system of ODE’s with rational coeffi-
cients possessing both regular and irregular singular points.“‘7 (b) They can be obtained as the
similarity reduction of the nonlinear partial differential equation (PDE’s) solvable by the inverse
scattering transform (IST).® For example, PI and PHI can be obtained from the exact similarity
reduction of the Korteweg—de Vries (KdV) equation. (¢) For certain choice of parameters, PII-
PVI admit a one parameter family of solutions which are either rational or can be expressed in
terms of the classical transcendental functions. For example, PVI admit a one parameter family of
solutions in terms of hypergeometric functions.'® (d) There are transformations associated with
PII-PVI, these transformations map the solutions of a given Painlevé equation to the solution of
the same equation but with different values of parameters,'®~!> (¢) PI-PV can be obtained from
PVI by the process of contraction.! In a similar way, it is possible to obtain the associated
transformations for PII-PIV from the transformation for PV. More over the initial value problem
of the Painlevé equations (PI~PV) can be studied using the inverse monodromy problem (IMT)
which is the extension of the inverse spectral method to ODE’s.'4~!7

Here, we present a method to obtain the Schlesinger transformations for PVI. The same
method was used to obtain the Schlesinger transformations for PII-PV in Ref. 18. These trans-
formations lead to a new class of relations between the solutions of PVI when its parameters are
changed. First non trivial transformation among the solutions of PVI was given by Fokas and
Yortsos,'® Fokas and Ablowitz.'° This transformation has been obtained from the relation between
PVI and a special equation which is second order and second degree possessing Painlevé property.
Another type of transformation which can be considered as an analog of the quadratic transfor-
mations for hypergeometric functions was given by Kitaev.’ However, the latter type of transfor-
mation is possible for only a special choice of the parameters of PVI.

Let y(¢) be the solution of PVI with the parameters «,8,7,6 (or 6., 6y, 8,, 8,). The associated
monodromy problem for PVI is dY/dz=AY where z plays the role of spectral parameter. The
analytic structure of Y(z) in the complex z plane can be specified by the so-called monodromy
data (MD). If we denote y, ¥, and y', Y’ for 6;, 8], i=0,1,t,, respectively, it is possible to find
appropriate transformations of 6, such that the MD are invariant. Then Y'(z)=R(z)Y(z), and the
Schlesinger transformation matrix R(z), can be found in closed form, by solving a certain
Riemann-Hilbert (RH) problem. The transformation matrix R(z) leads to a new class of the
transformations among the solutions of PVI.

0022-2488/95/36(3)/1284/15/$6.00
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Il. THE SIXTH PAINLEVE EQUATION

The sixth Painlevé equation,

d 11 1 1 \fdy\? (1 1 1 \Vdy y(y—1(-—1)
dt 2\y y—1 y—t

dr o ot—1 y—t)dr = £2(—-1)?
( t t—1 t(t—l)) -
X a+B;’f+7(y_1)2+5(y_t)2 ’ ( . )

can be obtained as the compatibility condition of the following linear system of equations:’

6Y_A v o)
a_Z_ (Z) (z’t)’ ( a)
oY
—=B(z)Y(z,1), (2.2b)
ot
where
Ay A A, (011(2) 012(2))
A =_'+ +_‘= )
(2) z  z—1 z—t \ay(z) an(z)
( u0+00 "‘Wouo) ( u1+61 —W1u1> (23)
A= _ . A= - s .
O \wol(up+8p)  —ug PAwl o) -y
u,+6, — W, 1
A: _ . B =—A —_— .
! W, 1(”:"'0:) — U (2) Tzt
Setting
Ky 0
An=—(Ag+A+A)= 0 1l K1+ K== (6p+ 6, +6,), (2.42)
2
Ki—Ky= 6o, (2.4b)
Wollg WU, Wi, k(z—y)
- _ = , 2.4
@12(2) z  z—1 z—t z(z—1)z—1) (249)
u0+00 u1+61 ut+0t
u=a = + + , (2.4d)
n) y y—1 y—t
6y 0, 6,
i=—a Y — e e 2.4e
i=—ap()=u= ooy s (2.42)
then
ugtu,tu,=«,, (2.52)
w0u0+w1u1+w,u,=0, (2.51))
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u0+00+u1+01+u,+0,=

