Nonseparable two-dimensional fractional Fourier transform
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Previous generalizations of the fractional Fourier transform to two dimensions assumed separable
kernels. We present a nonseparable definition for the two-dimensional fractional Fourier transform
that includes the separable definition as a special case. Its digital and optical implementations are
presented. The usefulness of the nonseparable transform is justified with an image-restoration exam-
ple. © 1998 Optical Society of America
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1. Introduction

The fractional Fourier transform of the order a; is
defined in a manner such that the common Fourier
transform is a special case with the order a; = 1.
The one-dimensional (1-D) fractional Fourier trans-
form of the order a, can be defined for 0 < |a,| < 2 as

FoL F(0)](x) = j B, (x, &) f(x)dx’, (1

B, (x,x') = A, explim(x® cot d; — 2xx’ esc by
+ x'% cot d;)], (2)

where A, = exp[—i(md,/4 — b1/2))/[sin 4|2, & =
a,m/2, and b, = sgn(dp;). The kernel is defined sep-
arately for a; = 0 and a; = =2 as By(x, x') = d(x —
x') and B.o(x, x') = 38(x + x’). The definition can
easily be extended outside the interval [—2, 2] if we
note that F¥*%1(x) = F(x).1

Some essential properties of the fractional Fourier
transform are (i) it is linear, (ii) the first-order trans-
form (a; = 1) corresponds to the common Fourier
transform, and (iii) it is additive in index, F“F°1§ =
Futbig. The kernel of the inverse transform is
given by B, (x, &) = B_,(x, x') = B, *(x, x).
Other properties can be found in Refs. 1-8.

The fractional Fourier transform can be realized
optically like the ordinary Fourier transforma-
tion.349-14 Thus it has many applications in optical
signal processing.3-6.9-11,13-22
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The fractional Fourier transform definition can
easily be extended to two dimensions if one assumes
a separable kernel.4-12-14.23  These definitions have
separable kernels and possess properties similar to
the 1-D transform. The separable two-dimensional
(2-D) fractional Fourier transform of the orders a, for
the x axis and a,, for the y axis for 0 < |a;| < 2and 0 <
lay| < 2, respectively, is defined as

Fref(x, y)](x, y)

=J‘ J B, (%, y; 2", y) f(x', y)dx'dy’, (3)

where

B, o,(%,y;x",y") = Bo,(x, x") B,(y,y"). 4)

Both x and y are interpreted as dimensionless vari-
ables.

The properties and optical implementations of the
2-D fractional Fourier transform are given in Refs. 12,
14, 24, and 25. The separable 2-D fractional Fourier
transform is nothing but a repetition of the transform
in the x and the y directions independently and is not
the most general definition possible in two dimensions.
In this paper we propose a nonseparable definition for
the 2-D fractional Fourier transform that is more gen-
eral than the separable one. We first explain our mo-
tivation in looking for a new, nonseparable transform.
After giving the new definition, we derive its proper-
ties. Both the digital and optical implementations of
the nonseparable definition are presented. Finally,
we use an image-restoration example to justify the
usefulness of the nonseparable definition by showing
that better performance is obtained compared with the
separable definition.



(a) (b)

Fig. 1. Transform orders and directions for (a) the separable
transform and (b) the nonseparable transform.

2. Motivation

Many properties of the Fourier transform generalize
trivially to two dimensions, but new properties exist
in two dimensions, such as the following: If f(x, y)
has a 2-D Fourier transform F(x, y), then f(ax + by,
cx + dy) has a 2-D Fourier transform given by

1 _(dx—cy —bx+ay
G(x,y):KF A > A 4

5)

where A = ad — bc.26 Because the Fourier trans-
form is a special case of the fractional Fourier trans-
form, we look for a similar property for the 2-D
fractional Fourier transform; however, the 2-D frac-
tional Fourier transform does not have a similar
property. IfF, , (x,y)is the 2-D fractional Fourier
transform of f(x, y) with the orders a¢; and a,, then
G, «,(%,y), which is the 2-D fractional Fourier trans-

ay,a

form of f(ax + by, cx + dy), cannot be represented in

tion for us to look for a new definition for the 2-D
fractional Fourier transform.

