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It is a known fact that the Kerr-Schild type solutions in general relativity satisfy both
exact and linearized Einstein field equations. We show that this property remains valid also
for a special class of the Kerr-Schild metrics in arbitrary dimensions in generic quadratic
curvature theory. In addition to the AdS-wave (or Siklos) metric which represents plane
waves in an AdS background, we present here a new exact solution, in this class, to the
quadratic gravity in D-dimensions which represents a spherical wave in an AdS background.
The solution is a special case of the Kundt metrics belonging to spacetimes with constant

curvature invariants.
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I. INTRODUCTION

El El BEEl B B El BE] ® = &

Whatever the full UV-finite quantum gravity is, its successful low energy limit, general relativity

(GR), is based on the Riemannian geometry. In this context finding exact Riemannian spacetimes
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as solutions to Einstein’s equations (with or without a cosmological constant and/or sources ) has
evolved to be a fine art on its own. There are at least two books @, B] that compile and classify
these spacetimes, discuss their physical interpretations and present techniques of finding solutions.
Like any other low energy theory, GR is expected to receive corrections at high energies built on
more powers of curvature starting with the quadratic gravity which is the subject of this work.
Even though much has been studied in quadratic gravity theories, compared to Einstein’s theory
very little is known about the exact solutions in generic D-dimensions (D = 3 and D = 4 are
somewhat special as we shall discuss below). There has been a revival of interest in quadratic
gravity theories because of three recent enticing developments: a specific quadratic gravity model
in (2 + 1) dimensions dubbed as the new massive gravity (NMG) é] provided the first example of
a parity invariant nonlinear unitary theory with massive gravitons in its perturbative spectrum.
The second development was the introduction of “critical gravity” M, B] built from the Ricci scalar,
the square of the Weyl tensor and a tuned cosmological constant that has the same perturbative
spectrum as the Einstein’s theory with an improved UV behavior. The third one is the observation
that with Neumann boundary conditions on the metric non-Einstein solutions of the conformal
gravity are eliminated and the theory reduces to the cosmological Einstein’s gravity in D = 4
dimensions ﬂa] All these developments in quadratic curvature gravity theories prompted us to
study systematically some exact solutions of these theories.

In this work, we will present special Kundt type radiating solutions ﬂ, @] to quadratic gravity
theories in generic D dimensions. This will be a D-dimensional generalization of the works in
three dimensions E, @] 1. Subclasses of Kundt metrics in various forms have also been studied as
solutions of topologically massive gravity ﬂQ, @] in ﬂﬂ@] In D-dimensions, the AdS-wave metric
(also called the Siklos metric @, ﬂ]) which is a Kundt metric of Type N with a cosmological
constant was shown to be a solution of the quadratic curvature theories [22] generalizing the result
inD =3 ﬂﬁ] All Einstein spacetimes of Type N solve this theory exactly in D dimensions ﬂﬂ, @]
It is a known fact that in D = 4 all Einstein spaces solve quadratic theory exactly. Critical quadratic
gravity has genuinely new solutions with asymptotically non-AdS geometry that has Logarithmic
behavior in Poincare and global coordinates ﬁg, @] It is important here to note that the works
of Coley et al. ﬂ, |§, @Jﬁ on the classification of pseudo-Riemannian spacetimes, on spacetimes
with constant invariants (CSI) and on Kundt spacetimes in general relativity have attracted many
researchers ﬂﬂ, @, @, @] to use them in higher order curvature theories in arbitrary dimensions.
Another important point is that all those metrics solving higher order curvature theories belong
to both Kundt and Kerr-Schild classes, @, @, @}

The layout of the paper is as follows: In the next section, we discuss the Kerr-Schild class of
metrics in AdS backgrounds possessing some special properties. These properties are so effective
that some tensorial quantities, like Ricci and Riemann tensors become linear in the metric “per-
turbation” around the AdS background. In the third section, we show that the full quadratic
gravity field equations reduce to a fourth order linear partial differential equation. We give a new
exact solution which we call a spherical-AdS wave that has asymptotically AdS and asymptotically
non-AdS; i.e. Log mode behavior just like the previously found AdS wave. In Section IV, we show
that the same class solve the linearized quadratic gravity field equations. We delegate the details
of the computations to the Appendices.

UIn [33], for D = 3, Kundt type solutions of NMG [13, [15] are used to generate solutions of f (R, ) theories which
naturally includes the generic quadratic curvature theory.



II. A SPECIAL CLASS OF KERR-SCHILD METRICS

Let us take a D-dimensional metric in the Kerr-Schild form m, @]
Juv = guu + QV)\M)\V7 (1)

where g, is the metric of the AdS space and V' is a function of spacetime (see @] for some
properties of the Kerr-Schild metrics with generic backgrounds and see also ﬂﬁ, @] with an AdS
background). The vector A = g"” ), is assumed to be null; i.e. A, M = g, A*A” = 0 and geodesic
MV A, = 0. These two assumptions imply

Gu A" =0, A= G, )\“@“)\p =0,
where the barred covariant derivative is with respect to g,,. The inverse metric can be found as
gt =g — 2V N, (2)

Writing the metric in the form (1) will help us in explicitly observing the fact that the solutions of
the field equations of the quadratic gravity are also solutions of the linearized field equations of the
theory with h,, =2V A, \,. AdS wave or Siklos spacetimes are in this class with the line element

1 D-3
ds® = o) (—dt2 + dz? + mZZI (dz™)* + dz2> + 2V (t,x, Tm, 2) ApApdat @ da”
1 D—-3
=53 <2dudv + mz::l (dz™)? + d22> + 2V (u, 2, 2) du?, (3)
where in the second line we have used the null coordinates defined as u = (z+41)/v2, v =

(x —t) /v/2 and chosen A dz# = du and A9,V = 0 that is V does not depend on v. The constant
k? is related to the cosmological constant as —k? = #/(\1)72). With these assumptions, A\
becomes divergence free (non-expanding) with respect to the full and background metrics namely
VAl = @HA“ = 0, and the Ricci scalar turns out to be a constant given as R = —D(D — 1)k?.
Besides being non-expanding, it is possible to show that M is a shear-free, VFA"V(,A,) = 0, and
non-twisting, V#A"V [, A,; = 0, vector. As A, is a null vector which is non-expanding, shear-free
and non-twisting, AdS-wave is a Kundt spacetime by definition. Furthermore, the Weyl tensor
satisfies the following property

Caﬁ’ya)‘a =0, (4)

therefore, A, is a null direction of the Weyl tensor. In D = 4, @) is equivalent to the metric
being of Type N 2. Note that Ay is not a Killing vector, but ¢, = z%)‘ﬂ is a null Killing vector.
Recently, it was shown that the AdS-wave metric (B]) solves the quadratic gravity field equations
in D-dimensions provided that the function V satisfies a fourth order linear partial differential
equation which was solved in the most general setting ﬂﬂ]

In this work, we present a new Kundt solution of the quadratic gravity field equations in D-
dimensions which is also in the Kerr-Schild form (II) as the AdS-wave. The new solution is similar
to the AdS-wave metric in form, but with a different A\, which dramatically changes the spacetime.

2 We thank T. Malek for pointing us that (@) is not equivalent to the defining property of Type-N spacetimes for
D > 4.



To reach the new metric, let us rewrite the background AdS in the spherical coordinates which
turns the full metric to

1 D—2
ds? = 53> [—dt2 + Z (dmm)2 + sz] + 2V A A dat @ da”
z
m=1

1

= ooy [0 A7 a0 L] 2V A @ da, o)

where dQ)?, , is the metric on the unit sphere in (D — 2)-dimensions. Here, note that since z > 0,
one needs to constrain € in the interval 0 < # < /2. In the spherical coordinates, boundary of
AdS (z — 0) can be reached with the limits r — 0 or/and 6 — m/2. One can define the null
coordinates as u = f (r+t)and v = f (r —t), then (B) becomes

2 (u+ v)?
ds? = 2dudv + ~———dQ% | + 2V (u, Qp_s) du?,
k2 (u + v)* cos? 0 l 2 ] (v, p-2)
1 4dudv
= dQ? 2 Qp_o)du?
k2 cos2 0 ((u—l—v)2 * D2> 2V (, Qp—g)du’, (©)

where we have again chosen \,dz* = du and A0,V = 0. With these assumptions, once again
VM =V, A = 0. This metric can be recast in other coordinates as

1. Cartesian:

1 D—-2
d52:k l dt* + mz:jl +dz]+2V()\ﬂdx“)2, (7)
where
™z R=2 9
A, =(1,—, %2 =1,2,---,D—2; r2=2? my= 8
123 <,7”’7"), m ) 4y ) ;T Z+mgl(x) ()

Here, we note that an infinite boost in the (¢ — xl)—plane reduces this metric to the AdS
wave metric (3.

2. Another form of the above metric can be given as

4 cosh? kr sinh? kr
2_ 3.2 2
ds® = dr* + mdudv t— T dQ 5+ 2V (u,r, Qp_3) du’. 9)
This form was given in ﬂﬂ @ as an example of Kundt spacetimes with constant curvature
invariants (CSI). There exists no null Killing vector field of this spacetime. D = 3 case
of this form of the metric was given ﬂﬁ @ as the most general Type-N solution of the
three-dimensional new massive gravity (NMG).

The AdS-wave metric [B]) and the spherical-wave metric (@) have the following (not necessarily
independent) properties which define the Kerr-Schild-Kundt class:

1. guv is the metric of the AdS space, g, = g + 2V AL\, is the full metric.

2. The vector M = g"” ), assumed to have the properties of being null A\ A\ = g, ANV = 0
and geodesic MV A\, = 0.



3. V is a function of spacetime assumed to satisfy A*9,V = 0. This assumption has wonderful

implications together with the assumption V A = V M = 0. With these assumptions,
Riemann and Ricci tensors become linear in V' and the scalar curvature becomes constant.

4. VA = A&y, where A, = 0.3

5. A, is non-expanding, V, A\ = 0, shear-free, V¥A"V(,\,) = 0, and non-twisting,
VEN'V,Ay) = 0 which are implied by the fourth property. Note that one can replace
the full covariant derivative and the metric with the background covariant derivative and

the background metric in these relations, namely @“)\”@[M)\V} = 0, etc.

These properties are useful in calculating various tensorial quantities. Here, we note the results of
the relevant computations and delegate some to the Appendix. The Riemann tensor of () after
using some of the properties listed above reduces to

R' 5 =R' s+ V., Q" o= V0K, (10)
where
VVQMaﬁ — V¥, :2)\a)\[VVB]({“)“V — QAMA[VVB](?@V
+ Apép (AOMV — MOV + N EHV)
+ (Aot = M) A\ 0g V
+2V N (MaVEs — ApVika ) - (11)
where the background part reads Ruaps = —k? (GuwJap — §usJor) and the remaining part is linear
in V. The property (@) leads to
p R
R W,a>\p = m ()\a uv — Av g,ua) . (12)

For the class of Kerr-Schild-Kundt metrics, the Ricci tensor follows from () as

R,uz/ = - (D - 1) kQQ;w - p)‘uAm (13)
where
- 1
p =0V +26,0"V + JVEL" — 2VE* (D —2). (14)

where 0 = VV,, and A*d,p = 0 and the Ricci scalar is R = —D(D — 1)k?. It is amusing to
see that the metric solves the cosmological Einstein equations in the presence of a null fluid in all
dimensions as long as T, = pA, A, but our task is to show that the same metric solves the vacuum
field equations of the quadratic gravity.

Using the properties listed above of the new metric we find the following tensors that we shall
need in the field equations of the most general quadratic gravity;

DRy = =0 (pAudv) (15)

3 Symmetrization is done as usual; i.e. 2A(, B,y = A, B, + A, B,.



or in another form

- 1
OR. = M\ (Dp +26,0%p + 5;)5050 — 2pk* (D — 1)> , (16)

and
ROR,, = (D —1)" kg +2(D — 1) K2 pAuA,, (17)
RuowsRY = (D —1)* kg, + (D — 2) K*pA, )\, (18)
Ruop R, =2(D — Dk g + 4K pA ), (19)

III. A NEW SOLUTION OF THE QUADRATIC GRAVITY

The action of the quadratic gravity is
1 2
D 2 2 2 2
I = /d zv/—g {E (R—200) + aR? + BR,,, +7 (R, — 4R2, + R )} . (20)

The (source-free) field equations were given in ﬂﬁ, @] as

1 1

1
p, (RW — §9WR + Aogﬂy) +2aR (RW — Zg“,,R> + (2a+B) (90 -V, V)R

1
T2y {RR“” - 2RWVPRUP + RHUPTRVUPT - 2RWRVU o Zg!“/ (Rzm o 4Rz2w + RQ)}

1 1
+,8|:| (R;u/ - §guuR) + 2/8 (Rual/p - ZguuRap) Rap =0. (21)

Using (I3HI9) in (2II), one obtains

A—Ag (D-1)(D-2) (D —4) (D—-3)(D—4)
——— + fA*=0 A=— k? = (D
2k + ’ 2 A a+’8)(D—2)2+7(D—1)(D—2)’
(22)
as a trace equation, and the remaining traceless equation is a fourth order equation,
(B0 +¢) (oxuh) =0, (23)
where
1 4AD 4A AN (D —3) (D —4)
= 24
S B ) LAy B Sy, By (24)

As noted before, AdS wave ﬂﬂ] solves (Z3). Now, let us find the second solution that is the
spherical-AdS-wave metric (6). This can be achieved by obtaining a fourth order scalar equation
onV

(0= M) OV (u,2p ) =0, (25)



where

MQE—%—{—QkQ, O =0 2k?sin 209 — 2k* (D — 2 — sin®0)) . (26)

To reach (2H), we have calculated p for the spherical-AdS-wave which is p = OV. It is important to
notice that there are two different types of solutions to (25]). The first type solution is V.= V; +V,
where V7 is a solution to the quadratic partial differential equation (PDE)

OVl (u, QD72) = 0, (27)

which is also a solution of the cosmological Einstein’s theory, (p = 0), and V5 is a solution to again
a quadratic PDE

(0= M) V3 (u,2p5) = 0. (28)

As long as M? # 0, V = Vi + V3 is the most general solution to the fourth order PDE (25). But,
when M? = 0, then the equation becomes

02V (u, QD_Q) = O, (29)

and new solutions arise which represent the non-Einstein solutions of the critical gravity. To get the
solutions, let us employ the separation of variables technique as V' (u, Qp_2) = F (u,0) G (u, Qp_3)
where G (u,Qp_3) is the function defined on the (D — 3)-dimensional unit sphere. For a scalar
function ® (u,d,Qp_3), let us calculate @p@/f@ (u,0,Qp_3) for the background AdS metric

4dudv 1
ds® = i 30
° k2 cos2 0 (u + v)* T o g ® D (30)
which corresponds to V' = 0 in (@]):
VPV, ® (u,0,Qp_3) = 26" V,0,® (u,0,Qp_3) + 55 V,90,® (u,0,Qp_3) (31)

where ©; represents the angular coordinates on SP”~2 which includes the 6 direction. Using the
results in the Appendix, the first term yields

26"V 0, ® (u,0,Qp_3) = 2k? sin 6 cos 0P (u, 0, Up_3). (32)
On the other hand, the second term can be written as

oMo —_0.0. _0. 0. =0
71V 0,00,® (u,0,Q2p—_3) =5 q,00,® (u,0,2p_3) — g5 T 90, ® (u,0,Qp_3)
— §MNTY o 0u® (u,0,Qp_3) (33)

