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I. INTRODUCTION

In 2+1 dimensions, various higher curvature modifications of Einstein’s theory, such as the new
massive gravity (NMG) [1, 2], a specific cubic curvature gravity [3] and the Born-Infeld gravity [4]
attracted attention recently. NMG provides a unitary non-linear extension of the Fierz-Pauli mass
in both flat and maximally symmetric constant curvature backgrounds. For anti-de Sitter (AdS)
backgrounds, NMG has a drawback: bulk and boundary unitarity is in conflict and hence does not
fit well into the AdS/CFT picture. In [3], a cubic extension of NMG was given which again has
this conflict. A simple, in principle infinite order (in curvature) extension of NMG in terms of a
Born-Infeld gravity, dubbed as BINMG, was introduced in [4] which again has this bulk-boundary
unitarity conflict. Finally, in [5], all bulk and boundary unitary theories in three dimensions were
constructed. These theories should be at least cubic in curvature, if the contractions of Ricci tensor
are used. Linearized excitations in these models have been studied.

This work is devoted to the study of some exact solutions of all f (Rµν) theories in three
dimensions that include the quadratic, cubic and BINMG theories as subclasses. For the quadratic
and cubic curvature theories, we will not restrict ourselves to the unitary models but study the
most generic theories. Some exact solutions of NMG were given in [2, 6–12] (and also see [13]
for the solutions in the “generalized NMG” that includes the gravitational Chern-Simons term
[14, 15] in addition to the Einstein and the quadratic terms). Save for the maximally symmetric
solutions and AdS-waves [16] and black holes, to the best of our knowledge, a general approach to
the solutions of the general quadratic theory or the more general f (Rµν) theories has not appeared
yet (some Type-III and Type-N solutions of the D-dimensional quadratic gravity were given in
[17]). For cubic curvature theories and for BINMG some solutions were found before1 [3, 18–21].
In this paper we will give a systematic way of finding solutions in these theories. As it will be clear
from the field equations of these theories, without some symmetry assumption, finding solutions is
almost hopeless. The assumption of the existence of a Killing vector highly restricts the geometry
in three dimensions [9], the solutions of NMG and topologically massive gravity (TMG) under
this assumption include some classes of Type-N and Type-D solutions. However, even without a
symmetry assumption, in addition to the above solutions, some new Type-N and Type-D solutions
of NMG were found in [10–12] using the tetrad formalism. Furthermore, in [10–12], the solutions
of NMG inherited from the solutions of TMG are found by relating the field equations of the two
theories. A similar technique will be applied in this paper to find large classes of solutions of all
f (Rµν) gravity theories.

The main result of this work is to introduce a technique for finding exact solutions of any higher
curvature gravity theory in three dimensions from the solutions of TMG and NMG. The technique
is based on the observation that in D = 3 for constant scalar invariant (CSI) spacetimes2 of Type N
and Type D, the field equations of any higher curvature gravity theory with a generic Lagrangian
f (Rµν) reduce to the field equations of NMG whose form is also same as the TMG field equations
written in the quadratic form. With this fact, one can obtain new solutions of f (Rµν) theories
by just relating their parameters to the parameters of TMG and/or NMG. We have used the
results obtained for the f (Rµν) theory for generic quadratic and cubic curvature gravity theories
in addition to BINMG, and found new solutions for these theories which are inherited from the
Type-N and Type-D solutions of TMG, compiled in [23], and NMG found in [9–12].

The layout of the paper is as follows: in Section II, we recapitulate the algebraic classification
of curvature in three dimensions. In Section III, we derive the quadratic form of the TMG and

1 More recently, Type-N solutions of BINMG and extended NMG theories appeared in [22]
2 The scalar invariants that we mention are the ones constructed by contractions of the Ricci tensor but not its

derivatives.
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NMG equations. Then, we give our main result about f (Rµν) theories as a theorem. Section IV
is the bulk of the paper where we discuss the solutions of the f (Rµν) theories. In Section V, as
an application, we find the solutions of the quadratic and cubic curvature gravity and BINMG. In
appendices, we give some relevant variations and the field equations of the cubic curvature theory.

II. ALGEBRAIC CLASSIFICATION OF CURVATURE IN THREE DIMENSIONS

In searching for exact solutions, Petrov or Ricci-Segre classification in three dimensions plays
an important role [24]. Hence, we briefly review the classification of the exact solutions of TMG
given in [23]. The action of TMG with a cosmological constant3 [14, 15]

I = −
ˆ

d3x
√

−g

[

R − 2Λ +
1

2µ
ηαβγΓµ

αν

(

∂βΓν
γµ +

2
3

Γν
βρΓρ

γµ

)]

, (1)

yields the source-free TMG equations

Rµν − 1
2

gµνR + Λgµν +
1
µ

Cµν = 0, (2)

where Cµν is the symmetric, traceless and covariantly conserved Cotton tensor defined as

Cµν ≡ ηµαβ∇α
(

Rβ
ν − δβ

ν

R

4

)

. (3)

Here, the Levi-Civita tensor is given as ηµσρ =
√−gεµσρ with ε012 = +1 and g ≡ det [gµν ]. Taking

the trace of (2) gives R = 6Λ. Therefore, the Cotton tensor in TMG becomes Cµν = ηµσβ∇σRβ
ν .

Using this, the field equations (2) becomes

Rµν − 1
3

gµνR +
1
µ

ηµαβ∇αRβ
ν = 0, (4)

and defining the traceless Ricci tensor Sµν ≡ Rµν − 1
3gµνR further reduces the field equations to

µSµν = −Cµν . (5)

Classification of three dimensional spacetimes can be done either using the eigenvalues and the
eigenvectors of the up-down Cotton tensor (Cµ

ν ) [25] (in analogy with the four-dimensional Petrov
classification of the Weyl tensor), or the traceless Ricci tensor (Sµ

ν ) (in analogy with the Segre
classification). Since Cµ

ν and Sµ
ν are related through (5), for solutions of TMG Segre and Petrov

classifications coincide. As noted in [23], to determine the eigenvalues of Sν
µ and their algebraic

multiplicities one can compute the two scalar invariants

I ≡ Sν
µSµ

ν , J ≡ Sσ
µSµ

ν Sν
σ . (6)

Petrov-Segre Types O, N and III satisfy I = J = 0; while Types Dt, Ds and II satisfy I3 = 6J2 6= 0.
Finally, the most general types IR and IC satisfy I3 > 6J2 and I3 < 6J2 respectively.

3 Our signature convention is (−, +, +) which is opposite of the original TMG paper; therefore, to account for the
“wrong” sign Einstein-Hilbert term, we need to put an overall minus sign to the action. Note that the sign of µ
is undetermined in TMG. Furthermore, the overall gravity-matter coupling in the TMG action is taken to be 1,
that is κ = 1, in order to reduce the number of parameters.
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For Type-N spacetimes, the canonical form of the traceless Ricci tensor is

Sµν = ρ ξµ ξν , (7)

where ξµ is a null Killing vector and ρ is a scalar function [9]. On the other hand, Type-D spacetimes
split into two types that are denoted as Dt for which the eigenvector of the traceless Ricci tensor
is timelike and Ds for which the eigenvector is spacelike. For both types, the traceless Ricci tensor
takes the form

Sµν = p

(

gµν − 3
σ

ξµξν

)

, (8)

where p is a scalar function and ξµ is a timelike or spacelike vector normalized as ξµξµ ≡ σ = ±1.
In this work, we focus on CSI Type-N and Type-D spacetimes. Type-N spacetimes are CSI

if the curvature scalar is constant, while a Type-D spacetime becomes CSI if R and the scalar
function p in (8) are constants.4

III. A METHOD TO GENERATE SOLUTIONS OF f (Rµν) THEORIES

In order to state our main result, first we need to discuss the form of the field equations of TMG
in the quadratic form and the field equations of NMG for Type-N and Type-D metrics. One can
put (4) in a second order (wave-like) equation in the Ricci tensor as follows. Multiplying (4) with
ηµ