we Wi T 0, (2.5¢)
(t+ Dwougt+twu+w,u,=k, (2.5d)
twouo=k(1)y, (2.5¢)
which are solved as
ky . k=1 ky=1)

wo= wy= W=
rug” TV (=1 TF tt—1u,’

wo=1g= D= DO=DP+6,(=)+16{y~1)=2k2(y = Dy=1)]

X+ a3 (y—t—1)—ry(6,+16,)},
(2.6)
Y

-1
=1, {y(—1D =02 +[(01+ 0)(y— 1) +10(y— 1) = 2x2(y — 1) (y —1)]

u; =
1 (t‘_'

Xu+ K%(y—t)— Ko ( 0, +160,)~ Kk x5},

u,=;(—t—y;ﬁ =Dy =D@+[0,(y=1)+ 18,4 0.)(y— 1) = 213y~ 1) (y—1)]

Xu+ K%(y— 1)— (8, +18,)~tk Ky}

The equation Y, =Y, implies

dy y(y—1)(y—1) 6 6 6,
ET_I(I——I)-— 2u—-;—— )’Tl_;——:? s (2.7a)
d—u—;{[ﬂ 24214+ 0)y—tlu?+[(2y—1—1) 6+ (2y—1) 0, +(2y — 1)(8,— 1) Ju
dt_t(t_l) y y u y 0 y 1 Yy t
—Ki(xy+ 1)}, (2.7b)
1dk y—t )
% === =y (2.7¢)

Thus y satisfies the sixth Painlevé equation (2.1), with the parameters
a=30—1)% B=—16; y=16], &=x1-6)). (2.8)

lll. DIRECT PROBLEM

The essence of the direct problem is to establish the analytic structure of Y with respect to z,
in the entire complex z plane. Since Eq. (2.2a) is a linear ODE in z, therefore the analytic structure

is completely determined by its singular points. Equation (2.2a) has regular singular points at
z=0,1,¢,00.
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A. Solution about z=0

It is well known that if the coefficient matrix of the linear ODE has an isolated singularity at
z=0, then the solution in the neighborhood of z=0 can be obtained via a convergent power
series. In this particular case the solution Y (z) =(Y§,”(z), YSZ)(z)), for 63 # n, neZ has the form

Yo(2)=Yo(2)220=Go(I+ Yo 2+ Vopz?++-+)Z"o, 3.1)
where

2ko lOW0u0

G k det G % 0)
= s t :1’ Dn= ,
071 2 2% 1o(ue+ 6, e Ho °“lo o
Wo
k0=/;0e‘70(t), lozioe_ao(t), Eo,i0=const, (3.2)
t] Wi .,
o9= ' ut+0,——v“)0—dt

and Y, satisfies the following equation:

-1 dGO
Yor+[Yo1, Dol=~Go | A1Go— —— . 3.3)
If 8,=n, neZ then the solution Y(z) may or may not have the log z term.
The monodromy matrix about z=0 is given as
Yo(ze? ™)=Y o(2)e* ™. 34)

B. Solution about z=1

The solution ¥,(z)=(¥{"(z),Y{?(z)), of Egs. (2.2) in the neighborhood of the regular sin-
gular point z=1 for 8, # n, n eZ has the form

