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Optimal Channel Switching Over Gaussian Channels
Under Average Power and Cost Constraints
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Abstract—Optimal channel switching that provides the high-
est performance over a set of Gaussian channels with variable
utilization costs is investigated in the presence of average power
and average cost constraints. First, generic cost functions are
considered, and it is shown that the optimal channel switching
strategy performs channel switching (time sharing) among at most
three different channels and always operates at the average power
and average cost limits. Also, for channel switching between two
channels, relations between the optimal power levels are obtained
depending on the average power limit, and it is proved that the
ratio of the optimal power levels is upper bounded by the ratio
of the larger noise variance to the smaller one. In addition, for
logarithmic cost functions, the convexity properties of the error
probability are investigated as a function of power and cost, and
the optimal channel switching strategy is shown to employ at
most two channels, which can easily be determined based on
specific formulas, when the average power limit is larger than a
certain threshold. Numerical examples are presented to provide
illustrations of the theoretical results.

Index Terms—Channel switching, Gaussian channel, time shar-
ing, probability of error.

1. INTRODUCTION

IME sharing among different power levels, detectors,

or channels can provide performance improvements for
communication systems that operate under average power con-
straints and in the presence of additive time-invariant noise
[1]-[12]. For example, the average probability of error for
some communication systems that are subject to multimodal
noise can be reduced by performing time sharing between
two different signal levels for each information symbol [2]. In
other words, instead of transmitting a constant signal value for
each information symbol, performing "randomization" (time
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sharing) among multiple signal values can result in perfor-
mance improvements in certain cases [2], [13], [14]. Similarly,
jammer systems can achieve improved jamming performance
by time sharing among multiple power levels [1], [4], [5]. In
[1], it is shown that a weak jammer should employ on-off
time sharing to maximize the average probability of error of a
receiver that operates in the presence of zero-mean symmetric
noise, such as Gaussian noise. The study in [5] investigates
the optimum power allocation policy for an average power
constrained jammer operating over an arbitrary additive noise
channel, where the aim is to minimize the detection probability
of an instantaneously and fully adaptive receiver that employs
the Neyman-Pearson criterion. It is shown that the optimum
jamming performance can be achieved via time sharing be-
tween at most two different power levels, and a necessary and
sufficient condition is provided for the improvability of the
jamming performance via time sharing of the power compared
to fixed power jamming schemes.

Time sharing among multiple detectors, which is also called
detector randomization, presents another approach for improv-
ing error performance of average power constrained commu-
nication systems that operate over an additive time-invariant
noise channel [6]-[9], [15], [16]. In this approach, a receiver
has multiple detectors and employs one of them at any given
time according to a certain time sharing strategy. In [6], an
average power constrained binary communication system is
considered, and the optimal time sharing between two antipo-
dal signal pairs and the corresponding maximum a posteriori
probability (MAP) detectors is investigated. Significant per-
formance improvements can be achieved as a result of the
proposed approach in the presence of symmetric Gaussian
mixture noise for a certain range of average power limits. In
[7], the results in [2] and [6] are generalized by considering an
average power constrained M -ary communication system that
can employ time sharing among both signal levels and detectors
over an additive noise channel with some known distribution.
It is proved that the joint optimization of the transmitted sig-
nals and the detectors at the receiver results in time sharing
between at most two MAP detectors corresponding to two
deterministic signal constellations. [9] investigates the benefits
of time sharing among multiple detectors for the downlink of a
multiuser communication system and characterizes the optimal
time sharing strategy. In a related study, the form of the optimal
additive noise is obtained for variable detectors in the context
of noise enhanced detection under both Neyman-Pearson and
Bayesian frameworks [8].

In the presence of multiple channels between a transmit-
ter and a receiver, performing time sharing among different
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channels, which is called channel switching, can provide certain
performance improvements [1], [10]-[12], [17]. In the channel
switching approach, communication occurs over one channel
for a certain fraction of time, and then it switches to another
channel during the next transmission. In [1], the channel switch-
ing problem is studied under an average power constraint for
the optimal detection of binary antipodal signals over a number
of channels that are subject to additive unimodal noise. It is
shown that the optimal solution is either to communicate over
one channel exclusively, or to switch between two channels
with a certain time sharing factor. In [12], the channel switching
problem is investigated for M -ary communication systems in
the presence of additive noise channels with arbitrary prob-
ability distributions and by facilitating time sharing among
multiple signal constellations over each channel. Under an
average power constraint, the optimal solution that minimizes
the average probability of error is obtained as one of the fol-
lowing strategies: deterministic signaling (i.e., use of one signal
constellation) over a single channel; time sharing between two
different signal constellations over a single channel; or switch-
ing (time sharing) between two channels with deterministic
signaling over each channel [12]. In a different context, the
concept of channel switching is employed for cognitive radio
systems with opportunistic spectrum access, where a number
of secondary users try to access the available frequency bands
in the spectrum [18]-[20].

Although the channel switching problem has been investi-
gated thoroughly under an average power constraint (e.g., [1],
[12]), no studies have considered the cost of communications
over different channels in obtaining the optimal channel switch-
ing strategy. In practical systems, each channel can be asso-
ciated with a certain cost depending on its quality [21]-[26].
For example, a channel that presents high signal-to-noise ratio
(SNR) conditions has a high cost (price) compared to channels
with low SNRs [22], [25]. Therefore, it is important to consider
costs of different channels while designing a channel switching
strategy. In this study, the optimal channel switching problem
is formulated for Gaussian channels in the presence of average
power and average cost constraints. First, generic cost values
are considered for the channels and the optimal channel switch-
ing strategy is characterized. Then, logarithmic cost functions
are employed to relate the cost of a channel to its average noise
power [26], and specific results are obtained about the optimal-
ity of channel switching between two channels or among three
channels. Finally, numerical examples are presented to explain
the theoretical results. The main contributions of this study can
be summarized as follows:

* The optimal channel switching problem over Gaussian
channels is investigated under an average cost and average
power constraint for the first time.

* For generic cost functions, it is shown that the optimal
channel switching strategy is to switch among at most
three different channels (Proposition 2), and that the opti-
mal strategy must operate at the average cost and average
power limits (Proposition 1).

* For channel switching between two channels, relations
between the optimal power levels are obtained depending
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Fig. 1. A communication system that employs channel switching among K
additive Gaussian noise channels, where C; denotes the cost of using channel
4, and IN; is the noise component at the ith channel.

on the average power constraint, and it is proved that the
ratio of the optimal power levels is upper bounded by the
ratio of the larger noise variance to the smaller one under
certain conditions (Proposition 3).

* When cost values are related to average noise powers
according to a specific logarithmic relation [26], it is
shown for sufficiently high power limits that the optimal
channel switching strategy involves at most two channels
(Proposition 5) and that the optimal channel switching
between two channels can easily be specified based on
the average cost limit (Proposition 4).

A motivating application scenario for the proposed problem
is a cognitive radio system in which primary users are the main
owners of the spectrum, and secondary users can utilize the
frequency bands of primary users under certain conditions. As
discussed in [21], the frequency owners (primary users) can sell
certain part of their spectrum to secondary users for the aim of
maximizing their revenue. From the perspective of a secondary
user, there can exist multiple available frequency bands (chan-
nels) with different costs in this framework (see Fig. 1). Then,
the aim of a secondary user is to optimize its performance under
a certain cost constraint (budget). More specifically, among
the available channels in the spectrum (which have certain
cost values), a secondary user can perform optimal channel
switching to minimize its average probability of error under an
average cost constraint (together with power constraints that are
related to hardware constraints and/or battery life). Hence, the
proposed problem formulation is important for cognitive radio
systems in terms of performance optimization of secondary
users under realistic constraints. In addition, the formulation
also carries theoretical significance since the costs of different
channels have not been considered in the previous studies on
channel switching [1], [10]-[12], [17].

The remainder of the manuscript is organized as follows:
The system model and problem formulation are introduced in
Section II, and the optimal channel switching problem is stud-
ied for generic cost functions in Section III. In Section IV,
logarithmic functions are considered for the optimal channel
switching problem, and numerical examples are presented in
Section V. Finally, various extensions and some concluding re-
marks are provided in Section VI and Section VII, respectively.
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II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a communication system in which K additive
noise channels are available between the transmitter and the
receiver, as shown in Fig. 1. The transmitter-receiver pair can
synchronously switch among those K channels over time; i.e.,
they can perform time sharing among different channels by em-
ploying only one channel at a given time [1], [12]. The channels
are corrupted by independent zero-mean Gaussian noise com-
ponents, denoted by IN; for ¢ € {1,..., K'}. For channel i, the
components of IN; are independent and identically distributed
with a variance of af. In addition, there is a cost associated with
the usage of each channel, denoted by C; fori € {1,..., K}.
The cost values are specified by nonnegative numbers and they
satisfy C; > Cj if 07 < 0]2» for all 7 # j. In other words, if a
channel has a smaller (larger) average noise power, it has a
higher (lower) cost. Assigning costs to different channels or
measurement devices has various motivations and implications,
as discussed for example in [21]-[26].

A generic M-ary communication system is considered,
where the received signal corresponding to the ith channel is
expressed as

Y =P sY4+N;, je{0,1,... M-1}, ie{l...K}, (1)

where sgo), sgl), ce ng_l) represent the signal constellation

employed for communication over channel ¢, P; denotes the av-
erage power of the transmitted signal (assuming normalization
for the average energy of the signal constellation), and IN; is the
Gaussian noise over channel ¢, which is independent of sgj ) 1t
is assumed that the symbols are equally likely; that is, the prior
probabilities of the signals are equal to 1/M for each channel.

Let \; denote the fraction of time during which channel
¢ is employed for transmission, which is called the channel
switching factor for channel . The channel switching factors
satisty Zfil Ai=1land \; >0 Vie {1l...K}. In practice,
channel switching is performed by utilizing the ¢th channel for
100); percent of time for ¢ = 1, ..., K. The aim of this study
is to jointly optimize the channel switching factors and signal
powers to minimize the average probability of error (symbol
error rate) under average power and cost constraints. The error
probability of channel ¢ for a transmit power of P is represented
by gi(P), and the following assumptions are employed.

Assumption 1: The error probability over channel 7, denoted
by g;(P), is a convex and a monotone decreasing function of P.

Assumption 2: For C; > C; (equivalently, for o? < O'JZ»),
gl(P) < g](P),VP > 0.

As studied in [3], for maximum likelihood (ML) detection
over additive Gaussian channels, the error probability is a
convex function of the signal power for all 1-dimensional and
2-dimensional constellations (such as BPSK, PAM, QPSK,
and QAM, which are commonly employed in practice), and
it is convex also for higher dimensional constellations at high
SNRs. In addition, for Gaussian channels, the error probability
is a monotone decreasing function of the signal power and a
monotone increasing function of the noise power. Therefore,
Assumption 1 and Assumption 2 are applicable in practical
scenarios.
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When power P; is allocated to channel ¢, the average prob-
ability of error is expressed as Zfi 1Ai gi(P;), where \;’s are
the channel switching factors. In practical systems, there exist
an average power constraint and a peak power constraint, which
can be expressed as Zfil Ai Pi<Ap and P; €0, Pyax], where
Ap and P, represent the average power limit and the peak
power limit, respectively. It is assumed that Ppax > A, >0.
In addition, an average transmission cost constraint can be
stated as Zfil A C; < A, where A, denotes the average cost
limit (budget). Then, the proposed optimization problem can be
expressed as

K
{AH}J?K > i gi(P)

i=1 4=1

K K
subject to Z)‘i P, < A, Z Ai Oy < A,

=1 =1

K

D Ai=1,42>0, B0, P, Vic{l... K}
=1

2)

In other words, the aim is to obtain the optimal channel switch-
ing strategy that minimizes the average probability of error
under constraints on the average power, average cost, and peak
power.

In the remainder of the manuscript, it is assumed that the
noise variances o2’s of the channels are distinct without loss of
generality. This is mainly because of the fact that if there are
multiple channels with the same noise variances, it is always
better to employ only one of them due to the convexity of
the error probability.! Hence, the problem formulation that
considers only the channels with distinct noise variances is
sufficient to achieve the overall optimal solution.

In the proposed problem formulation in (2), stochastic sig-
naling [12], [13] is not considered and the power levels, P;’s,
are modeled as deterministic quantities for each channel. This
is mainly due to the convexity of the error probability g;(P)
with respect to P, which implies that stochastic signaling (i.e.,
time sharing among different power levels) over a given channel
increases the error probability under an average power con-
straint. For example, instead of performing stochastic signaling
over channel ¢ via time sharing between power levels P; ; and
P, 2 and time sharing factors A; and (1 — );), respectively,
performing deterministic signaling with power A\;P; 1 + (1 —
i) P; 2 yields a lower error probability since \;g;(P; 1)+ (1—
Xi)gi(Ps2) > gi(NiP;1+(1—A;) P 2). Based on this argument
for each channel, it is concluded that the proposed formulation

ITo verify this statement, let channel i and channel j have the same
noise variances specified by a? = 032. = 02, and let g(P) denote their error
probability expression. Then, it can be shown that instead of employing channel
4 and channel j with powers P; and P; and channel switching (time sharing)
factors of \; and \j, respectively, it is always better to employ only one of these
channels with power (A; P; + A P;)/(A; + ;) and a time sharing factor of
(Ai + Aj). This is because of the convexity of g(P) for P > 0, which implies
that )\ZQ(PI) + )\jg(Pj) > (}\1 + )\7)9((>\1P1 + )\]P7)/(>\1 + )\7)) for all
Ai, Aj € (0,1) and P, P; > 0.



1910

in (2) covers the scenarios in the presence of stochastic signal-
ing as well since the joint optimization of channel switching
and stochastic signaling results in channel switching with de-
terministic signaling in the considered scenario.

Finally, it is worth mentioning that the results in this study
can also be applied to multipath channels with block frequency-
flat fading under the assumption of perfect channel estimation
at the receiver. In that case, the proposed channel switching
approach can be employed for each fading state.

III. OPTIMAL CHANNEL SWITCHING

In this section, a detailed theoretical investigation of the
optimal channel switching problem in (2) is presented. In the
following analysis, it is assumed without loss of generality
that the noise variances of the channels satisfy 0% < 03 <
.-+ < 0%, which implies that the cost values are ordered as
C1 > Cy > --- > Cg. In addition, the average cost limit A
in (2) is assumed to be larger than or equal to the minimum
of the cost values; i.e., A. > Ck, since (2) would yield no
solution otherwise. Then, the following remark, which specifies
two simple cases, is presented first.

Remark 1: (i) If A. = Ck, the optimal solution of (2) is to
transmit over channel K exclusively with power Ap,.

(i) If A. > (1, the optimal solution of (2) is to transmit over
channel 1 exclusively with power A,.

Proof: The first part is obvious since the use of another
channel apart from channel K would violate the average cost
constraint in (2) as Cy; > Cy > -+ > Cg = A.. Also, since
gi(P) is a monotone decreasing function of P, the optimal
strategy operates at the average power limit A, in (2).

To prove the second part, consider a generic strategy that em-
ploys channel switching with power P; and channel switching
factor \; for channel 7, which achieves an average probability of
error given by Zszl i gi(P;). Then, the following inequalities
can be obtained:

K K K
Y Ngi(P)>> Nigi(P) > g (Z i Pi> (3)
=1 =1 =1

The first inequality follows from the fact that g (P) < ¢;(P)
for all P >0 and i € {2,..., K} since channel 1 has the
smallest noise variance (the largest cost). On the other hand,
the second inequality follows from the strict convexity of g;
for positive arguments. It is noted that the expression on the
right-hand-side of (3) is the probability of error that is achieved
by employing channel 1 exclusively with power Zfil A P
Therefore, it is concluded from (3) that employing channel 1
exclusively always achieves a smaller average probability of
error than any strategy that employs channel switching. (Since
A. > (1, it is possible to employ channel 1 exclusively.) In
addition, since g1(P) is a monotone decreasing function of P,
the optimal strategy operates at the average power limit A,. W

Remark 1 presents intuitive results for two simple cases,
which can be summarized as follows: If the budget (average
cost limit) allows the use of the worst (cheapest) channel only,
then the only feasible approach is to employ that channel
exclusively, which becomes the optimal solution of (2). On the
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other hand, if the budget allows the use of any channel with
any switching factors, then the optimal solution is to employ
the best channel all the time by using all the available power;
that is, channel switching can only degrade the performance in
this scenario. Since the solutions in these two special cases are
obtained in a simple manner, we focus on the other scenarios
for which the average cost limit satisfies Cx < A, < C} in the
remainder of this study.

Instead of trying to solve the problem in (2) directly for
obtaining the optimal channel switching strategy, the proper-
ties of the optimal solution are investigated first to propose
alternative approaches that yield the optimal channel switching
strategy with reduced computational complexity. To that aim,
the following proposition states that the optimal solution of (2)
always satisfies the average power and average cost constraints
with equality.

Proposition 1: Assume that Cx < A < Cp and let
{\r, Pf}X | denote the solution of the optimization problem
in (2). Then, S5 \iPF = A, and Y215 | \iC; = A; that is,
the optimal channel switching strategy utilizes the maximum
average power and the maximum average cost.

Proof: The claims in the proposition can be proved
via contradiction. To prove the claim about the utilization of
the maximum average power, suppose that {)\Z,Pl}{il is an
optimal solution of (2) with Z{il AP, < A, and channel ¢ is
one of the employed channels (i.e., \; > 0) with P; < P ax.
Note that such a channel must exist since A, < Ppax. Next,
define another solution as {\;, P/} |, where P/ = P, V1 #i
and P; = min{P; + (A, — leil MNP /iy Prax }- It is noted
that P,[ > P;. Then, the following relation can be derived:

K K
S N g(P) =i gi(P) + Y N\ ai(P)
=1 =1

14

K K

>XNgi (P)+D> Nai(P)=> Na(P) 4
=1 =1
1#i

where the inequality is obtained due to the facts that g; is
monotone decreasing, P/ = P,V # i, and P > P;. From (4),
it is concluded that the solution {)\;, P, }/£,, which operates at
an average power below A, has a higher average probability
of error than {)\;, P/} . This leads to a contradiction since
{\, P}, was assumed to be an optimal solution of (2).
Therefore, a solution that operates at an average power below
A, cannot be optimal. In other words, an optimal solution must
utilize all the available powers; i.e., operate at the average power
limit, Ap.

To prove the claim about the operation at the maximum aver-
age cost, first suppose that the optimal solution employs at least
two different channels, say channel ¢ and channel j with powers
P; and P; and channel switching factors \; and A;, respectively,
where 7 < j (hence, C; > C}), and it operates at an average
cost of A!, which is strictly less than A.; that is, A], < A.. For
notational convenience, define F;; £ \P + A;P; and C) =
AiC; 4+ A;C;. Then, consider an alternative solution which
employs a similar strategy to the optimal solution except that
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it uses channel ¢ with power P/ and channel switching factor
7, and channel j with power P; and channel switching factor
Xi +Aj =7, where \; <y < Aj + Aj with yP) + (X + A —
v)P; = P;; (the same average power as the optimal one) and
YCi + (A + A —7)C; = Cx + Ac — A, (larger average cost
than the optimal one). By equating the average power terms
(that is, ’}/Pi/ + ()\1 + )\j — ’7)Pj = NP+ )\lej), H can be
obtained as P] = \; P,/ + (1 — A;/7)P;. Then, the following
relations can be obtained:

v 9i(P)+ N+ —7)g;(P))

=79 AiBi/v+(1=Ai/N)P))+ i+ =7)g;(P)  (5)
<A gi(P)+(v=Xi) 9:(Py)+(Xi+X—7)g;(P;)  (6)
< Ai gi(Bi)+2A; g;(Fj) Q)

where the first inequality is obtained from the strict convexity of
g; and the second inequality follows from the fact that g;(P;) <
g; (P;) since channel ¢ has a smaller noise variance (higher cost)
than channel j. The inequality in (5)—(7), namely, \; g;(F;) +
A 9;(Pj) > gi(P)) + (A + Xj —7)g;(P;), leads to a con-
tradiction since the optimal solution results in a higher average
probability of error than the alternative solution, which uses
the same average power but operates at the maximum average
cost. