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Global Stabilization Via Local Stabilizing Actions

A. Biilent Ozgiiler

Abstract—Stabilization of a linear, time-invariant system via stabiliza-
tion of its main diagonal subsytems is the underlying problem in all diag-
onal dominance techniques for decentralized control. In these techniques
as well as all Nyquist-based techniques, sufficient conditions are obtained
under the assumption that the collection of the unstable poles of all diag-
onal subsystems is the same as the unstable poles of the overall system. We
show that this assumption is by itself enough to construct a solution to the
problem at least in cases where the diagonal subsystems have disjoint poles.

Index Terms—Decentralized control, diagonal dominance, intercon-
nected systems, stabilization.

1. INTRODUCTION

Consider an [V-channel p X m multivariable system in transfer ma-
trix representation

Z11(s) Zin(s)

Z(s) = (1)

ZNL(S) Z]\,'N(S)
where Z;;(s) is pi X mj for i,j € N := {l,...,N} with
p=>,pi,m= Z,’ m;. A main problem in decentralized control
is to determine whether the p X m system can be stabilized by
local controllers Z.;(s),i € N, each of size m; X p; and each
stabilizing its own main diagonal subsystem represented by Z;;(s).
Alternatively, the problem is finding a decentralized controller
Z. = diag{Zc1,Zc2y. .., Zen} simultaneously stabilizing Z and
its diagonal part Zg := diag{Zi1,Z22,...,ZnN}, [5]. This is a
fundamental problem of decentralized action since it seeks an answer
to the question “When do local solutions result in a similar global
solution?”

The problem can be traced to the work of Rosenbrock [6], where
well-known single-input—single-output (SISO) frequency domain de-
sign techniques are extended to multiloop systems satisfying certain
“diagonal dominance” or “weak interaction” properties. A review of
the existing results on the problem can be found in [2, Ch. 4]. In [15]
and [3], related problems are studied. In [9], the problem for N = 2 has
been posed as one of reliable stabilization of a feedforward intercon-
nected system. In [10], a multichannel generalization of the problem
has been posed as a decentralized concurrent stabilization problem and
it has been established that the problem is equivalent to decentralized
strong stabilization of a transformed plant resulting from an application
of an initial decentralized controller to Z. The so called “decentralized
blocking zeros” are in turn central to the solution of the decentralized
strong stabilization problem, [10].

Let P denote the set of (proper) transfer functions and let
G(s) € PP*™ be a transfer matrix. A number sq in the extended
closed right half complex plane is called an unstable blocking zero of
G(s) if G(so) = 0. Similarly, s is called an unstable decentralized
blocking zero of Z if for some permutation {iy,...,iy} of N the
following holds: Z;,;,(s0) = 0,k =1,...,N, Il =1,..., k. Amain
result of [10] and [8] on decentralized strong stabilization problem is
that Z admits a stable decentralized stabilizing controller if and only
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if there are an even number of poles of Z between evey pair of real
unstable decentralized blocking zeros of Z. The constructive part of
the proof of this result requires the assumptions

Z is strongly connected, [1], and Vi,j e N,i#J

rank Z;; > 2 orrank Zj; > 2. 2)

The problem of simultaneously stabilizing Z and Z, is equivalent to
decentralized strong stabilization of some initially compensated system
Z(Zco), where Z.o = diag{Zco1,...,Zecon } is a stabilizing con-
troller for Z,. While the decentralized blocking zeros of A (Zeo) canbe
explicitly described independent of the initial controller Zo, its poles
depend on the choice of Z.¢. This result of [10] is thus not as trans-
parent as one would desire. Nevertheless, there are three important spe-
cial cases, where the condition for solvability can be stated purely on
the original plant [8]. The difference plant Z.q¢ := Z — Z, plays a
major role in all these cases. This is natural to expect since our problem
is one of simultaneous stabilization using a special structure controller
and since, by [12, Lemma 5.4.20], some parity interlacing property of
the difference plant is the main solvability condition for simultaneous
stabilization of two plants.

i) In case the difference plant Z.¢ is stable, under any diagonally
stabilizing initial controller Z. o, the plant A (Z.0) can be shown
to be decentrally strong stabilizable. What makes the problem
nontrivial is thus the unstable poles of the difference plant.

ii) Suppose that the diagonal subplants Z;; are all stable. The

problem has a solution if and only if Z.g is strong decentral-

ized stabilizable, i.e., there are an even number of its poles
between each pair of its real unstable decentralized blocking

Zeros.

Suppose a minimal realization of Z is stabilizable and de-

tectable from every channel : = 1,...,N. If N is odd,

then Z and Z; can always be simultaneously stabilized by

a decentralized controller. If N is even, then Z and Z; can

be simultaneously stabilized if and only if there are an even

number of real poles of Z, counted with multiplicities, between

each pair of real unstable decentralized blocking zeros of Z. .

Note, with regard to iii), that, by definition, stabilizability and de-
tectability from any one of the channels, say channel-1, would actually
be sufficient to stabilize the overall system by a local stabilizing con-
troller applied there. The diagonal subsystems of the resulting closed
loop system would be also all stable. This would not however consti-
tute a solution to our problem which assumes that the local controllers
at channels 2,..., N are “blind” to what goes on in channel-1. The
local actions at channels 2,..., N to stabilize the respective subsys-
tems would hence, in general, destroy the stabilizing action taken by
the local controller at channel-1.

We investigate, in the next section, another case for which the decen-
tralized simultaneous stabilization of Z and Z, is made possible by an
assumption on Z,s . The main result, Theorem 2, can be obtained by
investigating the decentralized strong stabilizability of Z(Z.). How-
ever, we will give a direct proof, thereby eliminating the connectivity
assumptions (2). We also focus on the case N = 2 and state and prove
the results for the two-channel case only for notational clarity. All re-
sults of the next section, Lemma 1, and Theorems 1 and 2, are valid in
the NV -channel case, but details have to be worked out.

iif)

II. DIAGONAL DOMINANCE METHODS

All Nyquist array based (block) diagonal dominance methods to de-
centralized control, [14], and many of the “interaction measure” [2]
techniques are based on the following assumption.
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(A)Z and Z4 = diag{Zi1,...,ZnnN} have the same number of
unstable poles with multiplicities.

The assumption clearly concerns the difference plant Z.# and one
expects that simultaneous stabilization problem will be easier to solve
under such an assumption. However, the relevance of A to decentral-
ized stabilization needs clarification. For instance, [11], it is neither
implied by nor implies the lack of unstable decentralized fixed modes:
Consider Z = [Z;;],i,7 = 1,2 with Z;1 = (1)/(s — 1),Z12 =
1, Z21 = (5)/((s = 1)?), Zos = (1)/(5 — 1). Assumption A is sat-
isfied for Z since both Z and diag{Zi1, Z22} have a double pole at
s = 1. However, Z has an unstable decentralized fixed mode at s = 1.
Also, a plant can be devoid of unstable decentralized fixed modes while
A fails. Let Z11 = Z12 = Zos = (1)/(.5 + 1),221 = (1)/(.5) The
2 x 2 plant Z = [Z;;] has no unstable decentralized fixed modes and
A fails.

We clarify, in Theorem 1, the connection between A and unstable de-
centralized fixed modes in an important special case. We first need the
following result in which S denotes the set of stable transfer functions.

Lemma 1: If A holds and if the unstable poles of the diagonal sub-
systems Zi1 and Zso are disjoint, then the overall transfer matrix Z
has the bicoprime representation Z =

|:P11C1

P C ](DlDzzczzcl)*[DlRu D3 Ry») 3)
2202

for some nonsingular matrices D;,C;, D;;,C;; and matrices
P,.R;;,i = 1,2 over S satisfying D1 Dss = D2Dy1,C2Cy =
C'11C> and such that the following fractions are coprime:

P C5', Dy Ra

22,

PQQCGI,DQQIRM- 4)

Proof: Consider an arbitrary bicoprime fractional representation
Z = [P{ PYQ '[R1 R:], where ‘prime’ denotes “transpose,”’
over S in which, say, @ is 7 X r. Let C; = gerf {P;, @} and write
P = PﬁCi,Q = QiC,- for: = 1,2. Also let D; = g(‘lf {Qi,R,‘}
and write Ql = D;Q;,R; = D;R;; fori = 1,2. Here, “gcr()f”
denotes “greatest common right (left) factor” so that the matrices
(Qi, P;;) are right coprime and (Q:, R;;) are left coprime over
S, see [4]. Since we started out with a bicoprime representation,
(Dy,D2) is left coprime, (C2,C4) are right coprime, and we
write D7' D> = D22 D7, C2CT' = €' Cas for right coprime
(D32, D11) and for left coprime (C11, Caz) over S. It follows that

det C; ~ detC;,detD; ~ det D,;, 1 =1,2 5)

where, for a,b € S,a ~ b means that ¢ and b are associates, i.e.,
they are equal upto multiplication by a unit of S. Noting that ) =
D@ Cy = D2(Q2Cs, we can then write

C22Q7 " Doy = C11Q5 "Dy (6)

Now, the diagonal subsytem transfer matrices are Z;; = P;;Q; 'Ry
and are in bicoprime fractional representation for ¢ = 1, 2. By hypoth-
esis, they have disjoint poles for i = 1 and i = 2 so that det()y and
det( are coprime in S, which implies that both sides in (6) must be
matrices over S. In other words, we can write

Qi = bjéja Dj; = bjUj* Cj; = ‘f]é] (N

for suitable matrices over S and for é,j = 1,2,7 # j such that
ViU, = VoU,. We now show that U; and V; are actually unimodular
matirices as a consequence of hypothesis A. In fact, by A, we have
det@Q ~ det @ det @2, which gives det®; =~ detC;detD; =
fori,j = 1,2 and i # j. But then, using (5) and (7), det @, det ﬁ] ~
det Cjdet D, det U det Vj, which gives detU; detV; ~ 1, ie.,
U;,V; are indeed unimodular matrices for j = 1,2. Hence, by (7),
Q; = D;;(V;U)'Cj;vi,j = 1,2,i # j. We can now redefine
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Di; < D (V;U;)™* fori = 1,2 so that still DT ' Dy = D22 D7;' by
ViUi =VaUsz and Q: = D;;C;; fori # j. (]

Supposing (3) exists, let us express Zi1 and Zz2 in left and right
coprime fractional representations. Let

Di'Rys = RyDy Y, D3 Ry = RiDJ!
PuCyn = Co P, PnCt = O P, ®)

for left coprime matrices (éi,.f)]') and right coprime matrices
(R;,D;),i # j. Also, let

PID;21 = D;lpl.PgDﬂl = _Drl_[—:’z
Cod' Ry = R1Cy Y, O Ry = RoCH ©)

where, for i # j,(D;, P;) are left coprime and (R;, ;) are right
coprime. It follows, by various coprimeness conditions, that for i, j =
1.2,i # j

Zi; = (D;C;)""P;R;; = P;Ri(D;C;)™" (10)
are right and left coprime fractions over S, respectively.

Theorem 1: If A holds and if unstable poles of the diagonal subsys-
tems are disjoint, then Z has no unstable decentralized fixed modes.

Proof: By Lemma 1, a bicoprime fraction (3), where

Q@ = Di1D3C22C5 is say r X r, exists. By [1] and by [4, Ch.
7] Z is free of unstable decentralized fixed modes if and only if the
matrices

D1D33C11Ch DzRQQ] {D2D11C’2201 DRy

PHCI 0 Pngg 0 ] (11)

are complete over S, i.e., their first r invariant factors are units of S.
Using coprimeness of (4) and (8), it follows that the first matrix is com-
plete if and only if

|:D22011 DméQ} 12

PCyy 0

is complete. This is because the first matrix in (11) and (12) can
be shown to have the same invariant factors over S. By hypothesis,
(det D3s,det Cq1) are coprime since their unstable zeros belong to
poles of different diagonal subsystems. By [4, Cor. (2.8)], the matrices
(D22, C11) are skew prime over S, i.e., there are matrices Das, Cy
such that D> C1 = 011.D22 with (C(u-/ -DZZ) right and (DQQ, C(u)
left coprime over S. Now, (9) implies that (12) is complete if and

22
PCu 0
complete over S as its first » invariant factors are unity. By similar
arguments, the second matrix in (11) is also complete and the result
follows.

Remark 1: When A holds and the diagonal subsystems have
common unstable poles, the unstable decentralized fixed modes seem
to arise from the common diagonal subsytem poles and (central)
unstable zeros. It is easy to see this, using the results in [5], for the
special case when Z is 2 x 2. Let Z = [(n;;)/(mi;)] = M 'N,
where (m;j,n;;),i,7 = 1,2 are coprime elements in S and (M, N)
are 2 X 2 left coprime matrices over S. Then, the common unstable
zeros of {m11, ma2,det N} are precisely the unstable decentralized
fixed modes of Z. .

Since, plants free of unstable decentralized fixed modes can be sta-
bilized by a decentralized controller, [13], Theorem 1 gives that plants
satisfying assumption A and having disjoint unstable poles in the di-
agonal admit decentralized stabilizing controllers. We show now that,
for such plants, we can do much better.

Theorem 2: Suppose A holds and the diagonal subsystems Z;; and
Z>> have their unstable poles disjoint. Then, there exists a decentralized
controller simultaneously stabilizing Z4 and Z.

only i %1 is complete. But, this matrix is obviousl
ly if p y



532

Proof: By Lemma 1, we have the fraction (3). We now establish
that there exist controllers Z.; := L;K; " and matrices L;, fori =
1,2, satisfying the following conditions simultaneously:

éj[(ibj + Pll:?.li,l =1

i,j=12,i#j (13)
U:=1- Pl Rgizpzﬁlil is unimodular, and (14)
Li:=D;L;D; " i,j=1,2,i #j. 15)

are matrices over S. We can then rewrite (13) as
ﬁjé’in'i+ﬁiRiiLi :[,i ;ﬁj (16)
by (15) so that Z.; is a stabilizing controller for Z;; for ¢« = 1,2.

Moreover, the closed-loop denominator matrix attained by Z.;, i.e.,

D Dy2C22Cy DiRi1Li D2Ra2Lo
Qi1 = P Cy I 0
— P2 Cs 0 K>

satisfies, diag{T, Co, C1 }Qu1diag{I, D2, D1} =

DiDs, 0 0] [I RiLi  RoL»

-P, T 0|0 I PiRyLy | A

P, 0 I][0 BRI I
with A := diag{C2C1,1,1}, where (8), (9), and (13) are em-
ployed. Since det(D1D22) = det D, det Dy and det(Cs2C)) =

det C'l det C. 2, it follows that det Q11 is equal to the determinant of
the middle matrix, or

det Q)11 = det (I - Zz)lffzizf)zf{lil) 17)

which is a unit by (14). Therefore, diag { Z.1, Z.2 } stabilizes the diag-
onal part Z; as well as the overall system Z.

We now prove the italicized statement above to complete the proof.
Let controllers in right coprime fraction Lo; K;" satisfy

i (18)

Such controllers exist since, by (10), (D e s P, R;;) are left coprime
fori,j = 1.2,i # j.Letd, := det[) ~ det D; and ¢; =
det C; ~ det C; fori = 1,2 and note that (cads, D1Ch) is left co-
prime. We can hence choose Lo such that cod. divides it, i.e., Loz =
cada Hos for some matrix Ho2 over S. By (18), Lio:= D;lLiolA)i is
a matrix over S and satisfies

D;CiKoi + P.Ri;Lo; = 1. ij=12,

Consider, for arbitrary X; over S and for¢,j = 1,2,i # j,
Ki = Koi — PR X: Li=Loi+C;X,D; (20)

which clearly still satisfy (19), i.e., C;K;D; + P;R;L; = I.i.j =
1,2,7 # j. Also note that, if Xo = c2d2Y> for some Y>, then L, =
cado Hy for some Hy over S. It can be directly verified that the condi-
tion (15) is also satisfied for any X; and Y>. We now choose Y> and
X to ensure that L‘Ki_ L satisfy the condition (14). Let us first note
that Y can be fixed so as to make

M:=1-PRyL:PyR Lo @2n

nonsingular. In fact, let y be such that Y5 := yé{ liogﬁ; L is over
S and at some real number a,y(«) = 1. (Choose, for instance,
« to be any real number that is neither a zero of d» nor ¢ and
define y(s) = (ca(s)da2(s))/(c2(a)d2(x).) Now, we can write
M =1- (1 - y)f’lf?zzzoﬁgfhiol which satisfies _M(a) =171
so that M is nonsingular. With Y3, and hence X., so fixed we
next choose X1 such that U = M — PiRyLoP.RiCoX 1Dy =
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I — P1Ezﬂgpgﬁ1t)iold)—.ﬁ1é f{gpgﬁ)ngégdelDz is
unimodular, where the last expression is by Ly = codoHs.
Let T := D9P1R9H9P2Rl(’2 G = TCzda We consider
U := DyUD;', whichis U = I — TLoyadjD, — GX;.
Clearly, U is unimodular if and only if U is. Referring to [12,
Cor. 5.3.6 and Th. 4.4.2], we need only show that at the unstable
zeros of the smallest invariant factor of G, i.e., at the unstable zeros of
sif(G), det (I — T Lo adj 152) has constant sign. For any square non-
singular matrix B and any rectangular A, it is easy to see that sif(AB)
divides det Bsif(A). Thus, sif(G)dividescyds sif (T). Now, if any
complex number sq in the right half plane is either a zero of ¢z or a
zero of sif (T'), then det [T — T'(so) Lo (s0)adjDa(s0)] = det T =1,
Also, if s is an unstable zero of ds, then

det[[ — T(S())LOL (80) adJ f)g (80)]
= det{f bl [ad_] bQ(So)]T(So)Lm (S(])} =1
since dy divides (adj ﬁg)T. Therefore, at all unstable zeros of
codysif(T), and of sif(G), det (I — T'Ly, adj D») has constant sign
so that [7 and U can be made unimodular by a suitable X;. |
Remark 2: If A holds but Z11 and Z-> have common unstable
poles, then one can show, in the 2 X 2 case of Remark 1, that Z,
and Z can be simultaneously stabilized if and only if there are an
even number of unstable zeros of niin22 det N between every
pair of real unstable zeros of gef{mi1,m22}. This condition cor-
responds to (gcf{mi1,maz}, niinae det N) being coprime and
having the parity interlacing property. In the multivariable case,
one may thus expect that Z; and Z can be simultaneously stabi-
lized if and only if there are an even number of elements of the set
{s: Z11(s) = 0 or Z22(s) = 0 or Z(s) = 0} between every pair of
common real, unstable diagonal subsytem poles. As a consequence,
if det [V is identically zero, then the lack of unstable common poles
of Zi1 and Z»2 becomes a necessary condition for solution of the
problem. .
The construction in Theorem 2 of local stabilizing controllers
achieving global stability can be summarized as follows.

i) Obtain the fractional representation (3) for Z following the pro-
cedure of Lemma 1.

ii) Determine initial stabilizing local controllers Lo; K; L

fying (18). Make sure that cods divides Lo2.

Determine Y5 such that M of (21) is nonsingular. Let X5 :=

iv) Determine X such that U is unimodular using [12, Cor. 5.3.6].

v) Compute L; Kﬂ according to (20) and (15), where X; and X»
are substituted from ii) and iii).

satis-

ii)

The following simple example illustrates this procedure.