Y(2)=Y1(2)(z— 1)P1=G{(I+ Y, (z— 1)+ ¥ 15(z— 1)+ )(z— 1P, (3.5)
where
2k1 11W1u1 d 1 91 O
— t =
Gl 2_1_ ll(u1+01 s € Gl s Dl 0 0 ’
1

ky=k;e?®  [=[e=%1® kI =const, (3.6)

t 1 W,

g 1 U, 0,—71' dt

and Y, satisfies the following equation:
-1 dGl
Y +[Y. Di]=Gy | AeGi— —— - (3.7

If 8,=n, neZ, the solution Y,(z) may or may not contain the log(z—1) term.
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The monodromy matrix about z=1 is given as
Y (ze*™)=Y,(z)e* D1, (3.8)

C. Solution about z=1

The solution Y ,(z) =(Y{"(2),Y{?(z)), of Eqgs. (2.2) in the neighborhood of the regular sin-
gular point z=t¢ for 6§, # n, neZ [if §,=n, neZ the solution Y,(z) may or may not have the
log(z—1¢) term] has the form

Y(2)=FY2)(z=)Pr=G I+ Y (z— )+ Y p(z—1)2++-)(z—1)Ps, (3.9)
where

2k, lLw,u,

G,= k
! 2 — L(u,+6,
w

1]

6, 0
s det Gt=1’ Dt= 0 0 ’

ky=k,e®", [,=[e"% [, I =const, (3.10)

_ft 1 I Wallg n 1
o= Py UpT oo W, =1

and Y, satisfies the following equation:

-1 th
Ya+[Yy, DJ=G; " —. (3.11)
The monodromy matrix about z=t is given as
Y (ze¥ ™)=Y (z)e?™P1. (3.12)

D. Solution about z=x

The solution Y ,(z) =(Y(z),YP(z)), of Egs. (2.2) in the neighborhood of the regular sin-
gular point z=« for 8, # n, neZ (if ,=n, neZ, the solution may or may not have the
log(1/z) term) has the form

1 1

. 1) Pe 1 2 Da
Yw(z)=Ym(z)(;) =(1+Ym1;+Yw2(;) +)(—Z—) , (3.13)

where

(3.19)
K1=u0+u1+u,, KI_K2=0°°, K1+K2=_(00+61+0t)
and Y, satisfies the following equation;
Yor+[Ywr, Du]=—(A,+1A,). (3.15)

The monodromy matrix about z=0 is given as

J. Math. Phys., Vol. 36, No. 3, March 1995
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Yo(2e2 ™)=Y o(z)e ™=, (3.16)
E. Monodromy data
The relations between the Y,(z) and Y;(z), i=0, 1, f are given by the connection matrices E;

i Y

), det E;=1, i=0,1,t. (3.17)
Lo

Ym(Z)=Y,‘(Z)E,', Ei=(

The monodromy data MD={g,Vo,L0>M0s15V1sC15T1 M5 Vs L, 7} satisfy the consistency
condition

(Eale2i"D0E0)(E1_ leZileEl) =e—2i1rDm(Et-le—2i1rD,Et) (318)
in particular

cos (68— 61)(Lomom¥i+ Novor1 {1~ Momovii— Lovo ) +cos m(6p+ 61)(volovi{y

+ Mokto M1 — MoloV1 T~ NoVosi1{1) = BT €08 T(0ut 6,) = v, cos m(0u— 6,).
(3.19)

IV. SCHLESINGER TRANSFORMATIONS

Let R(z) be the transformation matrix which transforms the solution of the linear problem
(2.2) as

Y'(2)=R(z2)Y(z) 4.1)

but leaves the monodromy data associated with Y (z) the same. Let u/ , w/, 8] = 8; + \; be the
transformed quantities of u;, w;, 6;, i=0,1,z,%. The consistency condition of the monodromy
data (3.18) or (3.19) is invariant under the transformation if A | +Xg=k, A, —Ao=[, At N,=m,
Aw— A, =n, where k,{,m,n are either odd or even integers. It is enough to consider the following

three cases:
0(,)=00+)\0 0(,)':00 0(,)=00
0;=01 0;=61+)\.1 0{=01
a: 6/ =9, b: 6' =0, c: 6! = 6,4+, (4.2)
0.=0,+ Ao, 0= 00t Ao, 0.=0p+N\o.