In the Appendix, it is shown that I_VSLLQZ = 0; therefore, the last term vanishes. Then, let us
calculate the first line in (33]) which corresponds to the box operator acting on a scalar function
with the following metric conformal to the metric 70,0, (not to be confused with the flat metric)
on the round SP~2 sphere:

1

ds? = ——
5 k2 cos? 6

dQ%ﬁ = 99,0, = w72?79,-gzj, w = kcosd. (34)

The Christoffel connection of 90,9, 18 related to the Christoffel connection of N0, via the usual
conformal transformations

Iy = (I‘ZB)S[F2 — 0h0pInw — 0300 Inw + 1apn"" 05 In w, (35)



Using this result in gﬂigiﬁgﬁgi@, one obtains
ooy Q) Q. Q;
"V 0,00,9 (1,0, 2p3) =0 [ 99,00, (u,0,0p_3) — ™ (nggi)sD,g 0o, ® (u,0,2p5)|
+ w? [277995§j 99 Inw — n%ng,0,n"%%9 In W} da,; ® (u,0,Q2p3),
(36)

SD72

where the square bracket in the first line is the Laplace-Beltrami operator on which can be

recursively written as

1 0 (. p.3,00(u,6 Qp_ 1
Agp—2® (u,6,0p-3) = —F57 25 (SIHD 3221 50 L 3)) + 55853 (1,0, 3)
o %) 1
= 202 +(D—3) COtH%—i—mASD% CI)(U,H,QD_:),). (37)

Collecting ([36) and (37)), one arrives at
g K ZVQiaQiQ(U,H7QD_3) =k“ cos 9 w +(D—3) COtH% + mAsD—S @(U,H,QD_g)
+ k? (D — 4) sin 6 cos 095 ® (u, 0, QUp_3) . (38)

Finally, one has

= 82‘1) (u 0 QD,3) 0P (u 0 QD,3)
1.2 2 » Y Y
O (u,0,Qp_3) =k*cos” 0 502 50

+ k?* cot? 0Agp—s® (u,0,Qp_3) . (39)

+ k2 [(D — 3) cot 6 + sin 6 cos ]

This result is sufficient for us to carry out the separation of variables. Let us first focus on
the Einstein modes satisfying (27)). Using [B9) for V (u,Qp_2) = F (u,0) G (u,2p_3), one has two
decoupled equations

0?F (u,0 OF (u,0
0829% + [(D — 3) cot @ — 3sin § cos 0] %
- {2 (D — 2 —sin? 9) + a? (u) cot? 9} F (u,8) =0, (40)
(Agp-a+a* (u) G (u,2p3) =0, (41)
where a? is an arbitrary function of u. Both of these equations can be solved exactly for a? # 0:

([0 has a solution in terms of hypergeometric functions and (1) in terms of spherical harmonics
on §P-3 ] Since the most general solution is not particularly illuminating to depict here for
the sake of simplicity let us concentrate on D = 4, for which one has

F(u,0) = clT(“) (tan g)“sece (a + sech) + (;’; (_“)1) (tan g) *aseca(a —sech),  (42)
G (u, @) = c3 (u) cos (ap) + ¢4 (u) sin (ag) . (43)

Here, one of the functions ¢; (u) can be set to 1 without loss of generality, if it is not zero. Note
that a = 0 and a® = 1 are the special values for which the solutions can be obtained as:



e D=4 and a=0:

F (u,0) = ¢ (u) sec® 0 + co (u) (cos 0 + log [tan (g)}) sec? 6, (44)

G (u,¢) = c3 (u) + c4 (u) ¢ (45)
More explicitly, the solution reads

1
cos2 6

0
V(u,0,¢) = {1 + co (u) <cos€ + log [tan <§)]>} (cs(u) +cq(u) ). (46)
Let us investigate the near boundary behavior of this metric by defining x = 7/2 — 6 and
finding the asymptotic form for small . In order to have complete comparison with the
AdS-wave boundary behavior, one needs to expand up to O (x4) which yields

1 L 9 3 4
F(u,x)wﬁ[l—i—gaﬂ +co(u)x —i—O(m )] (47)
Here, the leading order represents the asymptotically AdS spacetime just like the AdS wave;
while the next-to-leading order; i.e. O (1/x), shows that the spherical-AdS-wave asymptotes
to AdS spacetime more slowly than the AdS-wave which exactly behaves as

1
72

Vaas-wae (1, 7) = —5 |1+ e (u) 2% . (48)

e D =4 and a®> =1 is also a simple solution which we depict here:

F (u,0) =1 (u)secOtand + co (u) csc (log [tan (g)} — sec # + arctanh [cos 6] sec? 6) ,
49)

G (1, 8) = e (u) cos () + 1 (w) sin (6). (50)

Clearly, the solutions of (28]), which we call massive modes, have the same functional form as the
Einstein modes in ([42)) and {3]). In order to obtain the massive modes explicitly, the only thing
one should do is to replace a in ([@2) with va? + M?2.

Now, let us focus on the non-Einstein solutions of the M? = 0 case with the field equation
[@9) corresponding to the critical gravity. We are interested in the spherical-wave solutions which
spoil the asymptotically AdS nature of the spacetime. Thus, in order to study the near-boundary
behavior, it is enough to study the § dependence of the metric function V' by studying the square
of the operator appearing in the f-equation [0) as acting on V (u, ) as

0? 0 ?
2 . ‘ N o a2 _
[COS 9892 + [(D — 3) cot @ — 3sin 6 cos 0] 50 2 (D 2 — sin 9)] V (u,8) = 0. (51)

Besides the homogeneous solutions ([44]), the particular solution of the equation

0? 0
‘2 -~ _ _ . - _ T 2
lcos 9892 + [(D — 3) cot @ — 3sin 6 cos 0] 20 2 (D 2 —sin 9)] V (u, )

— coiz ; [1 + o (u) (COSG + log {tan (g)])} , (52)
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also provide a solution to (GI)). As the 1/22 part of (@) gives rise to the Log mode which changes the
boundary behavior in the AdS-wave case, one may expect that 1/ cos? § part of the homogeneous
solution ([#4]), having the same near-boundary behavior, should give rise to the Log mode of the
spherical-AdS wave. This expectation is confirmed by investigating the asymptotic behavior of the
particular solution for the source with ¢y (u) = 0 which can be found as

_ log[tand)]

V, 0) = . 53
p (u7 ) 3 C082 9 ( )
Again with the definition = 7/2 — 6, the asymptotic form of (B3] for small z becomes
1
%(UaQ)N—@10g$+O(1), (54)

which is same as the exact form of the Log mode of the AdS wave. With the asymptotic behavior
([B4)), the Log mode associated with the spherical-AdS wave changes the asymptotically AdS nature
of the spacetime in the same way as the AdS wave.

Since the solutions we have found in this section are also solutions of the linearized field equations
as we show below, these metrics constitute new explicit solutions for the Einstein and non-Einstein
E%)g@énode) excitations of the critical gravity besides the previously studied AdS-wave solution

bd)

IV. LINEARIZED FIELD EQUATIONS AS EXACT FIELD EQUATIONS

Once one recognizes the fact that the curvature tensors, (I0) and (I3]), and the two tensors
appearing in the field equations, (IBHIY]), are linear in the metric function V' for the Kerr-Schild-
Kundt (KSK) class of metrics defined as

G = G +2VA A, NGV =0, VA = A&, Al =0, (55)

one realizes that the exact field equations of the quadratic curvature gravity reduce to the linearized
field equations in the metric perturbation h,, = g — g = 2V A\, for the KSK class (B3)). Even
though this is straight forward to see, let us analyze this observation in a little more detail for
the sake of completeness. First of all, for a generic metric perturbation h,,, the linearized field
Eélations corresponding to the field equations of the quadratic curvature gravity (ZI)) has the form

Had)

-5 S e 2N _ - 2N
cQﬁy + (2(1 + /8) (gul/D - vuvy + mguy) RL + 6 (Dgﬁy - ﬁgMVRL) — O, (56)

where the parameter c is defined in (24]), and gﬁ,,, Ry, represent the linearized cosmological Finstein

tensor and the linearized scalar curvature, respectively, which have the forms

1_ 2A
gﬁy = Rﬁu - §9puRL - mhuu, (57)

1 ey - - o S 2
Rf, =3 (V7 Vihuo + VVohuy = Ohyy = Vi Voh), RE = —Oh+V Vi, - 5gh (58)

Here, wa is the linearized Ricci tensor, and A is the effective cosmological constant corresponding
to the AdS background and satisfies the field equation ([22I).
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After describing the linearized field equations and the linearized quantities for generic h,,,, let
us focus on the KSK class where h,, = 2V, )\, and after this point h,, represents the metric
perturbation defined for the KSK class. First thing to notice is that h,, satisfies h = 0 and
V,h*" = 0; therefore, the nontrivial part of h,, is its transverse-traceless part which represents
the (massive and/or massless) spin-2 excitations. For tranverse-traceless hy,, the linearized field
equations take the form

(80+¢c) gk =0, (59)
where
L L 2A L 2
guy - RNV - mhuy - RMV + k (D - 1) huy- (60)

Now, let us compare (B9) with the quadratic curvature gravity field equation for the KSK class
[23). From (I3)), one can find the linearized Ricci tensor for KSK class as

Rl = —pA\hy — k2 (D = 1) by, (61)

therefore, gﬁy is just gﬁy = —pAuAy. As a result, the field equations of the exact theory and
the linearized field equations are equivalent for the KSK class of metrics which includes the AdS
wave ﬂﬁ] and the spherical-AdS wave metrics presented above. Note that not all solutions of (B9
taken as a linear equation of generic perturbation h,, solve the full nonlinear theory. Such linear
solutions were studied in m,@]

V. FURTHER RESULTS AND CONCLUSIONS

We have defined a new subclass of metrics in Kerr-Schild-Kundt class for which the null vector
A has a symmetric covariant derivative, namely V, A, = A(,€,) (note that A" is not a recurrent
vector; therefore, our subclass does not have the special holonomy group Sim (n — 2) discussed in
ﬂﬁ]) Up to now two explicit metrics in this class as solutions to quadratic gravity theories has
been shown to exist. One of them is the previously found AdS-wave metric ﬂﬁi and the other one
which we called spherical-AdS wave was presented above. The latter solution is a generalization of
the D = 3 solution of new massive gravity given in ﬂE, @] Just like the AdS wave, the spherical-
AdS wave has Log modes which do not asymptote to the AdS space ﬂﬁ, @] As of now, it is not
clear if these two metrics exhaust the class of Kerr-Schild-Kundt metrics having a null vector with
a symmetric-covariant derivative or there are some other.

In this work, even though we have concentrated in the quadratic gravity theories both for the
sake simplicity and for recent activity in quadratic gravity theories, the class of metrics that we
have studied has rather remarkable properties which make them potential solutions to a large class
of theories that are built on arbitrary contractions of the Riemann tensor whose Lagrangian is given
as f (9", Ruupo) along the lines of [33]. Leaving the details for another work @], let us summarize
the curvature properties of Kerr-Schild-Kundt class having a null vector with a symmetric-covariant
derivative:

1. These metrics describe spacetimes with constant scalar invariants built form the contractions
of the Riemann tensor, but not its covariant derivative, denoted as CSI ﬂﬂ], for example
R=-D(D—1)k* RERY, =D (D —1)*k* Rap,R'? =2D(D —1)k*.

2. All symmetric second rank tensors built from the contractions of the Riemann tensor are
linear in A, A, for example see (IHIY). This property implies property 1 above. This property
is also sufficient to show that this class of metrics also solve the Lovelock theory [44].
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3. Related to property 2, these metrics linearize the field equations. For example,
- - 1
ORu = Ry = ~AuA [Dp 26,00 + 2 peuE" — 20K% (D - 2)} . (62)

We expect that similar properties hold for symmetric two-tensors built from the covariant deriva-
n
tives of the Riemann tensor, namely [(V,(ym)Rng) } 5= (k?) gap + b (p) AaAg, which is con-
«

sistent with the boost weight decomposition of the Riemann tensor and its derivatives @] 4 This
would lead to the result that these metrics could solve all geometric theories.
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Appendix A: Definition of ¢,

Let us discuss the symmetric-covariant derivative of the vector A, V A, = A§,). Here,

Au&H = 0 should hold in order to have A* as a null geodesic. Besides, note that VA, = @u)\y (see
App. Bl). One can take the AdS background metric in the canonical form as

D—-2

_ 1

ds? = = [—dtQ + > (d2™)? + dZQ] , (A1)
m=1

where z > 0 and z — 0 represents the AdS boundary. The Christoffel connection of (ATl), which is

in the form g,, = w21, where w (z) = kz, can be calculated with the usual conformal transfor-

mations as

— 1 1 5 .
Ths = ~Masd% — - (0407 + 0502 (A2)
With this result, ?M)\,, becomes
VA = Ohy — A+1(Aaz+uz) (A3)
u\v = OpAy an/ =T 2 (Ml vOy | -

Note that the last term in the parenthesis is already in the form where A(,&,). Therefore, the first
two terms should take a form

1
a,u)\l/ - ;nuqu = a>\,u)\l/ + )‘,LLCV + )‘I/C/J‘ (A4)

Now, let us define &, for the AdS-wave and the spherical-AdS wave metrics. For AdS-wave
metric, A, has the form

Apdat = (dt + dx) , (A5)

Sl

4 We thank S. Hervik for the discussion on this point.
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in the canonical coordinates of AdS, and one has

v 1 Z z 2 z
Vi = = (AH(SI, + Ayaﬂ) = & = 23 (A6)
For the spherical-AdS wave, one has
D=2 .m . D-2 ,
m 2 m 2
Audat = dt + mz:jl —da™ + 2dz, = m; (2™)? + 22, (A7)
and ?M)\,, becomes
V. _ 1 1 t 1 t 1 z z
Vi = == NAu + =800 + 0 A+ - (AudZ + A7) (A8)
therefore,
1 2 2
=\, + =0 4+ 265 A9
gﬂ r 14 + r 7 + P o ( )

Appendix B: Curvature Tensors of the Kerr-Schild Metric

In this section, we obtain the forms of the Riemann and Ricci tensors, and the scalar curvature
for the Kerr-Schild metric

uv = g;w + 2V>\,u)‘1/a (Bl)

where g,,, is the metric of the AdS spacetime, the vector M is null and geodesic for both g,, and
guu;

AN = g MY = g, A =0, (B2)

MY Ay = MV, A, =0, (B3)

and, finally, V' is a function of spacetime which is assumed to satisfy \*9,V = 0.5 The Christoffel
connection of g, has the form

Thg=Ths+ Q5 (B4)

where I_’Zﬂ is the Christoffel connection of the background metric g,,, and the terms linear in V'
collected in Q" B which can be written as

Q5 = Va (VA Xg) + V5 (VAXG) = VF (VAaAg) . (B5)
One can easily show that Q" af satisfies the properties

O p=0 N 5=0 A0 ;=0 (B6)

5 The exposition until Appendix B.1 is rather standard. Here, we provide self-contained presentation on curvature
tensors of the Kerr-Schild metric (BI) satisfying A*9,V = 0 in addition to the generally assumed properties (B2
and (B3). See @7 @} for KS metrics having the property (B2) with a flat background and @] for KS satisfying
(B2) and (B3) for generic backgrounds and generic V.
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which have the important implication that the covariant derivative of A* reduces to the covariant
derivative with respect to the background AdS metric, namely