σρ and using

ηµαβηµσρ = −
(

δα
σ δβ

ρ − δα
ρ δβ

σ

)

, (9)

then, taking the divergence of the resultant equation, one arrives at the desired equation

�Rµν = µ2 (Rµν − 2Λgµν) + 3RµλRλ
ν − gµνRρ

σRσ
ρ − 3

2
RRµν +

1
2

gµνR2, (10)

whose Λ = 0 version was given in [14, 15]. In fact, in the spirit of [14, 15], one can get the same
result with the help of the operator

O λσ
µν (µ) ≡ δλ

µδσ
ν − 1

2
gµνgλσ

(

1 − 2Λ
R

)

+
1
µ

η αβ
µ

(

δλ
βδσ

ν − 1
4

gλσgνβ

)

∇α, (11)

namely, µ2O µν
αβ (−µ) O λσ

µν (µ) Rλσ = 0 reproduces (10). It is more transparent to write the
quadratic TMG equation as a pure trace and a traceless part as

R = 6Λ, (12)

(

� − µ2 − 3Λ
)

Sµν = 3SµρSρ
ν − gµνSσρSσρ, (13)

where Sµν is the traceless Ricci tensor Sµν ≡ Rµν − 1
3gµνR. It is important to note that every

solution of TMG (2) solves (13), but not every solution of the latter solve the former. For Type-N
spacetimes, (13) reduce to

�Sµν =
(

µ2 + 3Λ
)

Sµν , (14)

4 As we will demonstrate below, the independent scalar invariants of a three dimensional spacetime are R, Sµ
ν Sν

µ,
Sµ

ρ Sν
µSρ

ν which satisfy Sµ
ν Sν

µ = 6p2, Sµ
ρ Sν

µSρ
ν = −6p3 for Type-D spacetimes requiring constancy of p.
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while for Type-D spacetimes, it becomes

�Sµν =
(

µ2 + 3Λ − 3p
)

Sµν . (15)

Besides using the solutions of TMG, we will also use the solutions of NMG in order to find
solutions to the f (Rµ

ν ) type theories. Hence, let us write the field equations of NMG. In order to
create a parametrization difference between NMG and the generic quadratic curvature theory that
we study, and to directly use the results given in [10–12], it is better to prefer the parametrization
of NMG used in these works. Then, let us take the action of NMG as5

INMG = − 1
16πG

ˆ

d3x
√

−g

[

R − 2λ − 1
m2

(

Rµ
ν Rν

µ − 3
8

R2
)]

. (16)

One can get the field equations of NMG by using the field equations of generic cubic curvature
gravity given in (B3) and (B4) as

SµνSµν + m2R − 1
24

R2 = 6m2λ, (17)

and
(

� − m2 − 5
12

R

)

Sµν = 4
(

SµρSρ
ν − 1

3
gµνSσρSσρ

)

+
1
4

(

∇µ∇ν − 1
3

gµν�

)

R. (18)

Here, the trace field equation is in the form given in [11, 12], while the traceless field equation
corresponds to the equation

(

D/ 2 − m2
)

Sµν = Tµν , (19)

where the operator D/ is defined through its action on a symmetric tensor Φµν as

D/ Φµν ≡ 1
2

(

η αβ
µ ∇βΦνα + η αβ

ν ∇βΦµα

)

, (20)

and

Tµν = SµρSρ
ν − 1

3
gµνSσρSσρ − R

12
Sµν . (21)

It is important to note that two forms of the traceless field equations of NMG, (18) and (19), are
equivalent whether or not the scalar curvature R is constant. Now, let us write the field equations
of NMG for Type-N spacetimes. The trace equation (17) becomes

m2R − 1
24

R2 = 6m2λ, (22)

which implies that the scalar curvature is constant. The traceless field equation (18) takes the form

�Sµν =
(

m2 +
5
12

R

)

Sµν . (23)

5 Notice that we introduce an overall minus sign to the action, with the assumption that G > 0. Because, in order
that NMG defines a unitary theory, one needs the “wrong” sign Einstein-Hilbert term.
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after using the constancy of the scalar curvature. It is easy to see that the equations (14) and (23)
are the same equations with different parametrizations of the constant parts which are related as

µ2 = m2 − R

12
. (24)

By using this observation, the Type-N solution of NMG that are based on the Type-N solution of
TMG are found in [10, 11]. On the other hand, once the Type-D ansatz is inserted to the NMG
equations (17) and (18), one obtains

6p2 + m2R − 1
24

R2 = 6m2λ, (25)

and
(

� − m2 − 5
12

R + 4p

)

Sµν =
1
4

(

∇µ∇ν − 1
3

gµν�

)

R. (26)

Since we are interested in the constant scalar curvature solutions of the f (Rµ
ν ) theory, implementing

this assumption in (25) implies that p is also a constant and (26) takes the form

�Sµν =
(

m2 +
5
12

R − 4p

)

Sµν . (27)

As in the Type-N case, (27) and the traceless field equation of TMG for Type-D spacetimes given
in (15) are the same equation with different parametrizations which are related by

µ2 = m2 − R

12
− p. (28)

This observation led to the Type-D solutions of NMG based on the Type-D solutions of TMG
[9, 10].

After the above discussion of the field equations of TMG and NMG, let us focus on the f (Rµν)
theory. As we will show in the next section, for the CSI Type-N and Type-D spacetimes, the trace
field equation of generic f (Rµν) theory determines the constant scalar curvature in terms of the
parameters of the theory; while the traceless field equations reduce to the form

(� − c) Sµν = 0, (29)

where c is a function of the parameters of the theory6. This fact leads us to our main solution
inheritance result:

Theorem: A Type-N or Type-D solution of TMG or NMG that has constant scalar curvature
generates a solution of generic f (Rµν) theory provided that the relations between the parameters
of the corresponding theories, which are obtained by putting the solution of TMG or NMG as an
ansatz into the field equations of the f (Rµν) theory, are satisfied.

Proof : For Type-N and Type-D spacetimes of constant scalar curvature, the traceless field equa-
tions of TMG, NMG and generic f (Rµν) theory take the same wave like equation for Sµν given
in (14, 15), (23, 26) and (29), respectively. Hence, the main relation between the parameters of
the corresponding theories can be obtained by simply replacing the term �Sµν in the traceless
field equation of the f (Rµν) theory by use of the field equations of TMG or NMG. Besides, for

6 For Type-D spacetimes, c also depends on p appearing in (8).
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Type-D solutions of TMG (NMG), a specific relation between µ2 (m2), the scalar curvature and p
appearing in (8) needs to be satisfied. Finally, the trace field equation of the f (Rµν) theory deter-
mines the scalar curvature in terms of the theory parameters. Provided that this set of equations
relating the parameters in the corresponding theories is solved, one manages to map the constant
scalar curvature Type-N and Type-D solutions of TMG or NMG to solutions of the f (Rµν) theory
through these relations.

In the following sections, for the the f (Rµν) theory, we give the explicit forms of the relations
mentioned above and apply the results to quadratic and cubic curvature theories and BINMG.

IV. SOLUTIONS OF f (Rµν) THEORIES IN THREE DIMENSIONS

In three dimensions, the Riemann tensor does not carry more information than the Ricci tensor,
hence a generic higher curvature theory is just built on the contractions of the Ricci tensor as

I =
ˆ

d3x
√

−g









1
κ

(R − 2Λ0) +
∞
∑

n=2

n
∑

i=0
i6=1

∑

j

aj
ni (Rµ

ν )i
j Rn−i









, (30)

where the superscript i in (Rµ
ν )i

j represents the number of Ricci tensors in the term, while the
summation on the subscript j represents the number of possible ways to contract the i number of
Ricci tensors. Each higher curvature combination has a different coupling denoted by aj

ni. In the
summation over i, the value of 1 is not allowed, simply because it just yields the scalar curvature
upon contraction which is accounted for. For a given i, finding the possible ways of contracting
the i number of Ricci tensors is a counting problem of finding the sequences of integers satisfying 7

i =
rmax
∑

r=1

sr; sr ≤ sr+1, s1 ≥ 2. (31)

Each number in the sequence represents a scalar form involving that number of Ricci tensors
contracted as

Rµ1
µsr

sr
∏

i=2

Rµi
µi−1

. (32)

As an example, let us discuss the terms appearing at the curvature order n = 7. Even though,
the example seems cumbersome, it is quite useful to understand the counting problem here. The i
summation in (30) consists of the following 7 terms;

R7, (Rµ
ν )2 R5, (Rµ

ν )3 R4, (Rµ
ν )4 R3, (Rµ

ν )5 R2, (Rµ
ν )6 R, (Rµ

ν )7 .

For i = 4, 5, 6, 7, the possible sequences satisfying (31) are

i = 4 : (2, 2) , (4) ;

i = 5 : (2, 3) , (5) ;

i = 6 : (2, 2, 2) , (2, 4) , (3, 3) , (6) ;

i = 7 : (2, 2, 3) , (2, 5) , (3, 4) , (7) .

7 For the construction of all possible terms at a given order n, see also [26].
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For example, for n = i = 7, the terms are

Rµ1
µ2

Rµ2
µ1

Rµ3
µ4

Rµ4
µ3

Rµ5
µ7

Rµ6
µ5

Rµ7
µ6

, Rµ1
µ2

Rµ2
µ1

Rµ3
µ7

Rµ4
µ3

Rµ5
µ4

Rµ6
µ5

Rµ7
µ6

,

Rµ1
µ3

Rµ2
µ1

Rµ3
µ2

Rµ4
µ7

Rµ5
µ4

Rµ6
µ5

Rµ7
µ6

, Rµ1
µ7

Rµ2
µ1

Rµ3
µ2

Rµ4
µ3

Rµ5
µ4

Rµ6
µ5

Rµ7
µ6

.

What is important to realize is that at each order n, there is only one term which cannot be
constructed as a multiplication of the terms that already appear at the lower orders compared to
n. This term is (Rµ

ν )n with the contraction sequence (n) that is

Rµ1
µn

Rµ2
µ1

Rµ3
µ2

. . . Rµn
µn−1

. (33)

However, it is shown in [26] that for n > 3, the term (33) can be written as a sum of the other
terms appearing in order n by use of the Schouten identities;

δµ1µ2...µn
ν1ν2...νn

Rν1
µ1

Rν2
µ2

. . . Rνn
µn

= 0, n > 3, (34)

where δµ1µ2...µn
ν1ν2...νn

is the generalized Kronecker delta with the definition

δµ1...µ2n
ν1...ν2n

≡ det

∣

∣

∣

∣

∣

∣

∣

δµ1
ν1

. . . δµ2n
ν1

...
. . .

...
δµ1

ν2n
. . . δµ2n

ν2n

∣

∣

∣

∣

∣

∣

∣

. (35)

The basis for the Schouten identities is the simple fact that in three dimensions a totally anti-
symmetric tensor having a rank higher than 3 is identically zero. Therefore, for n > 3, the new
term appearing at order n given in (33) can be written as a sum of the terms which involve n
curvature forms and are multiplications of the terms that already appear at the lower orders. This
fact implies that the terms R, Rµ

ν Rν
µ, Rµ

ρ Rν
µRρ

ν are the only independent curvature combinations,
and every other term that can be constructed by any kind of contraction of any number of Ricci
tensors can be obtained as a function of these three terms [26]. Therefore, a higher curvature
gravity action of the form f (Rµ

ν ) either given in a series expansion or in a closed form can be put

in a form f (Rµ
ν ) = F

(

R, Rµ
ν Rν

µ, Rµ
ρ Rν

µRρ
ν

)

.
As revealed in the previous sections, working with the traceless Ricci tensor instead of the Ricci

tensor at the equation of motion level simplifies the computations. Let us consider this change
at the action level, and obtain the field equations in terms of the traceless Ricci tensor directly.
With this change every observation made in the previous paragraphs remains as the same with one
simplification: the Schouten identity written in terms of the traceless Ricci tensor

0 = δµ1µ2...µn
ν1ν2...νn

Sν1
µ1

Sν2
µ2

. . . Sνn
µn

, n > 3, (36)

involve less number of terms than (34) due to vanishing trace of Sµν .
Now, let us study the field equation of higher curvature gravity theories. With the hindsight

gained in the previous paragraphs, it is sufficient and convenient to study the action

I =
ˆ

d3x
√

−gF (R, A, B) , (37)

where

A ≡ Sµ
ν Sν

µ, B ≡ Sµ
ρ Sν

µSρ
ν ,

and F is either a power series expansion in (R, A, B), or an analytic function in these variables. It
is worth restating the arguments on this choice: studying this action is sufficient since any higher
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curvature action which involves just the scalars constructed from only Rµ
ν , and not its derivatives,

can be put in this form; on the other hand, it is convenient to study a generic form of a higher
curvature action in (R, A, B) because we aim to figure out the general structure of the Type-N and
Type-D solutions whose analysis becomes easy by using the canonical form of the traceless Ricci
tensor. The variation of the action (37) has the form

δI =
ˆ

d3x
√

−g

(

FRδR + FAδA + FBδB − 1
2

gµνFδgµν
)

, (38)

where FR ≡ ∂F
∂R , and FA, FB are defined similarly. Using the δR, δA and δB results given in the

appendix, the field equations for the action (37) become

−1
2

gµνF + 2FASρ
µSρν + 3FBSρ

µSρσSσ
ν +

(

✷ +
2
3

R

)(

FASµν +
3
2

FBSρ
µSρν

)

+
(

gµν✷ − ∇µ∇ν + Sµν +
1
3

gµνR

)

(

FR − FBSρ
σSσ

ρ

)

(39)

−2∇α∇(µ

(

Sα
ν)FA +

3
2

Sρ
ν)S

α
ρ FB

)

+ gµν∇α∇β

(

FASαβ +
3
2

FBSαρSβ
ρ

)

= 0.

A simple observation is that the Type-O spacetimes (for which Sµν = 0) with constant scalar
curvature satisfy the field equation

3
2

F − RFR = 0. (40)

Furthermore, note that A and B are zero for Type-N spacetimes; and they are proportional to
p2 and p3, respectively, for Type-D spacetimes. Therefore, F , FR, FA, FB are functions of R for
Type-N spacetimes; while they are functions of R and p for Type-D spacetimes.

Now, let us study the Type-N and Type-D solutions of the f (Rµ
ν ) gravity which are also solutions

of the cosmological TMG or NMG. In finding these solutions, we will assume that the spacetime
is CSI. This assumption implies that the scalar curvature is constant in addition to the constancy
of p for Type-D spacetimes. Without such an assumption, one cannot proceed unless the explicit
form of F , that is the action, is given.