Let the complex z plane be divided into two sectors S* by an infinite contour C passing
through the points z=0, 1, ¢ and let

R(z)=R*(z), when z in S*. 4.3)

Then the transformation (4.1) can be written as
[Y*(z)]'=R*(z)Y*(z), when z in S%, (4.4)
and the monodromy matrices (3.4), (3.8), (3.12), and (3.16) about z=0, 1, ¢, « imply that the

transformation matrix R(z) satisfies the following RH problem:

J. Math. Phys., Vol. 36, No. 3, March-1995
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1290 J. Mugan and A. Sakka: Schlesinger transformations for Painlevé VI equation

' R*(z)=R7(z), on Cg
“ R*(z)=R7(ze¥™), on Cy,
) R*(z2)=R7(z), on Cjy 45)
|R*(2)=R™(z¢%7), on cf, @.
R*(z)=R7(z), on C;
c: _ )
R*(z)=R ™ (ze*™), on C/,

where C} are parts of the contour C joined at the point z=0,1,¢ respectively. The boundary
conditions for the RH problems are as follows:

( R*(2)~Py(2)z%Pi(z), as z—0, z in S*
R+(z)~f’{(z)f’f1(z), as z—1, z in ST

a:{ R*(z2)~Y/()¥7"(z), as z—1t z in S* , (4.6)
. 1\ %o,

R*(z)~Y;<z>(Z) 72'z), as g > o, z in S*

\

(RY(2)~T§(2)P)(2), as z—0, z in S*

RY*(2)~¥(2)(z—1)MPTY2), as z— 1, z in S*
b:3 R*(2)~FP/(2)? 7 (z), as z—¢t 2z in S* , @.7)

. 1\,
R+(Z)~Y;(z)(;) Yo' (z), as |z =, z in S*
\

R*(2)~Yi(2)¥p)(z), as z—0, z in S*
RY(2)~Y|(2)¥7'z), as z—1, z in S*
c:{ RY(2)~P(2)(z=0)MFz), as z—1t, z in S7, (4.8)

. 1\%,
R+(Z)~Y;(z)(z) Y.'z), as |zl — o, z in S*

where

Ax,.o
1o o

For each case a, b, and ¢ there exists a function R(z) which is analytic everywhere and the
boundary conditions (4.6), (4.7), (4.8) specify R(z) for each case, respectively.

All possible Schlesinger transformations admitted by the linear problem (2.2) may be gener-
ated by the following transformation matrices Ry(2), k=1,2,3,...,12:

( %()\oo_)\i) 0

, i=0,1,t. 4.9)
0 —%()\w-i-)\,)

6p=6y+1

6;=6, 00 1 —wy

6, =6, R(l)(2)=(0 1)z+ -y Worl)’ (4.10)
0=0,+1,

J. Math. Phys., Vol. 36, No. 3, March 1995
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[ 9y=16,—1
6;=6,
6,=8,

\ 0;= 0.—1,

([ 8h=0,—1
9{=91

6, =6,

L 0o=0+1,

6= 6o+ 1
6;=6,
6,=6,
0= 60— 1,

64= 6
01=6,+1
6;,=8,
0= 0o+ 1,

( 6(')=60
0,=6,—1
6=,

\ Hée:aoo_l,

R

(6= 6,
6;=6,—1
6 =8,
L 00=0,+1,

R

65= 6,
0;=6,+1
6,=6,
6= 0,—1,

96=00
6;=0,

6, =0,+1
0.=0,+1,

6y= 6o
61="96,
6,=6,—1
0=10,—1,

R

u0+00 —r
1 0 UgWo "2 11
= —+ -,
Ray(@)={y utby |z
UgWo
1 UgWo
0 0 u0+t90 1
R(S)(Z)= 0 1 + UugWwo Z’
r
—  -r
1 0 Wo 2
Ry(2)= 0 0 z+ 1 ,
- 1
Wo

0 O 1 — Wy
Rsa)={, ]G D+ S

u1+ 01
UoWo
u1+91 Z_l’

uwy

ry -r

1 0
(6)(Z)=(0 0) +

uw,
u1+ 01
uiwy Z_l,
i
u1+01

0 0
(7)(Z)=(0 1)+

1 0
R(S)(Z)=(0 0)(2—1)“‘

1 —w,
—r Wi ’

0 0
R(9)<z)=(0 @+

u,+ 6,
1 0 Uw, T2 T2 1
“°>(Z)=(0 0)+ U+ 6, =t
B uw, !

J. Math. Phys., Vol. 36, No. 3, March 1995
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6= 0o 1 W
9:’=‘9x_1 (11)(2)— 0 1 ~ uw, z—1’ .
0.=0.+1, "oure
06=60 ry
' " -
=0 Run(@)=| - " 421
0;=6t+1 (12)(1)" 0 0 (Z t)+ i ’ ( )
0,= 0.1, T
where
1 /.. 0 ) \ M
- 1 Uy T 0o, u,~0o, =_—1-— 4 (422)
rl 1+0°° ( Wl wt t)’ r2 l_em (wlul twtut) .

and u;, w;, i=0,1,7 are given in Eq. (2.6). The transformation matrices Ryy(2), k=1,2,...,12
are sufficient to obtain the transformation matrix R(z) which shifts the exponents 6, 8, 6,, 6, to
6y, 61, 6, , 8., with any integer differences. If

Y'(z,t5ug,u u; ,wo,wi,w/,00,61,0; ,05)=R(z,t;ug,....00) Y(2,03Ug>..., Bun)

(4.23)
and
Y"(z,t5uq,ul ,ul ,wg,wi,wi,60;,8],6) W00 =Ry (z,t5uq,...,05) Y(z,t5u8,...,05)
(4.24)
then
R (2. t;ug(ug,..., 0x),.. IRy (2,t5U0,5..., 0) =1 (4.25)

for k=j+1, j=1,3,5,7,9,11.

Also, R(3)(2)R)(2)=R(36,(z) shifts the exponents as 6y = 6, — 1, 6] = 6, + 1,
6, = 6, 0. = Bu, R4y (2)R(3)(2)=R44)(z) shifts the exponents as, ) = 6, + 1, 6!
=60, =1, 6 = 6,, 6, = 6., and R(;y(z2)R(7)(z)=R(; 7y(z) shifts the exponents as,
=6,+1,0,=10,+1,80 =6, 0, = 6,. The explicit forms of R3¢, Res 8y and R(; ;) are

06=90_1

6,=6,+1 1 —wi(ugt 6p) wiwouo) 1
=0, Reo@=It g ( z

, =0 wiugt+ 6) —ugwo \  —(ug+ 6y) ugwg | 2
0= 0,

(4.26)

6,=6,+1

61=6,—1 —woluy+6;) wywoup| 1
6,=6 Rag(@)=I+ +6,)— -1
, =0, wolu+60)—uyw; \ —(u;+6,) uwy | 2
0.=6,,

4.27)

J. Math. Phys., Vol. 36, No. 8, March 1995
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06=90+1

0,=6,+1 1 (—W1 Wiwg

6=, R(1,7)(Z)—IZ+W1_ Ll wo ) (4.28)
0%= 0,

V. TRANSFORMATIONS FOR PVI

The linear equation (2.2a) is transformed under the Schlesinger transformations defined by the
transformation matrices R )(z), k= 1,2,...,12 as follows:

8Y'__ ,
K_A (2)Y, (5.1a)
) R(k) ~1
Al(z)= R(k)(Z)A(Z)+ Ry (2). (5.1b)

Equation (5.1b) gives the relation between u;, w; and the transformed quantities ul, wi,
i=0,1,t. From these relations the transformation between the solution y(¢) for the parameters
o,B,7,8 and the solution y'(¢) for the parameters o',B8',y',6' of PVI can be obtained using Eq.
(2.5¢)

. tugwg
y :T' (5.2)

The transformations between the solutions of PVI obtained via the Schlesinger transformation
matrices R;(z), k=1,2,...,12 may be listed as follows:

u;+6; w 1 u,+6, u
: 1——‘)+;<wz—wo>(’ ’——‘—)],

w1 Wo W, Wo

R“)(Z) :uéW(’):Wo{(Wl_Wo)
k'=— 0.wq, (5.3)
a’=%[(2a)”2+1]2, BIZ_%[(~2ﬂ)1/2+1]2’ ,yl_:,,y, 5 =6.

u+ 6, u0+00)(u0+00 1)

Upwo Wi

R(z)(Z)Z uowo (90 1)r2+ ulwl(

u 1‘W1 UgWo

,w,(u +0 u0+00)(u0+00 1)} 2

—11r3,
t uw; UgWo ugWwog W;
k’=(t"“1)u w,+| 6 +t(0 — @ _1)+2(t_1)u w u0+90__1_ e u0+t90 2
1wy 1 h— 6 Y owe wil |72 % ugwg 2
5.4)

alz%[(za)llz_l]zv B’:_%[(_zﬁ)lm_l]zv 7’:7’ 8 =6.

UgWy UgWo uiw; u1+01
wi \ugt 6y ugwo U+ Gy

R(3)(Z)Z u(')w(')=

UgWo ( ugwo )( uw, ut+ 9:)

1
- :
t ug+ 00 Ugwg Ug+ 00

Wy
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1294 J. Mugan and A. Sakka: Schlesinger transformations for Painlevé VI equation

UoWo

— 55
wu0+609 ( )

k'=—0

a'=1(2a)'?+17, B'=-H(-28)"*-1P, y'=v &=4

+6 w 1 fu,+6, ul\fw
S st 2
Wy Wo/ \ Wo t w, wWo/ \ Wo

Ri(2):  ugwo=—(6p+1)ry+

’ U; Uy 2
k =—tu0W0— 60+0,+1+(00+61+1)t+2‘P;I—O'(W()'_W,)""zt;;(WO_’Wl) rz—Bm;V—Orz,
(5.6)
a'=H(2a)?-17, B'=-{(-28)"+1P, ¥'=v &=0
o u0+00 ug
Risy(z):  ugwg=w,(wq W1)( ™ WI)’
k'=_0wwl, (57)
a’=%[(2a)”2+1]2, ﬂ,=,39 ’)”=%[(2')’)”2+1]2, S5=56.
;o u1+01 1
Rie)(z):  ugwo=—ugwo—| o~ 2ugwo W, —W—o ry+ugwy
ug+ 6y u1+01)<u1+01 1) )
X —irs,
UgWo nHwy wmwr  Wo
, 2 ul+¢91 1 u1+01 2 (58)
k =—ltugwo— 01_1+(1—60+61)t— tugwyo Ugw, Wo ry o ) ry, .
o =HQa)I-17, B'=B, ¥ =H@n"-1P, &=
, ,_ulwl u0+00 M()WO)( _ uyw, )
R(7)(Z)' UoWo™= wo u1+61 uiw u1+01 ’
u\wy
==, —— 59
k== g (5.9)
o' =HQa) 1P, B=B, ¥ =HCN'-1P, =6
[N Wo u0+00 Uo\(Wo 2
R(g)(Z): u0w0=—uowo—l00—2uo(;7—l)}r2+( Wo E)(Wl l)rz,
Wo 0@ 2
k'=—tu0w0+ 01+1—t(00+01+1)+2tu0 ;"_'1 r2-'-‘;-‘r2, (5.10)
1 1

a'=12a)?-17%, B'=g, y'=AQy)"+1P, =6

ug+ 6o @)

R wpwg=mlong | o 20
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k'=—0.w,, (5.11)

o' =§2a)\2+1P, =B, ¥'=vy, &=i-H(1-28"2+1]

t uw, Wo

u+6, 1 )} ugwg (u,+ 6, 1 )
r2+ _—
uw, Wwo

R(IO)(Z): u6w6=—tu0w0—[00—2u0w0(

u0+ 00_ u,+ 0;

Ugwo Uw;

2
Ty,

uw, w,

u,+6, 1 u+6, ,
k'=(t—l)u1w1+ 01—(9,—1)t—2u1w1 2" O = ¥y, (512)
t .

1

a/=%[(2a)1/2_1]2’ B,=B7 ,yl=,y, 5/=%_%£(1__25 1/2_1]2.

, . 1| uw, 1 [ uw, \?
R(“)(Z): u0W0=7 m‘; (2u0+ 00)_ -VV—O ut+0t (u0+ 00)_u0W0 N
k=g, — (5.13)
“u,+6,’ ’

al=%{(2a)1/2+1}2, .B’=B’ ’)”=')’, 5r=%_%{(1__25)1/2_1]2,

. Wo 1 Wo u0+ 90 Ug 2
: =— - - — + = —- —_—
R(lZ)(Z) UgWy tugwy [00 2140( W, 1 ry " ) 1)( We W, 3,
' Wo Oco 2
k =—fugWwpo— 00+ 0,+1—(0,+1)t—2u0 —1 ro— —" Iy, (5.14)
Wi W,

a’=%[(2a)”2—1]2v ﬁ'=.3’ 7’=77 5’=%_%[(1_25)1/2+1]2’

where u;, w;, i=0,1,¢ and r;, r, are given in the Egs. (2.6) and (4.22), respectively.

It is well known®!? that PVI admit one parameter family of solutions characterized by the
Riccati type equation which can be reduced to hypergeometric equation via a suitable transforma-
tion. It is possible to obtain the Riccati type equation associated with PVI from all transformations
(5.3) and (5.14). For example, the transformation between the solutions y and y’ of PVI for the
parameters «,83,7,6 and o', B, ¥, &, respectively, obtained from R4y (z) [Eq. (5.11)], for
ug # 0, u, # 0 is as follows:

—t
Y= gmtr= s 0= D= sl (=i kay + 6]

(5.15)
o' =HQa)+1P, B'=B Y=y &={-H(1-28"+1T

where & and «, are given in Eq. (2.4¢) and (2.4b), respectively. The transformation (5.15) breaks
down iff u,=0, then one should also require that #=0 and x,=0. Hence, setting u=0 in Eq.
(2.4€) and using Eq. (2.7a) gives

d
t(t_ 1) d—)t)=(1 - om)yz—[00+ 0t+ 1 +(00+ Bl)t]y—l- 00[ (5.16)

J. Math. Phys., Vol. 36, No. 3, March 1995

Downloaded 07 May 2013 to 139.179.14.46. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



1296 J. Mugan and A. Sakka: Schlesinger transformations for Painlevé VI equation

and
6o+ 6,+6,+6,=0. (5.17)
Equation (5.16) can be transformed to a hypergeometric equation; if

_t(t—l) dv/dt
YT -1

(5.18)

then v (z) satisfies a certain hypergeometric equation. It should be noted that, this is not the only
choice to obtain the Riccati type equation which gives the one parameter family of solutions of
PVL. Since, if one removes both restrictions u, # 0, u, # 0, then Eq. (2.5b) implies either ;=0
or w;=0. If uy=0 one obtains Eqgs. (5.16) and (5.17). When w;=0, one should require
u;+6;=0 [see A| in Eq. (2.3)]. Thus substituting ug=u,=w,;=0 and u,+ ;=0 in Egs. (2.4¢),
(2.7e), and (2.5a) yields

d
Hi—1) d—f=(1— 0.)y2 [ Go+ 6,+ 1+ (B~ 8,)]y + Byt (5.19)

and

00+ 0t+ 000—01=0. (5.20)
If one removes the restriction on u, only, i.e., ug=0, u, # 0, then Egs. (2.5d) and (2.5¢) imply
that either #; =0 or w;=0. For the case of ug=u;=0, u, # 0, Eq. (2.5b) implies w,=0; then

one should require u,+ 6,=0 or from Eq. (2.5a) «,+ 6,=0. Hence, by using these in Eqgs. (2.4d),
(2.7), and (2.4e), one gets

d
t(t—1) Zi{—z(l_ 0)y*—[6— 0,4+ 1+ (6p+ 6,)t]y + 6ot (5.21)

and
Oyt 6,+6.,—6,=0. (5.22)

When ug=w,=w,=0, u;+8,=0, u,+ 6,=0 one obtains

d
t(1=1) 2= (1= 0)y*~ [ o= O+ 1+ (85— 6,)cy + Bt (5.23)

and
8y—6,—6,+6,=0. (5.24)

Similarly, for uy # 0, u,=0

dy )
Hi=1) - =(1=0.)y2=[6,— o+ 1= (85— 6))t1y— 6y,

(5.25)
01 + 6t+ 000_ 0():0,

which follows from u,=u,=w;=0, uy+ 6,=0, and
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dy
t(t—1) E=(1_ 0.)y2—[6,— O+ 1 —(8o+ 6,)t]y — 6t,

(5.26)
00+ 01_ 0,"‘“ 0m=0,

which follows from ug=u,=w;=0, u;+ 6;=0.

One can obtain infinite hierarchies of elementary solutions of PVI by using the transforma-
tions (5.3) and (5.14). But it should be noticed that one should start with the solution y(¢) of PVI
for the parameters @,8,7,6 (0,0,,0,,6,) such that §;, j=0,1,t,00 should not satisfy certain
conditions under which PVI can be reduced to a Riccati type equation, since, under these restric-
tions on §;, j=0,1,z,00 the transformations break down. One can avoid these restrictions, first by
using the Lie-point discrete symmetries

1
y’(t;a',ﬁ’,7’,5’)=ty(?;a,,3,7,5),

(5.27)
a'=a, B'=B, y'=-08+; &=-vy+;
y'(t;e' By, 8")=1-y(1-t;a,B,7,7,9),
(5.28)
a,=a9 B’=_79 y'=—B’ 8’=6’
1 ’ r ! ! 1
y' (0,87 ,8)=1-(1-1)y 1—_—;;a.B,7,5 ,
(5.29)

a'=a, B'=6-% y'=-B &=-y+

or the transformation given in Ref. 10 to obtain the new solution and then use the transformations
(5.3) and (5.14). For example, if one starts with the solution'®

_ tct?—2ct+c—1)
Y= 3 31

¢ is an arbitrary constant,

, 1 (5.30)
a=3 B=-35 y=12, &=
then the transformation (5.11) yields
.. Her’=3cr’+3ct=31—c+1)
y' (6= 2(ct*—2ct>+2ct—2t—c+1)’
(5.31)
a’=8, B,=~%’ ')”=%, &' =0.
Using (5.31) in transformation (5.11) gives
N tct*—4ct> +6ct?—612—4dct+41—1)
Y= S S 5o ¥ 10e7 = 107= 10ct+ 101 +3c—3
(5.32)

. 25 " _ 1 — 1 "’ —
a"=%, =-3 Y'=3 &=-

N

J. Math. Phys., Vol. 36, No. 3, March 1995

Downloaded 07 May 2013 to 139.179.14.46. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



1298 J. Mugan and A. Sakka: Schiesinger transformations for Painlevé Vi equation

It can be verified that y'(¢) and y"(¢) satisfy PVI. Hence, one can generate infinitely many distinct
exact solutions of PVI by using the transformations (5.3) and (5.14). Also, it should be noticed that
the consecutive application of the transformations generated by Ryy and Ry, k=j+1,
j=1,3,5,7,9,11 yields the identity.
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