Every Fourier optical system is equivalent to
consecutive fractional-Fourier-domain filtering

Haldun M. Ozaktas and David Mendlovic

We consider optical systems composed of an arbitrary number of lenses and filters, separated by
arbitrary distances, under the standard approximations of Fourier optics. We show that every such
system is equivalent to (i) consecutive filtering operations in several fractional Fourier domains and (ii)
consecutive filtering operations alternately in the space and the frequency domains.
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In this paper we consider systems composed of an
arbitrary number of lenses and filters-separated by
arbitrary distances [Fig. 1(a)], under the standard
approximations of Fourier optics.! We show that
every such system is equivalent to, and can be
modeled as, both of the following: (1) Consecutive
filtering operations in several fractional Fourier
domains [Fig. 1(c]. Each fractional-Fourier-trans-
form stage transforms from one fractional domain to
another in which a multiplicative filter is applied.
More precisely, every Fourier optical system is equiva-
lent to a sequence of appropriately chosen multiplica-
tive filters inserted between fractional-Fourier-trans-
form stages with appropriately chosen orders. (2)
Consecutive filtering operations alternately in the
space and the frequency domains [Fig. 1(d). Each
time a Fourier transform is applied we alternate
between the space and frequency domains, in which
multiplicative filters are applied. More precisely,
every first-order optical system is equivalent to a
sequence of appropriately chosen multiplicative fil-
ters inserted between appropriately scaled Fourier-
transform stages. These equivalences provide con-
siderable conceptual simplification and insight
regarding such systems and should also facilitate
their design and analysis.

Members of the class of quadratic-phase sys-
tems2* are characterized by linear transformations
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of the form

pout('x) = f h(x7 x,)pin(x,) dx,’

hlx, x') = C explim(ox? — 2Bxx’ + vx'2)], (1)

where C is a complex constant, and «, B, and y are
real constants. Optical systems involving an arbi-
trary sequence of thin lenses separated by arbitrary
sections of free space belong to this class.®> The
class of Fourier optical systems (more precisely called
first-order optical systems?) consists of arbitrary thin
transmissive filters sandwiched between arbitrary
quadratic-phase systems |Figs. 1(a) and 1(b).

The kernels associated with a thin lens with focal
length f, propagation over a distance d, and a
multiplicative filter A(x) are given respectively by!

hlens(x’ x’) = Clen58<x - x’)exp(—iﬂ'x2/)\f), (2>
hspace<x> x,) = Cspace exp[iq'r(x - x!)2/)\d]’ (3)
hﬁlter(x7 x,) = a(x - x’)h(x) (4>

\ is the wavelength of light. One-dimensional nota-
tion is employed for simplicity.

The fractional Fourier transform?-? is a subclass of
the class of quadratic-phase systems. In its most
general form, the fractional Fourier transform has
three parameters: the order a, the input scale
parameter s;,, and the output scale parameter s;;.2
(When we set s;, = s, = 1, we recover the pure
mathematical form of the transform.) The kernel is
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Fig.1. a. First-order optical system with input p;,(x) and output

Poutlx), consisting of several lenses, filters, and sections of free
space. The transmittance functions of the filters are indicated
directly above them. b. The system modeled as a sequence of
multiplicative filters sandwiched between quadratic-phase sys-
tems, each of which is characterized by its matrix parameters A;,
B;j,Cj,and D;. c. The system modeled as a sequence of multipli-
cative filters sandwiched between fractional-Fourier-transform
stages, each of which is characterized by its order a;. The scale
parameter s is the same for all stages. d. The system modeled
as a sequence of multiplicative filters sandwiched between conven-
tional Fourier-transform stages, each of which is characterized by
its scale parameter s;.

given by
1y —
hfrac(x’ x ) -
_ x? xx' x'?
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out In“ou in

5)

where ¢ = aw / 2. The ordinary Fourier transform is
obtained when we set « = 1. In this paper it is
sufficient to employ fractional transforms with s;;, =
Sout = S.

Apart from the constant factor C, which has no
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effect on the resulting spatial distribution,® a mem-
ber of the class of quadratic-phase systems is com-
pletely specified by the three parameters «, B, and vy
[Eq. (1)]. Alternatively, such a system can also be

completely specified by the transformation ma-
trix23.11-14

v/B 1/B
B +oay/B o/p

with AD — BC = 1. Ifseveral systems, each charac-
terized by such a matrix are cascaded, the matrix
characterizing the overall system can be found by
multiplying the matrices of the several systems.?3

First, we show that any quadratic-phase system
can be expressed as the concatenation of a lens
followed by a fractional Fourier transform followed
by another lens, as expressed by?

A B}:{ 1 0

A B
AN

C D

cos ¢ s%sin ¢

C D| |-1/fA 1|-s2sind cosd

10
SRV "

where f; and f, are the focal lengths of the lenses on
the left and the right of the fractional Fourier
transformer, respectively. The matrices appearing
on the right-hand side of the above equation are
obtained by Egs. (2, (5), and (6). (For other similar
decompositions see, for instance, Refs. 11-14.)

Now, let us set the scale parameter s according to
our free choice and solve the above equation for ¢, f
and f,, in terms of A, B, C, D, and s. The resultis

B
sin ¢ = 2’ b €[-m/2, /2], (8)

Ak = £\

B
= —\,'W_‘i s .

9)

B
1-BYs-A

(Upon writing the above solution, we realize that we
are not fully free in choosing s; we may choose it
freely subject to the constraint s2 = |B|.)

The existence of the above solution implies that
each of the quadratic-phase systems in Fig. 1(b) can
be replaced by a lens followed by a fractional Fourier
transform followed by a lens. Now, by absorbing
the transmittance functions of the lenses in that of
the adjacent filters, that is, by defining

2

hjlx) = exp

—imx - (—ifrrx2) 10
(x)ex )
ﬁ\’jﬂ\)\ ! P f’j)\

we arrive at the configuration of Fig. 1(c), which is
what we sought to show.