A. Type-N Solutions

Recall that for Type-N spacetimes contractions of two and more traceless Ricci tensors vanish;
therefore, for such spacetimes (39) becomes

−1
2

gµνF +
(

✷ +
2
3

R

)

(FASµν) +
(

gµν✷ − ∇µ∇ν + Sµν +
1
3

gµνR

)

FR

−2∇α∇(µ

(

Sα
ν)FA

)

+ gµν∇α∇β

(

FASαβ
)

= 0. (41)

Constancy of the scalar curvature R implies that F , FR, FA, FB are all constants, since they only
depend on R for Type-N spacetimes. Besides, one has the Bianchi identity ∇µSµ

ν = 1
6∇νR = 0

which further simplifies (41) to
(

1
3

RFR − 1
2

F

)

gµν +
(

FA✷ − 1
3

RFA + FR

)

Sµν = 0. (42)

Since Sµν is traceless, the field equations split into two parts as

3
2

F − RFR = 0, (43)
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(

FA✷ − 1
3

RFA + FR

)

Sµν = 0, (44)

which are the trace and the traceless field equations of the higher curvature gravity theory for
Type-N spacetimes with constant curvature. The first equation determines the scalar curvature,
and the second equation is of the form

(

✷ − c
(

R; aj
ni

))

Sµν = 0, where c
(

R; aj
ni

)

is a constant

depending on R and the parameters of the f (Rµ
ν ) theory and does not vanish generically. Even

though we have reduced the complicated field equations of the generic f (Rµ
ν ) theory to a Klein-

Gordon type equation for Sµν , it is still a highly complicated nonlinear equation for the metric and
without further assumptions such as the existence of symmetries it would be hard to find explicit
solutions. But, the state of affairs is not that bleak, as we will lay out below, the field equations
of TMG (in the quadratic form) and NMG also reduce to Klein-Gordon type equations for Sµν

for Type-N spacetimes8. Such solutions in these theories have been studied before. In [11], the
Type-N solutions for the the equation

(

✷ − c
(

R; µ2
))

Sµν = 0 with constant curvature is studied
where the form of c

(

R; µ2
)

is specifically the one corresponding to the quadratic form of the TMG
field equations.

Now, let us discuss the solutions based on the solutions of TMG and NMG, separately; and
elaborate on the relation between them.

1. Solutions based on TMG

The Type-N solutions of TMG satisfy the field equations (12) and (14). Then, requiring that
the Type-N solutions of f (Rµ

ν ) gravity are also solutions of TMG, the field equations (43) and (44)
take the forms

F − 4ΛFR = 0, (45)

and

µ2 = −
(

FR

FA
+ Λ

)

. (46)

Generically, (45) is not an algebraic equation. If it is solved for the unknown Λ, its solution together
with (46) fixes Λ and µ2 in terms of the parameters of the higher curvature theory. Once these two
equations are satisfied Type-N solutions of TMG compiled in [23, 27] also solve the f (Rµ

ν ) theory.

2. Solutions based on NMG

The field equations of NMG for Type-N spacetimes reduce to (22) and (23). One should
recall that the traceless field equations of TMG, (14), and NMG, (23), are the same equations with
different parametrizations related as (24). In [9, 11], the Type-N solutions of NMG are parametrized
by R and µ 9. Therefore, in order to find the Type-N solutions of the f (Rµ

ν ) theory which are also
solutions of NMG, (45) and (46) are again the equations which need to be satisfied. The Type-N
solutions of TMG that we used in the previous section satisfy the traceless field equation of TMG

ηµαβ∇αSβ
ν + µSµν = 0, (47)

8 This is the observation which yields the Type-N solutions of NMG which are also solutions of TMG found in
[9, 10].

9 In fact, (14) is the equation solved in [11] with the definition ν2
≡ −R/6.
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besides the second order equation (14). The general Type-N solution of NMG given in [11] includes
the TMG based solutions as special limits in addition to the solutions which only solve the quadratic
equation (14). Thus, once the Type-N solutions of the f (Rµ

ν ) theory with NMG origin are found,
the Type-N solutions based on TMG are also obtained by considering the limits given in [11]. Note
that as shown in [10, 11], there are two classes of Type-N solutions of NMG depending on whether
the eigenvector ξν = ∂v of Sµν is a Killing vector or not. Here, we have covered both of these
Type-N solutions.

B. Type-D Solutions

First of all, we just employ the canonical form of the traceless Ricci tensor for Type-D spacetimes
given in (8) in the field equations of the f (Rµ

ν ) theory given in (39). In the equations, there are
rank (0, 2) tensors formed by the contractions of two and three traceless Ricci tensors. With the
use of (8), one can show that these forms are just linear combinations of the metric and Sµν as

Sρ
µSρν = p (2pgµν − Sµν) , Sρ

µSρσSσ
ν = p2 (3Sµν − 2pgµν) . (48)

Therefore, for Type-D spacetimes, the rank (0, 2) tensors that should appear in the equations of
motion of the f (Rµ

ν ) theory are just the metric and the traceless Ricci tensor; and consequently,
(39) takes the form

(

−1
2

F + 4p2FA − 6p3FB

)

gµν +
(

−2pFA + 9p2FB

)

Sµν

+
(

✷ +
2
3

R

)[

3p2FBgµν +
(

FA − 3
2

pFB

)

Sµν

]

+
(

gµν✷ − ∇µ∇ν + Sµν +
1
3

gµνR

)

(

FR − 6p2FB

)

(49)

−2∇α∇(µ

[

δα
ν)3p2FB + Sα

ν)

(

FA − 3
2

pFB

)]

+gµν∇α∇β

[

3p2FBgαβ +
(

FA − 3
2

pFB

)

Sαβ
]

= 0.

If R and p are assumed to be constant (note that p should be a constant for TMG, and the
constancy of R implies the constancy of p for the NMG case), then F , FR, FA, FB should also be
constant due to the fact that they just depend on R and p. Then, (49) reduces to

0 =
[

−1
2

F +
1
3

RFR + 4p2
(

FA − 3
2

pFB

)]

gµν +
[

FR +
(

FA − 3
2

pFB

)(

✷ − 1
3

R + 4p

)]

Sµν , (50)

where the Bianchi identity was also used. Since Sµν is traceless, the field equations split into two
parts as

3
2

F − RFR − 6p2 (2FA − 3pFB) = 0, (51)

[

FR +
(

FA − 3
2

pFB

)(

✷ − 1
3

R + 4p

)]

Sµν = 0. (52)

They are the trace and the traceless field equations of the f (Rµ
ν ) theory for the Type-D spacetimes

with constant R and p. In (51), the unknowns are p and R; therefore, unlike the case of the Type-N
spacetimes, the trace field equation does not yield a solution for R. On the other hand, as in the
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case of Type-N spacetimes, the only operator in the traceless field equation is the d’Alembertian,
�, so the equation is in the form

[

� − c
(

R, p; aj
ni

)]

Sµν = 0, (53)

where c
(

R, p; aj
ni

)

is a constant. For Type-D spacetimes of constant curvature, the traceless field

equations of TMG (in the quadratic form) and NMG are also in the same Klein-Gordon form
where the functional dependence of c is c

(

R, p; µ2
)

in the TMG case and c
(

R, p; m2
)

in the NMG
case. However, the set

(

R, p; µ2
)

of the TMG case and the set
(

R, p; m2
)

of the NMG case are
not independent, but satisfy specific algebraic relations in order to yield Type-D solutions. We
use these algebraic relations to put the traceless field equation of TMG or NMG in the form
[� − c (R, p)] Sµν = 0. Then, assuming that the Type-D solutions of either TMG or NMG are
also Type-D solutions of the f (Rµ

ν ) theory, one can replace �Sµν with the term c (R, p) Sµν . The
resulting equation together with (51) constitute a coupled set of equations that needs to be satisfied
in order to have constant curvature Type-D solutions of the f (Rµ

ν ) theory which are also solutions
of TMG or NMG. Now, let us discuss the Type-D solutions based on TMG and NMG, and their
relation.

1. Solutions based on TMG

For Type-D solutions of the cosmological TMG, as shown in [28, 29], the function p appearing
in (8) is a constant and the vector ξµ should be a Killing vector satisfying

∇µξν =
µ

3
ηµνρξρ, (54)

where, in order to have a solution, µ should be related to p and Λ as

µ2 = 9 (p − Λ) . (55)

Type-D solutions of TMG automatically satisfy the traceless field equation of TMG in the quadratic
form given in (15) which becomes

[� + 6 (Λ − p)] Sµν = 0, (56)

with the help of (55). If one requires that the Type-D solutions of the f (Rµ
ν ) theory are also

solutions of TMG, then by using (56) and the trace field equation of TMG, that is R = 6Λ, in the
field equations of the f (Rµ

ν ) theory for Type-D spacetimes given in (51) and (52), one arrives at

F − 4ΛFR − 4p2 (2FA − 3pFB) = 0, (57)

and

FR − (2FA − 3pFB) (4Λ − 5p) = 0. (58)

This coupled set of equations determines p and Λ in terms of the parameters of the f (Rµ
ν ) theory.

One should keep in mind that the solutions of this set should satisfy (55); or, in other words, they
determine µ2. Once Λ and µ2 are found, their use in the Type-D solutions of TMG compiled in
[23] which are parametrized by Λ and µ2 yields the Type-D solutions of the f (Rµ

ν ) theory.
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2. Solutions based on NMG

As we discussed in Sec. III, for constant scalar curvature Type-D spacetimes, the field equations
of NMG take the forms (25) and (27), and the latter equation is nothing but the reparametrized
version of the traceless field equation of TMG for Type-D spacetimes given in (15). The constancy
of R implies the constancy of p via (25) which in turn indicates that the constant scalar curvature
solutions of NMG are CSI spacetimes.

Like the Type-D solutions of TMG, (27) is solved, if and only if the parameters p, R and m2

are related in a specific way. The equations (55) and (28) yield

p =
m2

10
+

17
120

R. (59)

If (59) is satisfied, then there are Type-D solutions of NMG which are also solutions of TMG with
the parameters given below by (87) and (88) after using α = −3β/8, m2 = − 1

κβ [12]. Furthermore,
there are also Type-D solutions which are exclusively solutions of NMG, but not solutions of TMG.
These solutions are separated into two classes differing with respect to the relations satisfied by the
parameters of NMG and its Type-D solution. This follows whether ξµ is a hypersurface orthogonal
Killing-vector or a covariantly divergence-free vector, not a Killing vector [12]. For the covariantly
divergence-free vector case, the parameters should be related as

p = −R

3
= − 4

15
m2, λ =

m2

5
, (60)

while for the case of hypersurface orthogonal Killing-vector, the parameters are related as

p =
R

6
=

2
3

m2, λ = m2. (61)

As it can be observed from (60) and (61), these Type-D solutions provided in [12] are uniquely
parametrized by m2.

By requiring that the Type-D solutions of the f (Rµ
ν ) theory to be also solutions of NMG, one

can use (27) to reduce the traceless field equation of the f (Rµ
ν ) theory given in (52) to

FR +
(

FA − 3
2

pFB

)(

m2 +
1
12

R

)

= 0. (62)

With (51), (62) constitute the equations that should be solved in order to write the parameters
of the Type-D solutions of NMG in terms of the parameters of the f (Rµ

ν ) theory. Besides, the
parameters p, R and m2 appearing in (51) and (62) need to satisfy either one of the equations
(59), (60) or (61). If one chooses to eliminate m2 in favor of p and R by using (59), then (51)
and (62) reduce to (57) and (58) of the TMG case. Therefore, one obtains the same Type-D
solutions discussed in the previous section, if p, R and m2 satisfy (59). On the other hand, if these
parameters satisfy (60) or (61), then (51) and (62) reduce either to

F = 0, FR +
2
3

R (2FA + RFB) = 0, (63)

or to

F = 0, FR +
R

3

(

FA − 1
4

RFB

)

= 0. (64)

In (63) and (64), one of the equations can be used in order to determine the constant curvature
scalar R in terms of the parameters of the f (Rµ

ν ) theory, while the other equation is a constraint
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on the parameters of the f (Rµ
ν ) theory, as the parameter λ in NMG was constrained to take a

specific value in terms of m2. Once R is determined, it can be used to determine m2 in terms of
the parameters of the f (Rµ

ν ) theory; and therefore, one obtains the Type-D solutions of the f (Rµ
ν )

theory since, as we noted, m2 is the unique parameter appearing in the Type-D solutions of NMG
belonging to these two cases represented with the equations (60) and (61).

V. APPLICATIONS

We are now ready to employ the results obtained for the general case of f (Rµν) theories in
finding the constant scalar curvature Type-N and Type-D solutions to general quadratic and general
cubic curvature gravity theories and the BINMG theory. We have studied the solutions of the
quadratic curvature gravity as it is the simplest case for which the Type-N and Type-D solutions
can be obtained by mapping the corresponding solutions of TMG and NMG. Furthermore, the
quadratic curvature gravity is a simple setting for which the explicit study of the new solutions
directly through the field equations is rather instructive. On the other hand, the solutions for
the generic cubic curvature gravity case naturally provides new solutions to the cubic curvature
extension of NMG which was introduced by using the holography ideas [3].10 Like the cubic
curvature case, one can also use the results of the f (Rµν) theory in order to study the solutions of
the all higher curvature extensions of NMG based on the holography ideas given in [3, 26]. Finally,
BINMG [4] is an interesting theory either as an infinite order in curvature extension of NMG which
is unitary [5] and has a holographic c-function matching that of the Einstein’s gravity [21], or on its
own right as it appears as a cut-off independent counterterm to the four dimensional anti-de Sitter
space [30] and as the first example of a unitary Born-Infeld type gravity [31]. We have provided all
Type-N solutions of BINMG by using the result of [11]; while the Type-D solutions that we have
found are constrained to the CSI spacetimes.

When one searches for solutions to a given theory in a standard way, first thing to do is to obtain
the field equations which is often a cumbersome task if the theory involves higher curvature terms.
Indeed, the field equations of the cubic curvature gravity [see (B1)] and BINMG (see [21]) are quite
involved. Then, preferably the field equations are simplified by a suitable choice of ansatz such as
assuming Sµν to be of Type N or Type D as was done here. Finally, the remaining equations, which
still have a nonlinear complicated form in metric, are needed to be solved. However, by using the
results obtained for generic f (Rµν) theory, one bypasses all these complications and obtains the
solutions by mapping the already existing solutions of TMG and NMG via rather simple relations
between the parameters of the theories.

A. Solutions of Quadratic and Cubic Curvature Gravity

Since cubic curvature theories include the quadratic ones, we start with the most general cubic
curvature gravity in three dimensions with the action

I =
ˆ

d3x
√

−g

[

1
κ

(R − 2Λ0) + αR2 + βRµ
ν Rν

µ + γ1Rµ
ν Rρ

µRν
ρ + γ2RRµ

ν Rν
µ + γ3R3

]

. (65)

10 Note that this extension also coincides with small curvature expansion of BINMG in the third order [4].
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In order to use the results of the previous section, first we need to rewrite (65) in terms of (R, A, B)
as

I =
ˆ

d3x
√

−g

[

1
κ

(R − 2Λ0) +
(

α +
β

3

)

R2 + βSµ
ν Sν

µ

+ γ1Sµ
ν Sρ

µSν
ρ + (γ1 + γ2) RSµ

ν Sν
µ +

(

γ1

9
+

γ2

3
+ γ3

)

R3
]

. (66)

Type-N solutions of the cubic curvature gravity can be found by solving the set (45) and (46) where
the terms F , FR and FA for the cubic curvature gravity with the Type-N ansatz have the forms

F =
1
κ

(R − 2Λ0) +
(

α +
β

3

)

R2 +
(

γ1

9
+

γ2

3
+ γ3

)

R3, (67)

FR =
1
κ

+ 2
(

α +
β

3

)

R +
(

γ1

3
+ γ2 + 3γ3

)

R2, FA = β + (γ1 + γ2) R. (68)

After employing these in (45) and (46), one can find the following relation between the parameters
of the cubic theory and µ2, Λ;

µ2 = − [β + 6Λ (γ1 + γ2)]−1
[

1
κ

+ Λ (12α + 5β) + 6Λ2 (3γ1 + 7γ2 + 18γ3)
]

, (69)

provided that β + 6Λ (γ1 + γ2) 6= 0, and Λ should satisfy

Λ − Λ0

2κ
− (3α + β) Λ2 − 6 (γ1 + 3γ2 + 9γ3) Λ3 = 0, (70)

whose solutions are not particularly illuminating to depict. Therefore, if µ2 and Λ of the NMG
Type-N solutions [11], which also involve the Type-N solutions of TMG, are tuned with the pa-
rameters of the cubic theory according to (69) and (70), then these spacetimes also solve the cubic
theory. Furthermore, setting γ1 = γ2 = γ3 = 0 yields the Type-N field equations of quadratic
curvature gravity whose solutions are given below in (84) and (85).

Now, moving on to the Type-D case, first one needs to calculate F , FR, FA, FB from (66) for
the Type-D spacetime ansatz which become

F =
1
κ

(R − 2Λ0) +
(

α +
β

3

)

R2 +
(

γ1

9
+

γ2

3
+ γ3

)

R3 + 6 [β + (γ1 + γ2) R] p2 − 6γ1p3,

FR =
1
κ

+ 2
(

α +
β

3

)

R + 6 (γ1 + γ2) p2 +
(

γ1

3
+ γ2 + 3γ3

)

R2, (71)

FA = β + (γ1 + γ2) R, FB = γ1.

Then, using the calculated forms of F , FR, FA, FB in (57) and (58), one obtains

− Λ − Λ0

κ
+ 2 (3α + β) Λ2 + 12 (γ1 + 3γ2 + 9γ3) Λ3 + [β + 18 (γ1 + γ2) Λ] p2 − 3γ1p3 = 0, (72)

and

3 (3γ1 − 2γ2) p2 − 2 [5β + 6 (6γ1 + 5γ2) Λ] p −
[

1
κ

+ 4 (3α − β) Λ − 12 (3γ1 + γ2 − 9γ3) Λ2
]

= 0.

(73)
If the parameters of TMG (µ2 and Λ) are tuned according to these two algebraic relations in terms
of the parameters of the cubic curvature theory, then the Type-D solutions of TMG also solve the
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cubic curvature theory. Solving this set of equations after setting γ1 = γ2 = γ3 = 0 yields the
quadratic curvature gravity results that are given below in (87) and (88).

Although the solutions of the quadratic curvature gravity are obtained by use of the cubic
curvature results, it is rather instructive to rederive these solutions by using the field equations of
the quadratic curvature gravity. Because, one can arrive at the results by using the classification
scheme via the scalar invariants I and J as described in Sec. II, and the masses of linearized
excitations around the (anti)-de Sitter spacetime appear in the formalism in a rather curious way.
First of all, let us discuss the linearized modes of TMG around (A)dS. Note that there is a single
spin-2 excitation in TMG with mass-squared

m2
TMG = µ2 + Λ. (74)

This can be seen from the linearization of (13) as follows: the right hand side vanishes for any
Einstein space and the left hand side yields

(

�̄ − µ2 − 3Λ
)

SL
µν = 0, (75)

where �̄ refers to the background d’Alembertian with a metric ḡµν . Keeping in mind that in
three-dimensional AdS spacetime, a massless spin-2 field satisfies

(

�̄ − 2Λ
)

hTT
µν = 0, (76)

where hTT
µν is the transverse-traceless part of the tensorial excitation hµν . Comparing (75) and

(76), the mass in (74) follows. Even though this heuristic procedure led to the correct mass, one
should always check such a computation with the help of a through canonical procedure, since SL

µν

is not a fundamental excitation in this theory. Canonical analysis of this theory was carried out in
[34, 35] which agrees with our heuristic derivation.

Now, turning to the discussion on the solutions of the quadratic curvature gravity. For space-
times of constant scalar curvature, the trace and the traceless field equations of the quadratic
curvature gravity take the form

− R − 6Λ0

κ
+

3α + β

3
R2 + βSµνSµν + 2K = 0, (77)

and
(

β� +
1
κ

+
6α + β

3
R

)

Sµν = 4β

(

SµρSρ
ν − 1

3
gµνSσρSσρ

)

, (78)

by using (B3) and (B4). Then, if we require that the solution of the quadratic curvature gravity is
also a solution of the cosmological TMG, one gets a quadratic constraint

SµρSρ
ν − 1

3
gµνSσρSσρ =

(

1
κβ

+ µ2 + 5Λ +
12Λα

β

)

Sµν , (79)

by using the field equations of TMG which are R = 6Λ and (13) in (78). Besides, one can also use
(77) in order to further reduce (79) to

βSµρSρ
ν −

(

1
κ

+ (µ2 + 5Λ)β + 12Λα

)

Sµν +
(

2
κ

(Λ0 − Λ) + 4 (3α + β) Λ2
)

gµν = 0. (80)

This will serve as the main equation in classifying the solutions of quadratic gravity that are also
solutions of TMG. The scalar invariants I and J can be read from (80) as

I = − 3
β

(

2
κ

(Λ0 − Λ) + 4 (3α + β) Λ2
)

, J =
(

1
κβ

+ µ2 + 5Λ +
12Λα

β

)

I. (81)
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With these we can rewrite (80) as

SµρSρ
ν − J

I
Sµν − I

3
gµν = 0. (82)

It is interesting to note that J
I is exactly the square of the mass difference of the spin-2 excitations

of TMG and quadratic gravity theories11, namely

J =
(

m2
TMG − m2

quadratic

)

I, (83)

where m2
TMG = µ2 + Λ [34, 35] and m2

quadratic = − 1
κβ − 4Λ − 12Λα

β [33].
What is achieved up to this point is that: If a given Sµν satisfies the TMG equations and the

quadratic constraint (80), then it also satisfies the general quadratic gravity equations. Therefore,
we can use the solutions of TMG which were compiled and classified in [23]. As noted in Sec. II,
the Type-N spacetimes satisfy I = J = 0. Then, from (80), one obtains

µ2 = − 1
κβ

− Λ
(

5 +
12α

β

)

, (84)

where the effective cosmological constant reads

Λ =
1

4 (3α + β) κ

(

1 ±
√

1 − 8 (3α + β) κΛ0

)

. (85)

These equations relate the parameters of Type-N solutions of TMG and the Type-N solutions of
the general quadratic theory. In terms of the massive spin-2 excitations of the theories, Type-N
solutions satisfy the interesting property m2

TMG = m2
quadratic. When one sets 8α + 3β = 0, one gets

the NMG result given in [9–11] after identifying m2 ≡ − 1
κβ .

On the other hand, for the Type-D spacetimes, by using (8) and (55) in (82), we have two
equations valid for both Type-D cases

(p2 − J

I
p − I

3
)gµν = 0, (p +

J

I
)ξµξν = 0, (86)

from which it follows that I3 = 6J2. These relations yield

µ2 = − 9
10κβ

− 27Λ
5

(

1 +
2α

β

)

, (87)

where the effective cosmological constant reads

Λ =
1

12 (2α + β) (α + 3β) κ

(

−2α + 9β ± 5
√

β (−2α + 3β − 8 (2α + β) (α + 3β) κΛ0)
)

. (88)

In the NMG limit, these relations yield the corresponding equations in [10, 12]. Let us summarize
our results for the quadratic curvature gravity as: Type-N and Type-D solutions of the TMG also
solve the general quadratic gravity if the TMG parameter and the cosmological constant are tuned
as (84, 85) and (87, 88), respectively.

11 There is also a spin-0 excitation of general quadratic gravity theory with mass m2
s = 1

κ(8α+3β)
− 4Λ

(

3α+β

8α+3β

)

which

decouple in the NMG limit [32, 33].
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B. Solutions of BINMG

The action of the Born-Infeld extension of NMG (BINMG) is [4]

IBI-NMG = −4m̃2

κ2

ˆ

d3x

[

√

− det
(

g − 1
m̃2

G

)

−
(

1 − λ̃

2

)

√

− det g

]

, (89)

where G is the Einstein tensor with components Gµν ≡ Rµν − 1
2gµνR. Note that we have used the

tilded versions of the parameters to avoid possible confusion with the NMG parameters. By using
the exact expansion

det A =
1
6

[

(TrA)3 − 3TrATr
(

A2
)

+ 2Tr
(

A3
)]

, (90)

which is valid for 3 × 3 matrices, (89) can be rewritten as [36]

IBI-NMG = −4m̃2

κ2

ˆ

d3x
√

− det gF (R, A, B) , (91)

where

F (R, A, B) ≡
√

(

1 +
R

6m̃2

)3

− A

2m̃4

(

1 +
R

6m̃2

)

− B

3m̃6
−
(

1 − λ̃

2

)

. (92)

Now, let us find the constant curvature Type-N and Type-D solutions in this theory by using the
formalism developed above for the generic f (Rµ

ν ) theory.

1. Type-N solutions

To begin with, for Type-N spacetimes, the functions F , FR, FA take the forms

F =
(

1 +
Λ

m̃2

)

3
2

−
(

1 − λ̃

2

)

, FR =
1

4m̃2

(

1 +
Λ

m̃2

)

1
2

, FA = − 1
4m̃4

(

1 +
Λ

m̃2

)− 1
2

, (93)

after setting R = 6Λ and with the requirement Λ > −m̃2 which will be the lower bound on the
scalar curvature. Before analyzing the solutions, let us note an observation. If one uses (93) in
(44), the traceless field equation of BINMG for Type-N spacetimes of constant curvature becomes

(

✷ − m̃2 − 3Λ
)

Sµν = 0, (94)

which is the traceless field equation of TMG in the quadratic form for the same type of spacetimes
given in (14) with m̃2 = µ2. Actually, without any calculation, one can see that the Type-N
solution found in [11], where ξν = ∂v is not a null-Killing vector field, is a solution of BINMG,
since the traceless field equations are equivalent and the trace field equation just determines the
value of the scalar curvature. More explicitly, one can use the results of Sec. IV A: inserting (93)
in (45) and (46), then solving the resulting equations yields

Λ = −m̃2λ̃

(

1 − λ̃

4

)

, λ̃ < 2, (95)

and

µ2 = m̃2, (96)
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which is the expected result in the light of the observation above. Let us give the Type-N solution
of BINMG, inherited from NMG [11], corresponding to negative constant curvature as Λ = −ν2:

ds2 = dρ2 +
2

ν2 − β2
dudv +

(

Z (u, ρ) − v2

ν2 − β2

)

du2, (97)

where β can be either β = ν tanh (νρ) or β = ν coth (νρ), and Z (u, ρ) is

Z (u, ρ) =
1

√

ν2 − β2
(cosh (m̃ρ) F1 (u) + sinh (m̃ρ) F2 (u) + cosh (νρ) f1 (u) + sinh (νρ) f2 (u)) .

(98)
Note that, for BINMG, the solutions corresponding to the special limits m̃2 = −Λ and m̃2 = 0 are
not allowed. As described in [11], the metric

ds2 = dρ2 + 2e2νρdudv +
(

eνρ cosh (m̃ρ) F1 (u) + eνρ sinh (m̃ρ) F2 (u) + e2νρf1 (u) + f2 (u)
)

du2,

(99)
can be obtained from (97) by taking a specific limit for which ∂v is a Killing vector. This metric
represents the AdS pp-wave solution given in [37]. As m̃2 = −Λ limit is not possible for BINMG,
the corresponding logarithmic solutions (in the Poincaré coordinates) for the AdS pp-wave solution
are not available as discussed in [37].

2. Type-D solutions

First, one needs to calculate the functions F , FR, FA, FB for Type-D spacetimes which take
the forms

F =

√

(

1 +
R

6m̃2
+

2
m̃2

p

)(

1 +
R

6m̃2
− p

m̃2

)2

−
(

1 − λ̃

2

)

,

FR =
1

4m̃2

(

F + 1 − λ̃

2

)−1 [(

1 +
R

6m̃2

)2

− p2

m̃4

]

, (100)

FA = − 1
4m̃4

(

F + 1 − λ̃

2

)−1 (

1 +
R

6m̃2

)

, FB = − 1
6m̃6

(

F + 1 − λ̃

2

)−1

,

with the requirements R 6= 6
(

p − m̃2
)

and R > −6
(

m̃2 + 2p
)

which will provide a bound on the
scalar curvature. For Type-D spacetimes of constant scalar curvature, the traceless field equation
of BINMG can be found by using (100) in (52) as

(

✷ − m̃2 − R

2
+ 3p

)

Sµν = 0, (101)

which is the traceless field equation of TMG in the quadratic form for the same type of spacetimes
given in (??) with m̃2 = µ2. Again, without any calculation, one can see that Type-D solutions of
TMG are also solutions of BINMG with the condition (55) which now reads as

p =
m̃2

9
+

R

6
, (102)

but with a constant scalar curvature that is a solution of the trace field equation of BINMG.
Putting this observation aside, one can find the Type-D solutions of BINMG by directly using the
results obtained in Sec. IV B. In order to have Type-D solutions of BINMG which are also Type-D
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solutions of TMG, (57) and (58) are the equations that need to be satisfied. Using (100), (57) and
(58) reduce to

(

F + 1 − λ̃

2

)−1 [(

1 +
R

6m̃2

)2

− p2

m̃4

]

−
(

1 − λ̃

2

)

= 0, (103)

(

F + 1 − λ̃

2

)−1 (

1 +
R

6m̃2
− p

m̃2

)(

1 +
3

2m̃2
R − 9

m̃2
p

)

= 0. (104)

Solution of the second equation is equivalent to (102) with the requirement that the scalar curvature
is bounded as R > −22

9 m̃2. Putting this result in the first equation yields the constant scalar
curvature as

R =
9
16

m̃2

[

(

λ̃2 − 4λ̃ − 52
27

)

±
(

λ̃ − 2
)

√

(

λ̃ − 2
9

)(

λ̃ − 34
9

)

]

, λ̃ <
2
9

. (105)

The Type-D solutions of TMG is parametrized with µ and R. Hence, we need to write µ in terms
of the parameters of BINMG which can be achieved by using (102) in (55), and one gets

µ2 = m̃2. (106)

By using the Type-D solutions of TMG given in [23], the Type-D solution of BINMG with a
timelike Killing vector and a negative constant scalar curvature R ≡ −6ν2 can be given as

ds2 = −
(

dt +
6m̃

m̃2 + 27ν2
cosh θdφ

)2

+
9

m̃2 + 27ν2

(

dθ2 + sinh2 θdφ2
)

, (107)

while the Type-D solution of BINMG with a spacelike Killing vector and a negative constant scalar
curvature reads

ds2 =
9

m̃2 + 27ν2

(

− cosh2 ρdτ2 + dρ2
)

+
(

dy +
6m̃

m̃2 + 27ν2
sinh ρdτ

)2

. (108)

Now, let us discuss the Type-D solutions of BINMG which are also Type-D solutions of NMG
but not TMG. In order to have such solutions, the set of equations that need to be satisfied is
either (63) or (64). In the case of the NMG solution corresponding to the set (63), p = −R

3 should
be satisfied. Using this condition and (100), the set (63) reduces to

λ̃ = 2 − 2

√

(

1 − R

2m̃2

)(

1 +
R

2m̃2

)2

, (109)

(

F + 1 − λ̃

2

)−1 (

1 +
R

2m̃2

)(

1 − 3
2m̃2

R

)

= 0, (110)

which has the solution

R =
2
3

m̃2, λ̃ = 2 − 8
√

6
9

. (111)

The solutions given in [12] are parametrized with m which is related to m̃ as m2 = 5
6m̃2. Then,

with the solutions in [12], the following two metric are the solution of BINMG;

ds2 = −dτ2 + e2/
√

3m̃τ dx2 + e−2/
√

3m̃τ dy2, (112)
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ds2 = cos
(

2/
√

3m̃x
) (

−dt2 + dy2
)

+ dx2 + 2 sin
(

2/
√

3m̃x
)

dtdy. (113)

On the other hand, in the case of the NMG solution corresponding to the set (64), the relation
between p and R that should be satisfied is p = R

6 for which (64) reduces to

λ̃ = 2 − 2

√

1 +
R

2m̃2
,

(

1 +
R

2m̃2

)− 1
2

= 0, (114)

where the second equation does not have a solution. Therefore, just like TMG [38], BINMG does
not have a constant scalar curvature Type-D solution with a hypersurface orthogonal Killing vector.

VI. CONCLUSIONS

We have shown that constant scalar curvature Type-N and Type-D solutions of topologically
massive gravity and new massive gravity solve also the equations of the generic higher curvature
gravity built on the contractions of the Ricci tensor in 2+1 dimensions. Our construction is based
on inheriting the previously studied solutions of the topologically massive gravity and the new
massive gravity. The crux of the argument presented here is to reduce the highly complicated higher
derivative equations of the f (Rµν) theory to a nonlinear wave-like equation in the traceless-Ricci
tensor accompanied with a constant trace equation, and to implement the defining conditions of the
Type-N and Type-D spacetimes along with the condition of the constancy of the scalar curvature.
Save for the actions which include the contractions of the derivatives of the Ricci tensor, all the
three-dimensional gravity theories that are based on the Ricci tensor are covered in this work. As
explicit examples, we have given the solutions of the Born-Infeld extensions of the new massive
gravity. Note that with our approach one can also find solutions of the generic f (Rµν) theory that
fall into the other types such as Type-III and Type-I under the condition that the scalar curvature
is constant. In this work, we have focused on the Type-N and Type-D solutions of the f (Rµν)
theory, since the corresponding solutions of TMG and NMG are well studied. But, non-constant
scalar curvature solutions can be found by using the techniques developed in [9].
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Appendix A: Some Relevant Variations

Variations of the three cubic curvature terms are

δ
(

Rµ
ν Rρ

µRν
ρ

)

= 3
[

Rρ
µRραRα

ν +
1
2

(

gµνRβρRα
ρ ∇β∇α + Rρ

νRµρ✷ − 2Rρ
νRα

ρ ∇µ∇α

)

]

δgµν , (A1)

δ
(

RRµ
ν Rν

µ

)

=R
[(

gµνRαβ∇β∇α + Rµν✷ − 2Rα
ν ∇µ∇α

)

+ 2Rρ
νRµρ

]

δgµν

+ Rα
β Rβ

α [(gµν✷ − ∇µ∇ν) + Rµν ] δgµν , (A2)
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δ
(

R3
)

= 3R2 [(gµν✷ − ∇µ∇ν) + Rµν ] δgµν . (A3)

One can calculate δSαβ by using

δRαβ =
1
2

(gµν∇α∇β + gµαgβν✷ − gβν∇µ∇α − gαν∇µ∇β) δgµν , (A4)

δR = [Rµν + (gµν� − ∇µ∇ν)] δgµν , (A5)

as

δSαβ =
1
2

[

(gµν∇α∇β + gµαgβν✷ − gβν∇µ∇α − gαν∇µ∇β) − 2
3

gαβ (gµν� − ∇µ∇ν)
]

δgµν

+
1
3

[(

gµαgνβ − 1
3

gαβgµν

)

R − gαβSµν

]

δgµν . (A6)

With this result, δA ≡ δ
(

Sα
β Sβ

α

)

and δB ≡ δ
(

Sα
ρ Sβ

αSρ
β

)

become

δA =
[

2
(

Sα
µ Sαν +

1
3

RSµν

)

+
(

gµνSαβ∇α∇β + Sµν✷ − 2Sα
ν ∇µ∇α

)

]

δgµν , (A7)

δB =
[

3
2

(

gµνSα
ρ Sβρ∇α∇β + SµρSρ

ν✷ − 2Sα
ρ Sρ

ν∇µ∇α

)

− Sα
ρ Sρ

α (gµν� − ∇µ∇ν)
]

δgµν

+
[

3Sρ
µSσ

ρ Sνσ − Sα
ρ Sρ

αSµν +
(

SµρSρ
ν − 1

3
gµνSα

ρ Sρ
α

)

R

]

δgµν . (A8)

Appendix B: Field Equations of Cubic Curvature Gravity

The action (65) yields the source-free field equations with the help of the variations above

1
κ

(

Rµν − 1
2

gµνR + Λ0gµν

)

+ 2αR

(

Rµν − 1
4

gµνR

)

+ (2α + β) (gµν� − ∇µ∇ν) R (B1)

+β�

(

Rµν − 1
2

gµνR

)

+ 2β

(

Rµσνρ − 1
4

gµνRσρ

)

Rσρ + Kµν = 0,

where � = ∇α∇α. Field equation for the quadratic curvature part is given in [41] and the contri-
bution from the cubic curvature part reads

Kµν =γ1

[

3
2

gµν∇α∇β

(

RβρRα
ρ

)

+
3
2
� (Rρ

νRµρ) − 3∇α∇(µ

(

Rρ
ν)R

α
ρ

)

+ 3Rρ
µRραRα

ν − 1
2

gµνRα
βRρ

αRβ
ρ

]

+ γ2

[

gµν∇α∇β

(

RRαβ
)

+ � (RRµν) − 2∇α∇(µ

(

Rα
ν)R

)

+ (gµν� − ∇µ∇ν) R2
αβ

+ 2RRρ
νRµρ + RµνRα

βRβ
α − 1

2
gµνRRα

βRβ
α

]

(B2)

+ γ3

[

3 (gµν✷ − ∇µ∇ν) R2 + 3R2Rµν − 1
2

gµνR3
]

.
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It is quite useful to recast them into a pure trace and a traceless part as

(8α + 3β)�R − R − 6Λ0

κ
+

3α + β

3
R2 + βSµνSµν + 2K = 0, (B3)

and
(

β� +
1
κ

+
6α + β

3
R

)

Sµν =4β

(

SµρSρ
ν − 1

3
gµνSσρSσρ

)

+ (2α + β)
(

∇µ∇ν − 1
3

gµν�

)

R (B4)

−
(

Kµν − 1
3

gµνK

)

,

where K ≡ gµνKµν . In deriving the quadratic curvature contribution to these equations which
has a Riemann tensor in it (B1), one makes use of the relation between the Riemann tensor, the
traceless Ricci tensor and the scalar curvature in three dimensions;

Rµνρσ = gµρSνσ + gνσSµρ − gνρSµσ − gµσSνρ +
1
6

(gµρgνσ − gµσgνρ) R. (B5)

The trace part, K, and the traceless part of Kµν are given in terms of the traceless Ricci tensor as

K =
(

3
2

γ1 + 2γ2

)

�

(

Sµ
ν Sν

µ

)

+
3
2

γ1 (∇α∇β + Sαβ)
(

SαρSβ
ρ

)

+ (γ1 + γ2)
(

∇α∇β +
3
2

Sαβ

)

(

RSαβ
)

+ 2
(

γ1

3
+ γ2 + 3γ3

)(

� +
R

4

)

R2, (B6)

Kµν − 1
3

gµνK =
(

� +
2
3

R

)[

3
2

γ1

(

SµρSρ
ν − 1

3
gµνSρ

σSσ
ρ

)

+ (γ1 + γ2) RSµν

]

− ∇α

(

gβ(ν∇µ) − 1
3

gµν∇β

)

[

3γ1Sα
ρ Sρβ + 2 (γ1 + γ2) RSαβ

]

(B7)

+
(

1
3

gµν� − ∇µ∇ν + Sµν

)[

γ2Sρ
σSσ

ρ +
(

γ1

3
+ γ2 + 3γ3

)

R2
]

+ 3γ1Sρ
σ

(

SµρSσ
ν − 1

3
gµνSα

ρ Sσ
α

)

+ 2 (γ1 + γ2) R

(

SµρSρ
ν − 1

3
gµνSρ

σSσ
ρ

)
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