3. Nonseparable Fractional Fourier Transform

Here we present our new, nonseparable definition for
the 2-D fractional Fourier transform. We define the
nonseparable fractional Fourier transform in such a
manner that it corresponds to the fractional Fourier
transformation along the arbitrary x’ and y’ direc-
tions with the orders a; and a,, respectively. It is
equivalent to the rotation of the x and the y axes
followed by the separable definition. First, the x
axis is rotated by an angle 6,, and the y axis is rotated
by an angle 6,. Thus the x axis is mapped to x’,
which makes the angle 6, with the x axis, and the y
axis is mapped to y’, which makes the angle 6, with
the y axis. This is equivalent to mapping f(x, y) to
fl(cos 6;x + sin 6,y)/cos(6; — 05), (—sin Byx +
cos 0yy)/cos(6; — 65)]. Then the 2-D separable frac-
tional Fourier transform operator with the orders a,
and a,, is applied to f(cos 6;x + sin 0,y)/cos(6; — 05),
(—sin 0,x + cos 05y)/cos(0; — 05)]. The resulting
transformation is the new, nonseparable 2-D frac-
tional Fourier transform.

The new definition has four parameters: a4, a,,
0, and 6,. The parameter 6, is the angle between
the x axis and the x' axis, a, is the order specified
along the x' direction, 6, is the angle between the y
axis and the y' axis, and a,, is the order along the y’
direction. The nonseparable fractional Fourier
transform can be written mathematically as

FirooL [ (r)](r) =f f B 00,0, ¥) f(x")dr”,  (6)

terms of a scaled version of F,, , (x,y) with a relation where
similar to that of Eq. (5). This is one of our motiva- )
tions for searching for a new nonseparable definition. By a000,(, 1)

The separable definition has two parameters, a, = Ay, explin(x"Ar + 2r"Br” + ¥'’Cr")], (7)
and a,. The function is fractionally Fourier trans- r .
formed along the x and the y axes with the orders a, Apoy = Ap Ay r=[xy], r=[x"y"T,

_ [cot &y 0
A= | 0 cotdy]’ ®)
[ cos 0, csc by sin 0; csc ¢,
_ cos(0; — 0y) cos(0; — 0y)
B= sin B, csc b,  cos 6 csc by |’ ©)
| cos (B; — 0,) cos(06; — 0y)
[ cos? 6, by + sin? 0, 6 sin 6, cos 0, N sin 6, cos 6, b
— = C0 ————C0 - CO — - CO
cos?(0; — 65) 1 cos?(0, — 0,) ? cos?(0; — 05) 1 cos?(0, — 0,) 2
C= . . 9 . g (10)
sin 0, cos 0, N sin 0, cos 0, £ cos” 0, £ by + sin” 0, td
- CO ——g - CO —— = CO —— = CO
| cos®(B; — 0,) ! cos(6, — 0) ? cos?(6, — 0) ? cos(6, — 0,) !
and a,, respectively, as shown in Fig. 1(a). More  Here it is important to note that x’ and y’ determine

generally, we wish to specify both the directions x’
and y’ and the orders a; and a, of the 2-D transform,
as can be seen in Fig. 1(b). This is another motiva-

the directions along which we specify the orders,
whereas x” and y” are merely dummy variables. We
denote this nonseparable fractional Fourier operator
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by F 52, whereas the separable transform is denoted
by F“2. The term Fghg* reduces to F*»** if one
chooses 6; = 6, = 0.

This definition with four parameters is specified by
its nonseparable kernel. We constructed the defini-
tion in such a way that it corresponds to the fractional
Fourier transformation along arbitrary x’ and y' di-
rections. The following theorem states that, when a
linear distortion is applied to the function, its non-
separable fractional Fourier transform can be repre-
sented in terms of the linearly distorted form of the
transform of the original function.

Theorem 1. The nonseparable fractional Fourier
transform of f(ax + by, cx + dy) with the orders a,
and a, can be represented in terms of the nonsepa-
rable fractional Fourier transform of f(x, y) as

Fourier transform despite the fact that considerable
algebraic manipulations are involved.

We mentioned in Section 2 that the nonseparable
definition is a generalization of the separable defini-
tion. The reader may wonder whether even more
general definitions that employ more than four pa-
rameters are also possible. For instance, we might
propose a six-parameter transform defined as the
separable fractional Fourier transform of f(ax + by,
cx + dy) with the orders a¢; and a,. We now show
that such a definition is redundant because the sep-
arable fractional Fourier transform of f(ax + by, cx +
dy) for any parameters aq, a,, a, b, ¢, and d can be
represented as a scaled version of the four-parameter
nonseparable transform.

Fosdl flax + by, cx + dy))(x, y) = kFE f(x, )@’ + by, ¢'x + d'y),

b1 = dy COtl[

b2 = by Cotl[

(11)
k = exp(Cyx* + Cy,y* + Cyp04x9),
Dy,
(a cos 0, + b sin 0,)% — (c cos 0; + d sin 0,)* |’
Dy,
(d cos 0, + ¢ sin 0,)> — (b cos 0, + ¢ sin ;)% |’
1/2

_[(a cos 8, + b sin 6,))[(d cos 0, + ¢ sin 0,)* — (b cos 0, + a sin 6;)?]
0] = cos !

b
D9192

o 1[(al cos 0, + ¢ sin 6,)*[(a cos 0, + b sin 0,)*> — (c cos 6; + d sin 62)2]]1/2
} = cos ,

Delez

csc dq[(d cos 0, + ¢ sin 6;)cos 0; + (b cos B, + a sin 0,)sin 6,]

a =

csc &} cos(0; — 05) ’

_csc dyf(c cos 0, + d sin 6y)cos O; + (a cos 0, + b sin 6,)sin 0]

csc ¢f cos(0; — 0y)

b

_ csc &[(d cos B, + ¢ sin 6;)sin 6; — (b cos 6, + a sin 6;)cos 0,]

d' =

csc ¢y cos(0; — 0,) ’

csc ¢yl (a cos 0, + b sin 0,)cos 0, — (¢ cos 0, + d sin 0,)sin 0,]

where we employ the intermediate variables

csc &g cos(0; — 0y)

K

Dy, = [(@ cos 6; + b sin 6,)*(d cos 0, + ¢ sin 6;)” — (b cos 6, + a sin 6;)*(c cos 6; + d sin )],
cot ¢i{[(a cos 6; + b sin 05)* — (c cos 0, + d sin 6,)°] — Dy .}

0 {[(a cos 8; + b sin 6,)* — (c cos 0, + d sin 0,)%] — cot? $b1Dg o} ’
_cot &u{[(d cos 0, + ¢ sin 6;)” — (b cos 0 + ¢ sin 6,)°] — Dy}

®2 " {[(d cos 0, + ¢ sin 6;)> — (b cos 0, + a sin 6;)%] — cot? &2 Dy,

Cyi0;=0'b" cot d1 +c'd’ cot s.

Proof: The proof of this property follows directly
from the definition of the nonseparable fractional
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Theorem 2: The fractional Fourier transform of
f(ax + by, cx + dy) with the orders a; and a,, accord-



ing to the separable definition, can be represented as

a scaled version of the nonseparable fractional Fou-

rier transform of f(x, y):

F flax + by, cx +dy)|(x,y) = kF

A = (ad — be),
d), _ d) COtil (a2d2 _ bZCZ)
1 1 Ag(ag B 02) ’
0! = cos ! 7a2(d2 -0 |
1 (a2d2 B bZCZ) ’

csc dq(d cos 0; + b sin 0,)
A csc d1 cos(6; — 0y)

b

csc &¢(d sin 6; — b cos 0,)
c = )
A csc ¢ cos(0; — 0y)

Likewise, a definition for the 2-D fractional Fourier
transform with more than four parameters will be
redundant.

gi’,’,gé[f(x, y)](a’x + b’y’ c'x + d’y),

1
k = X eXp[C¢1x2 + Cd’zyz + Cd)l"(béxy],

d)’ _ d) COtil (a2d2 _ bZCZ)
2 2 Az(d2 B bz) 9
0, = cos ! 7d2(a2 —) |
? @d* - b*?) |

_csc dy(c cos 0; + a sin 0,)

b/
A csc ¢ cos(6; — 0,)

K

_csc dyla cos B, — ¢ sin 0,)
A csc ¢ cos(6; — 0,)

!

K

where the intermediate variables are
1 2 2
k= K eXp(C¢1x + C¢2y + C(blf,(bzrxy),
A = (ad — be),

_ cot bi[A*a® — ¢?) — (a%d? — b%cH?]
b1 T [A4(a2 _ 02) — cot? d)l(azdz _ bzcz)z] ’

_ cot o[ AN — B) — (®d® — %]
by T [A4(d2 _ bZ) _ C0t2 ¢2(a2d2 _ b202)2] ’

Cfbisd’é = a,b, cot d)i + C’d, cot d)é

Proof: This theorem can easily be proved by use
of the definitions of the separable and the nonsep-
arable 2-D fractional Fourier transforms through
straightforward yet lengthy algebraic manipula-
tions.

Theorem 2 states that the separable fractional
Fourier transform of any function f(ax + by, cx +
dy) can be represented as a linearly distorted ver-
sion of the nonseparable fractional Fourier trans-
form of the original function. This result indicates
that the six-parameter definition is redundant.
An analogy with the common Fourier transform
might be useful. We know that, when a function is
scaled, its Fourier transform can be represented as
a scaled version of the Fourier transform of the
original function. Thus it is redundant to define a
transform called the “scaled Fourier transform.”

4. Properties of the Nonseparable Fractional Fourier
Transform

Theorem 3: The kernel of the inverse transform
is

arapono, T ) = Ay . exp[—im(x’Cr + 2r'B'r”
+ I‘"TAI'")], (12)

where A, B, and C are given in Egs. (8)—(10). Note
that the kernel of the inverse transform B;,laz,el,ez(r’
r”) is not equivalent to B _o,(T, T") or
B*al,*az,elaez(r’ I').

Proof: We know that the fractional Fourier
transform according to the new definition can be de-
composed into an affine transform followed by the
separable definition. Thus

—ay,—ag, 0y,

Foroal f(x, y)] = F**{ f[(cos B,x + sin 6,y)/cos(6; — 6,),
(—sin B,x + cos 0,y)/cos(0; — 0,5)]}.

(13)

By using the inverse kernel given in Eq. (3) and ap-
plying the inverse of the linear coordinate distortion,
we find that the result follows easily.

Theorem 4: The nonseparable definition is uni-
tary:
B;kl,az,el,OZ(xa s x”’ y”) = B;iaz,ﬂl,ez(x”’ y”; X, y) (14)

Proof: By using the kernel of the nonseparable
transform in Eq. (6) and its inverse in Eq. (12), we
find that the proof follows.

Theorem 5: Let We(x, y; w,, u,) be the Wigner
distribution of f(x, y). If g(x, y) is the nonseparable
fractional Fourier transform of f(x, y) with the pa-
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rameters a4, ay, 6, and 65, then the Wigner distribu-
tion of g(x, y) is related to that of f(x, y) through the
following:

Wg(r7 IJ“) = Wf(Ar + B“‘a Cr + D'J“)a (15)
r=[x yI', p=lw wl, (16)
where
_ 1 [ cos ¢y cos 0; cos by sin 61]
cos(6; — 0,) | —cos &y sin B, cos b, cos 0, |’
a7
B - 1 [ —sin ¢, cos 0, —sin ¢, sin 61]
cos(6; — 0,) | sin d; sin O,  —sin b, cos 0, |’

(18)
1 [ sin ¢, cos 0,  sin ¢, sin 6, |
C=— —— . . . ,
cos(6; — 0,) | —sin &, sin 6;  sin ¢, cos 6 |
(19)
_ 1 [ cos ¢, cos B,  cos b, sin 0, |
cos(6; — 0,) | —cos &, sin 6; cos b, cos 0, |
(20)

Proof: This is again a direct consequence of the
definition of the nonseparable transform and the def-
inition of the Wigner distribution. The Wigner dis-
tribution is defined as

W, p) = .r f(r + IJ)f’"(]t‘ - IJ)exp(i2frrpLT1f")d1t"
b 2 2 b
- (21)

where

r=[xy]", r=[yT, p=[kwl" 22

The relation between the Wigner distribution of a 2-D
function and the Wigner distribution of the affine-
transformed version of that 2-D function is given in
Ref. 27. We also know the effect of the separable 2-D
fractional Fourier transform on the Wigner distribu-
tion.2¢ The above result follows easily from these
facts when they are applied succesively. Results of a
similar nature for various kinds of transforms are
discussed in Ref. 28.

It should be noted that the nonseparable transform
discussed in this paper is not a fractional operator in
the strict sense. For 6; = 6, = 0, it does correspond
to the identity transform and the Fourier transform
when a; = a, = 0 and a; = a, = 1, respectively.
However, the operator F3g? is not the fractional
power of 9%;,162. Nevertheless, because the trans-
form is motivated by the desire to fractional Fourier-
transform an image along directions other than the
orthogonal x and y axes and because its applications
are natural extensions of those of the separable frac-
tional Fourier transform, we find it appropriate to
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Fig. 2. Optical setup for simulating anamorphic sections of free
space.

output

refer to it as the nonseparable fractional Fourier
transform.

5. Digital Implementation of the Nonseparable
Transform

Because of the oscillatory nature of the fractional
Fourier transform, its digital implementation is time
consuming with simple integration techniques.
However, in Ref. 29 a fast algorithm for the frac-
tional Fourier transform is presented. Although
direct computation would require O(N?) multiplica-
tions, this fast algorithm computes the transform in
O(N log N) time.

To use the nonseparable definition for practical
purposes, we need a fast digital implementation. By
definition, it is composed of a linear distribution that
is followed by the separable definition. In image
processing several algorithms exist for linear distor-
tions.3031  To implement the nonseparable fractional
Fourier transform of f(x, y) with the parameters
aq, ay, 04, and 05, we first compute f[(cos 6;x +
sin 6,y)/cos(6; — 05), (—sin 0,x + cos 05y)/cos(8; — 05)].
This is achieved by use of the bilinear interpolation
method. Then the fast algorithm given in Ref. 29 is
applied. The resulting transformation is the nonsep-
arable fractional Fourier transform. The computa-
tion time is again of the order of O(N log N), where N
is the number of pixels in the 2-D function (image).

6. Optical Implementation of the Nonseparable
Transform

To implement the nonseparable fractional Fourier
transform optically, it is necessary to employ anamor-
phic or cylindrical lenses and anamorphic sections of
free space. When a distribution of light passes
through an anamorphic lens, it is multiplied by the
function

(2 Yy
exp{—m(}\fx + M, + Af;ey):| , (23)

where [, f,, and f,, are the parameters of the lens.
Such a lens can be simulated by two cylindrical lenses
that make appropriate angles with the x and the y
axes. When a distribution of light propagates



through an anamorphic free space, it is convolved by
the function

(&Y ay

S Al
where d,, d,, and d,, are the parameters of the ana-
morphic free space. Such anamorphic sections of free
space can be simulated by use of anamorphic lenses, as
shown in Fig. 2. This is based on the fact that con-
volution in the space domain corresponds to multipli-
cation in the Fourier domain. The parametersd,, d,,
and d,, of the anamorphic sections of free space that
we are simulating are related to the parameters of the
anamorphic lens £, f,, and f,, according to

s*(f5 — f:f,) s'(fo — f.f)

dy="— g =t

x }\2](;6]('5}, 4 y )\2 y}(;CZy ’
s'(fufy — 1)

dy=——""%77 26

w Nfof oty (26)

where s is the scale factor associated with the Fourier
blocks and is given by s = V/\f, with f being the focal
length of the spherical lens used to realize the Fourier
transforms. Thus by control of the parameters of
the lenses, it is possible to simulate sections of ana-
morphic free space with desired parameters.

If an input function f(x, ¥) is given with its argu-
ments in meters, we can then introduce the input

(24)

(25)

Loty fofnty

input output

Anamorphic
Free Space

d, d, d,

Fig. 3. Optical setup for realizing the nonseparable fractional
Fourier transform.

scale factors s, and s, and the output scale factors
Sy, and s, to obtain the function f(x, y) with dimen-
sionless arguments, according to f(x, y) = f(s,,, s, )-
The output is given by Eq. (6) in a form that again
takes dimensionless arguments. It can easily be
converted into a form whose arguments are in meters
by substitution of (x/s, ,¥/s, ) for (x,y).

With this understanding, the system shown in Fig.
3 will realize the nonseparable transform with the
specified parameters ¢, dy, 04, 05, 5, , s, ,ands, if

we choose the design parameters d,, d,, dxy, f1s Fro
fay1> fx2s fy2, and f,,5 according to the following:

Sy Saw cos(0; — 0y)

d,= 27
2\ cos 60, csc ¢y @D
s, S, cos(6; — 0
8 _ Yin" Yout ( 1 2) (28)
2\ cos 04 csc ¢y
s, S, cos(B; — 6 —s, s, cos(6; — 6
dxy — in youf ( 1 2) — Yin t).ut ( 1 2) , (29)
2\ sin 0, csc b, 2\ sin 0, csc ¢,
i _ 2cos B, csc B cos® 0, cos ¢, + sin? 0, cot by (30)
Ma Sy, Se,, €08(6; — 65) - cos?(6; — 6,) ’
1 2cos6;cscd, cos® 0, cos ¢, + sin® 0, cot b, @1
My 8,8y, cos(6; — 65) ' cos®(0; — 6) ’
1 2 sin 6, csc ¢, 2 sin 64 cos 0, cot b; — 2 cos 6, sin 0, cot ¢,
= 5 , (32)
Myt 8x, Sy, €08(0; — 05) S, Sy, €0s”(0; — 05)
1 2 cos 6, csc cot
1 2801 _ eobdy (33)
)\ﬁc2 sxinsxout COS(BI - 62) sxout
1 2 cos 6, csc cot
L 1 b - b, ’ (34)
)\f;@ SinSYout COS(el o 62) SYout
1 2 sin 0, csc
_ 2 CSC by . (35)
)\ﬂyz Sxinsyout COS(el - 92)
10 August 1998 / Vol. 37, No. 23 / APPLIED OPTICS 5449



Fig. 4.

(a) Original image.

Unfortunately this system does not allow the spec-
ification of all four of the scale parameters s, , s, ,
Sy, and s, —independently. If we spec1fy S, an

then s and s

must be chosen in a way
to satlsfy the followmg

t’

Stpy _ Sy, SIN 0, csc ¢, (36)
sy, Sin 0, csc b,

syout

If we specify s, ” and s,  instead, then s, and s,
must be chosen in a way to satisfy the followmg

S, —S,  sin B, csc
Sty _ Sy S B €€ Gz (37)

Sy, Sy SIN 07 csc by

7. Application to Signal Restoration

Fractional Fourier domain filtering232-38 has been
applied successfully to the restoration of both 1-D and
signals and 2-D images. Allowing different trans-
form orders along the x and the y directions gives
greater flexibility and results in smaller mean-square
errors (MSE’s) in the restoration of images. This
flexibility is exploited in Ref. 39. However, in Ref.
39 the separable fractional Fourier transform is em-
ployed so that the fractional transform orders cannot
be specified along arbitrary directions but are re-
stricted along the orthogonal x and y axes. Here we
show that allowing the transform orders to be speci-
fied along arbitrary directions results in greater flex-
ibility and further reduction in estimation error.
Consider the following signal observation model:

o=%(f)+n, (38)

where #(---) is a linear system that degrades the
desired signal f and n is an additive-noise term.
Our problem is to recover f as closely as possible.
The error criterion to be minimized is the MSE. Itis
assumed that the correlation functions of the input
and the noise processes are known R(x,y;x',y') =
E[f(x,y) f(x", )], R,(x,y;x",y") = E[n(x,y)n(x’, y")].
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(b)

(b) Noisy image with a value of SNR = 1.

We first apply the fractional Fourier transform oper-
ator F¢52 to the observation o to transform it to the
fractlonal Fourier domain characterized by the four
parameters a4, a,, 6, and 6,. Then we apply a mul-
tiplicative filter g in this domain. Finally, we in-
verse transform to the original space domain. Thus
the estimate can be expressed in the form

= {Fim g Firizo)],

where {Fgr “2}_ is the inverse nonseparable frac-
tional Fourier transform operator. The MSE is

o= E[|f — 1.

Because the nonseparable fractional Fourier trans-
form is unitary, this MSE is equal to the error in the
transform domain. It can be shown by modification
of the solution in Ref. 39 that the optimal filter func-
tion that minimizes the MSE is

Rps(x,y;x",y")

2ot (39)
R5,6(x, y; X ’ y )

gopt(x’ y) =

In Eq. (39), f and 6 are the nonseparable fractional
Fourier transforms of f(x, y) and o(x, y), respectively,
with the parameters a4, a,, 6,, and 0,. Rz ;(x, y; x/,
y')and R, ;(x,y;x’,y’) are the correlation functions in
the transform domain. They are defined as
x',y') = E[f(x, y)o(x', y')],

R; 5(x,y; (40)

Rso(x,y;x',y") = E[6(x, y)o(x', y')]. (41)
These correlation functions can easily be calculated
from the correlation functions in the space domain.
The optimal choice of a4, ay, 87, and 8, are those that
result in the minimum MSE.

We now consider an example that benefits from the
use of the nonseparable transform. We choose a de-



(b)

Fig. 5. Original image. (b) Noisy image with a value of SNR = 0.1.

Fig. 6. Images with a value of SNR = 1: (a) Image filtered by the separable transform.

terministic additive distortion with well-defined
time—frequency characteristics:

f(x,y) + Clexp[1.6im(x" — 7.3)%]
+ exp[1.4im(y’ + 7.3)*]}, (42)

where f(x, y) is the desired image and C is a constant
that allows us to adjust the signal-to-noise ratio
(SNR) to different values. The original and the dis-
torted images can be seen in Figs. 4 and 5.

The two chirps that constitute the distortion are
not oriented along the x and the y directions but along
arbitrary x" and y’ directions. We consider two cas-
es: SNR = 1 and SNR = 0.1. The SNR is defined
as

” |f(x, y)|*dxdy
SNR = . (43)
In(x, y)*dxdy

(b)

(b) Image filtered by the nonseparable transform.

We compare the use of our nonseparable transform
with the separable transform. The method in Ref.
39 makes use of the separable definition and mini-
mizes the MSE by optimization over all possible com-
binations of a; and a,. With the same approach the
optimum transform orders are found to be a; = 0.35
and a; = —0.4. (Remember that the separable
transform is a special case of the nonseparable trans-
form with 6; = 6, = 0.) The restored images for
SNR = 1 and SNR = 0.1 can be seen in Figs. 6(a) and
7(a), respectively.

When we use the filtering method based on the
nonseparable transform, we optimize over 6, and 6,
in addition to a¢; and a,. The optimum parameters
are found to be (a; = 0.35, 6; = 15°) and (a, = —0.4,
8, = 30°). Figures 6(b) and 7(b) show the restored
images for SNR = 1 and SNR = 0.1, respectively.
(Because of computational constraints, we restrict
our search to a local minimum only. It might be
possible to obtain even better results by use of more
sophisticated optimization methods.)
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Fig. 7.

Images with a value of SNR = 0.1:
transform.

T T T
0.024F - e B E e ER IR RPISREPPRRRRE |

0.0221 s : ; S 4
0.0z . B
: *
0.018} ok B
DA 0016 ,eo : i
2 0.0141 - e X *« -
»
0.012H R
x

0.011 * B
0.008 - ‘ . * : : R

0.006 \ H . H H H .

o 5 10 15 20 25 30

91

Fig. 8. Normalized MSE as a function of 0, for a value of SNR = 1.

The improvement when SNR = 0.1 is immediately
visible when Figs. 7(a) and 7(b) are compared. In
this case the nonseparable definition gives a MSE of
0.020, whereas the separable definition results in a
MSE of 0.101. Thus the MSE is reduced by a factor
of 5.  When SNR = 1, the visible improvement is less
evident, but nevertheless the MSE has decreased
from 0.029 to 0.0084, and the MSE is reduced by a
factor of 3. (The MSE values given here are all nor-
malized by the energy of the original image.)

Figures 8 and 9 illustrate the nature of the mini-
mum point as they show how the MSE changes as
either 6, or 6, is perturbed from its optimum value.
We expect 2-D fractional Fourier domain filtering to
find many applications in optical systems. This is
because the types of distortion for which fractional
Fourier domain filtering achieves the greatest bene-
fits arise naturally in optical systems. For example,
line defects on optical components produce a chirplike
distortion. Because the angle between the defects
will not necessarily be 90°, use of the nonseparable
transform will result in greater improvements com-
pared with use of the separable fractional Fourier
transform and the ordinary Fourier transform.
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(a) Image filtered by the separable transform.

(b)

(b) Image filtered by the nonseparable
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Fig.9. Normalized MSE as a function of 0, for a value of SNR = 1.

Such filtering schemes could also find application in
optical systems to remove twin images in hologra-
phy‘40

8. Conclusion

The fractional Fourier transform has been general-
ized to two dimensions by application of the 1-D def-
inition in the x and the y directions separately.
Because the transform defined in this manner is sep-
arable, its properties are similar to that of the 1-D
transform. The separable definition fails to satisfy
certain properties that the common Fourier trans-
form satisfies. When a linear distortion is applied to
the function, its 2-D fractional Fourier transform can-
not be represented as a linearly distorted version of
the fractional Fourier transform of the original func-
tion. In this paper we have defined the nonsepara-
ble fractional Fourier transform for which it is
possible to specify the transform orders along arbi-
trary directions without being constrained to the or-
thogonal x and y axes. We have also shown that an
even more general definition is redundant because it
can be expressed as a scaled version of the definition



proposed in this paper.

The digital and optical im-

plementations of the nonseparable definition have
been given, and its properties have been presented.
Finally, we have considered an application that jus-
tifies our new definition.
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