Example: Consider
_1 1
_ | 261 25
2(s—1) 2s
s s 77l L
— |: s+1 s+1:| |: s+1:|
= | _ 1 25—1 1 1
s+1 s+1 s+1 s+1
in which

Pi=[10] P,=][01] R1={0—

1 17
R = |:_s+1s+1:|

and () is the denominator matrix shown previously.
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i)  We obtain (3) by C; = C2 = Cy1 = Cs2 = I, and by

o 1 -1
D, = |:S+1 0] Dy = |: 1 25—1 :|

0 1 TS s+1

0 1 0
Ru=| 4 |.D2= s—1

-1
sfl . s+1 L
— |51 T s+t — | T st

D]1 |: 1 1 :| RQ? |: 0 :|

It can be checked that D1 Dy = D2 D11, Q = D1 D22Co2Ch
and (3) is obtained. Let us alo identify left and right coprime
fractions for Z11_and Z32. We have D3Ry = RiD;', and

D1_11R22 = sz)l_l, where
- ! ~ s—1
R = |:2(s+1) :| D, =
2(31+1]) s+1
f?z: |:_2(s+1):| Dlz s '
ey s+1

A]SO,PL'; = f’a: Pz',‘i = ];,Qar}dc’ii :~éz = Cz IAI,iAI

1, 2. Moreover, PD;! = D;'P, and P2D}' = Di'Ds,
where Dy = s/(s+ 1)

- s—1

Dy =

ii) Initial stabilizing controllers for

s—1\"" 1
R = (s—l—l> 2(s+1)
Zor = (D\C)' PR () 1
A T TAGH+L) 2+ 1)

are easily computed (in this simple case by inspection) as

Loilxy(;l,i = 1,2 with Ko, = 1,1301 = Loy = 4,Kp2 =

(s4+3)/(s +1). Loz = Lox = —2(s — 1)/(s + 1), where

cods = (s —1)/(s+ 1) is a factor of Lys.

Here, on letting Xo = (s — 1)/(s 4+ 1)Y2, we have M =

LH(D)/(s+1))[=2(s—1)/(s+1)+(s(s—1))/((s+1)*) Y]

nonsingular for the choice Y = 0. Thus, U = 1 — (s —

/(205 + 1)) (4 + (s — /(s + 1)X1).

iv) Note that when evaluated at the two unstable blocking zeros s =
1 and s = oo of the coefficient of X1, 1—(2(s—1))/((s4+1)*)
is equal to 1. Restricting X; to be of first order, it can be com-
puted, using e.g., root-locus, that U is unimodular for X; =
0.286(s+5)/(s+0.1) with its zeros at { —3.0699, —0.1719+
0.7416¢, —0.3432 &+ 0.66667 } .

v) Fixing X asiniv) and X2 = 0, we obtain that

Zii = (D2Co)™' Py

iii)

4(s+1)(s+0.1)40.286(s—1)(s+5) 0
— (s+1)(5F0.1)=0.143(s+5)
T 0 —9s-l
+3
4.2865245.5445s—1.030 0 3
_|: $24+0.9575s—0.615 ]
- _2871
s+3

simultaneously stabilizes Z, and Z.

Note that the construction of Theorem 2 is not necessarily efficient,
i.e., it may involve more computations or yield higher order conrollers
than necessary in some cases. In fact, for our example in which diag-
onal subsystems are scalar, the second controller need not contain the
unstable zero at s = 1 and it is easy to check that diag{4, 2} is another
solution to the problem. .

III. CONCLUSION

‘We have shown that the assumption A is a crucial one for stabilizing
a system by stabilizing its main diagonal subsystems and somewhat
trivializes the existence of a solution: A by itself ensures a solution
to exist and no extra conditions such as diagonal dominance need be

imposed. This has been established in Theorem 2 for the case in which
the unstable poles of the diagonal subsytems are disjoint. In the general
case, when diagonal subsystems have some common unstable poles, a
similar result is expected. If Z is 2 X 2, for instance, one can show that
it is possible to simultaneously stabilize Z4 and Z if and only if there
are an even number of zeros of ZiZ22Z between every pair of real,
unstable, and common diagonal subsystem poles. Extension of this re-
sult to multivariable case is currently under investigation. In closing,
we should mention that when stabilization is not the only concern and
other design specifications are present, the diagonal dominance prop-
erty is very useful as illustrated in [7].
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