Returning to Eq. (7), let usnow seta = 1 (¢p = /2).15
This time, we can solve for s, f;, and f, in terms of A,




B, C, and D as follows:

s = \B, fx=— fA=7" (11)

If B < 0, the above solution will not be valid, but we
can obtain a complementary and valid solution in the
same manner by setting @ = —1 (corresponding to an
inverse Fourier transform) instead of a = 1.

Again, each of the quadratic-phase systems in Fig.
1(b) can be replaced by a lens followed by a scaled
Fourier transform followed by a lens. By causing
the absorption of the transmittance functions of the
lenses in that of adjacent filters as in Eq. (10), we also
prove the second result.

Fractional Fourier transforms can be realized
optically with bulk lenses?16-18 or quadratic graded-
index media.l® Thus, for instance, our first result
implies that any first-order optical system can be
realized by sandwiching of multiplicative filters be-
tween segments of graded-index media. This would
essentially be a physical embodiment of Fig. 1(c).
The fractional Fourier transform also has an O(N log
N) time digital implementation.20-21

In previous work®!? we had referred to filtering
systems of the form of Fig. 1(c) as generalized filter-
ing systems. In contrast to conventional Fourier-
domain filtering systems these systems employ a
multitude of filters in several consecutive fractional
Fourier domains. Whereas the use of a single con-
ventional Fourier-domain filter allows us to realize
only space-invariant (convolution type) systems, gen-
eralized filtering systems represent a more general
class of linear systems, including many space-
variant operations that are useful for a variety of
applications such as the elimination of nonstation-
ary noise and restoration of signals under space-
variant distortion models.?1-22

Our first result means that the analysis or the
design of Fourier optical filtering systems of arbi-
trary configuration [Fig. 1(a)| is equivalent to, and
thus can be reduced to, that of a generalized filtering
system. In other words, any arbitrary Fourier opti-
cal filtering system acts on the input in a way that is
equivalent to applying consecutive filters in frac-
tional Fourier domains. Any results, methods of
analysis or design, and algorithms developed for
generalized filtering systems are thus also appli-
cable to such Fourier optical systems.

An important special case of the second result is
also worth noting. Since a fractional Fourier trans-
former is a special type of quadratic-phase system, it
can also be expressed in terms of a lens followed by
an ordinary Fourier transform followed by a lens.
Thus, according to our second result, any system of
the form depicted in Fig. 1(c) can be reduced to one of
the form depicted in Fig. 1(d). This means that
generalized filtering systems employing fractional
transforms [as in Fig. 1(c)| can be reduced to general-
ized filtering systems employing only the ordinary
Fourier transform [as in Fig. 1(d)]. Applying multi-

plicative filters alternately in the space and the
Fourier domains allows us to do everything that we
can do by applying filters in fractional domains.
[The following generalization can also be demon-
strated similarly: Applying multiplicative filters
alternately in any given two domains (provided their
orders do not differ by an integer multiple of 2) allows
us to do everything that can be done by any of the
configurations mentioned in this paper.|

This result does not compromise the conceptual
and practical utility of the fractional Fourier trans-
form. The fractional transform may be conceptu-
ally indispensable in devising an algorithm or design-
ing an effective filter,?2 even if the system is then
reduced to one that does not employ fractional
Fourier transforms. Furthermore, one would not
necessarily engage in such a reduction, since compu-
tation of the fractional transform—both optically
and digitally—is not more difficult than computation
of the ordinary transform. The computation of ordi-
nary and fractional transforms can both be reduced
to each other. The implementation of Fig. 1(c) is not
more difficult than that of Fig. 1(d).

From a practical viewpoint the implementation of
the necessary filters may be much easier in certain
domains, as compared with others. For instance, in
chirp elimination23 the filters necessary in fractional
domains are simple apertures or knife edges, whereas
in the ordinary space and Fourier domains they
would have to be complex functions. Furthermore,
it may be easier to minimize deviations from the
standard approximations of Fourier optics in one
configuration as opposed to another. In conclusion,
the equivalence results shown in this paper should
be used to increase the number of alternative physi-
cal realizations that are nominally (within the ap-
proximations of Fourier optics) equivalent, not to
reduce them to one. These alternative realizations
provide additional degrees of freedom that may
allow us to deal effectively with certain practical and
technical constraints, such as the need to use catalog
optics, the need to limit sensitivity to parameter
deviations, and limitations on the realizability of
filters.

We conclude by briefly outlining an alternative
formulation of our first result. An easy generaliza-
tion of Eq. (7) to the case s;, # sou has the following
implication: Any quadratic-phase system can be
interpreted as a fractional Fourier transform by
choice of appropriate input and output scale factors
and spherical reference surfaces.? Since there are
sufficient degrees of freedom, we are allowed to fix
the scale factor and the radius of the reference
surface on the input side. Once this is done, the
order of the transform, and the scale factor and the
radius of the reference surface on the output side,
are determined in terms of A, B, C, and D. By
introducing the constraint that the input scale factor
and the radius of the input reference surface of each
stage be set equal to the corresponding output
quantities of the previous stage, we can reduce a
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system of the form depicted in Fig. 1(b) to a system of
the form depicted in Fig. 1(c) such that h;(x) = h;(x).
[When the radii of the spherical reference surfaces on
both sides of the filter are the same, we simply find
the amplitude distribution on the right by multiply-
ing the amplitude distribution on the left by h;(x).]
Unlike in the original derivation above, in this
system the scale factor is not uniform throughout the
stages.
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