Vi = VA (B7)
With (B4), the Riemann tensor has the form
R

avB = Ruauﬁ + @uguaﬁ o 669“041/ + Qﬂquoﬂa - QMBJQUVW (B8)

where R avp 18 the Riemann tensor of the AdS spacetime having the form
R, 5= K (55%5 - 5‘5‘9&”) . (B9)
Contraction of the Riemann tensor with two A" vectors has the simple form
MARY o= NARE =K Xadg,  ANRF 5= XONRY =~k N A, (B10)

Using (BE]), one can obtain the Ricci tensor from (BS) as

Rog = Rap + V0 5 — Q15 07, (B11)
where the Ricci tensor of the AdS spacetime is R,z = —k%(D — 1) gos. The last term can be
written in the form

) _ _
Q5,070 = = AV2AAg (ViAo ) VX7, (B12)

therefore the Ricci tensor with down indices is quadratic in V. However, it is well-known that the
Ricci ﬂ%nsor with up-down indices, Rg = g’ R, is linear in V for a metric in the Kerr-Schild
form [48];

R = R — 2V AP A Ros + 77V, (B13)
Finally, the scalar curvature is a constant having a value which is equal to the background one;

R=R=-D(D—-1)k. (B14)

1. Curvature tensors of the Kerr-Schild-Kundt class

Up to now, we consider the Kerr-Schild metrics for which A is a null geodesic as usual. On the
other hand, the AdS-wave and spherical-AdS-wave metrics belong to the class of Kerr-Schild-Kundt
(KSK) metrics for which the vector A\* satisfies the property

Vidv = Aubyy €A, =0, (B15)

Note that due to ¥\, = 0, one has {# = g"§, = gH”§,. The non-expanding, VM = 0, shear-free,
VHEN'V Ay = 0, and non-twisting, V¥A"V(,A,] = 0, nature of the vector M simply follows from
(B15) which means the Kerr-Schild metric is a member of Kundt class by definition. Immediate
implications of (BIH) are

1
guvu)\u = guvu)\u = 5)\V§M§ua (Blﬁ)
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and
Vo (€MN,) = 0= MV, €, = —EFV, N, (B17)
Using the Ricci identity in the form {?H, ?y} M = R,s\ together with @ﬂ)\“ = 0, one can obtain
O\, = —k*(D—1) )\, (B18)

and explicitly calculating the left-hand side yields the relation
_ _ 1
NIV, = A, [V,ﬂ + 548+ 2 (D~ 1) (B19)

that is used in the calculations below.
In order to study the curvature tensors, first one should find the Q" op Part of the Christoffel
connection which is linear in V', and it becomes

Q’uaﬂ = —AaAgﬁ“V + QAMA(aag)V + QV)\M)\(afﬁ). (B20)
Note that contraction of the vector £# with Q" op Yields
{MQ“aﬁ = —AaAg&u 0"V, SO‘Q"W = Mg (%0, V + VE¥,) , (B21)

so V&, # V&, Now, using (B20), we can calculate @Vﬁuaﬁ and O, Q7 for KSK class. First,
@Vﬁuaﬁ can be obtained as

Vo5 = = Aadg (V0" V + €0V ) = M\ (a&) 0"V
+ 2NN V)0V + 20N §3)0V + 2V NN (| V0§ 5
+ (2N +E0) (VAés) + Aads)V)
+ M\ (VEaks + €V ) (B22)
Then, the linear in V' terms in the Riemann tensor becomes
Vo 5 = Vs, =200\, Vg 0"V — 22X A,V 50V
+ Apg (Aa0"'V = MOV + No&HV)
+ (Aol = M) N0V
+ 2V (AaV1&s) = AwVaa) - (B23)
Secondly, the term ©#,, €7, has the form
O 075, = =M AaAgA, (O7V) (VE + 0, V). (B24)

Note that O, is symmetric in v and § indices; therefore, the quadratic in V' terms in the
Riemann tensor cancel each other due to antisymmetry in v and 8. Thus, the Riemann tensor for
the KSK class is linear in V' and has the form

Ruauﬂ - Rual/ﬂ + 6119“0{5 - ?BQ“CMV’ (B25)

where the last two terms are given in (B23]). Now, let us discuss the contractions of the Riemann
tensor with one M\ vector. By using (B6]), (BI3) and (B2I)), one can show that

MRV s =N R g NOR o= NORE o WRM = NRM s — 2KV N A \g,  (B26)
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where the last one is implied by either one of the previous two results. After using (B3)), one can
also have

R
" = T 1 “WwYap — av B2
)\MR avf D(D— 1) ()‘ Jap )‘59 )7 ( 7)

where the right-hand side can also be written in terms of background quantities, and the other two
contractions follow similarly. On the other hand, one can calculate \* R" avf explicitly by using

(B4), (B13), (B22), (B21) and (BI9) as
AR5 =NR =2V AN <%£” + i@&” +2k* (D — 1)> : (B28)
which together with (B26]) implies
vV, + %fsyg” + k% (2D —3) = 0. (B29)
This relation can be verified explicitly for the AdS wave and the spherical-AdS wave cases.
In order to calculate the Ricci tensor, one needs to calculate V,Q" ap- One may follow two

routes: directly computing it from (B22]) by using (BI9) and (B29) or using the following result
obtained by use of the Ricci identity;

V. Va (VNAg) = —k*DV A g, (B30)

with the original form of the Q" ; in (BH). Then, one can obtain the Ricci tensor as

Rag = =k (D = 1) gap — prads (B31)
where
p =0V + 2,0V + %Vgﬂgﬂ —2Vk? (D —2), (B32)
or
Rag = —K* (D = 1) gog — (O +2k%) (VAa ). (B33)

Two forms of the Ricci tensor imply
O(VAadg) = (p = 2VE?) ads. (B34)

It is possible to verify this relation by explicitly calculating the left-hand side by using (BIS]).
Besides, one can easily show that the scalar curvature is constant, since the linear part of the Ricci
tensor is in the form R(];ﬁ ~ AaAg.

Finally, let us show that the KSK metrics satisfy C“a,,g)\ﬁ = 0 where the Weyl tensor is defined
as

2 2
Chawss = Buavs = 5 (90t Rojo — G Raju) + (D —1) (D —2) nIsec (B35)

Using (B24), G = Guv ~ Ay and Ry, — Ruv ~ AuAy, it can be shown that Cﬂa,,g)\ﬁ reduces to
Cuayﬁ)\ﬁ where C),, 3 = 0; therefore, one has

C;wzuﬁ)‘B = _uauﬁ)\ﬁ =0. (B36)
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2. Two tensors in the field equations

In order to find the field equations of the quadratic curvature gravity for the KSK metrics (B13l),
one needs to obtain the form of the two tensors RﬁRp,,, Ruongo‘ﬁ, RuamRyo‘m and LR, for this
class of metrics. By using (B3I, the term Rf,R,, can easily be calculated as

ROR,, = (D —1)" kg, +2(D — 1) K2 pAuA,. (B37)
The term Rj,0,53R*” is also rather simple: after using (B3I) and (B26]), one has
RuowsRY = (D —1)* k*gu, + (D — 2) K2 pA, )\, (B38)

Then, moving to RuamRyo‘m whose calculation is straightforward, but time consuming. It is

better to calculate R* WﬂRW"”ﬁ = RV JVBRVB » which can be written as

o

o v _ pVB o« 2 40 oy
R R =R §°R‘ .~ 2VRP AR (B39)

avf3’

where (B26]) is used and the first term explicitly has the form

v  —oa _ pvB —oal) p Y y
R ~od Ruayﬁ =R ~od {Ruauﬁ + 2AaA[VVB]8“V — QA“A[VVB]aaV
F Ap€s (Aa@"V — MOV + €A, V)

+ (A& — A, )\[V({“)B]V

+ 2V (Aa V&8 = Ap V) } (B40)
Since the terms in R" avp Which are linear in V' involve either Ao or A, or Ag, using again (B24)
yields

VB = _ pvB 5 vB >
R 'yagaaRMoa/ﬁ =R 'yagaaRMowB + (R 'ya)L RMOVﬁ’ (B41)

vp — pvB pvB : : po vf3
where (R “/U)L =R, —R" . With this result and ([B9), R" ;R""  becomes

R, R =R R+ (R,) R, = —2k? Ry + 2k (RY) ], (B42)

Yo

where (Rﬁ)L = —pA*\, from (B3I). As a result, one obtains

Ruap R, =2(D — 1Dk g, + 4K pA )\, . (B43)

Finally, let us study the term R, and from (B3I) it immediately becomes OR,, =
—O(pAaAg). Then, since V A, = VA, OM = OM and Op = Op, one has

OR,, = OR = =0 (pAu\) - (B44)
In App. Bl we have discussed the explicit calculation of [J (VAuAy) which becomes
_ - 1
O(VAN) = A <DV +26,0°V + 51/5050 —2VEk* (D — 1)) , (B45)

and in deriving this relation A9,V = 0 is used. One can show that M9,p = 0 (note that
A’V g€, ~ Au), then the same relation also holds for p. Hence, one has

- 1
ORu = — M\ (Dp +26,0%p + §p§g§‘7 — 2pk* (D — 1)) . (B46)
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Appendix C: Spherical-AdS Wave Computations

Let us have the AdS metric in the coordinates

4dudv i 1
k2 cos? 6 (u + v)2 k2 cos26

ds* = Q% _,. (C1)

Then, some components of the Christoffel connection for this metric are

_ 9 _ _ _
qu:_u—F/U, FZUZO’ FZ@Ztane, Iﬂé@:O
_ _ _ 2tan =
=0, Iy=0 I = —ﬁ, %, = tané, (C2)
.0, = —k*da,0, cot b, TH.0, =0, T, = 0.

where €2; denotes the angular coordinates of d2% ., other than §. Now, let us first discuss the form

of @“)\y;

Vi = =T, = =X AT, — NTgst — 8T8 A (C3)
and one has
&, = —TY N\, —2T'%0o0. (C4)

Finally, one can calculate p as

p =0V — 4k*sin 6 cos 00,V — 2k> (D — 2 —sin? 9) V. (C5)
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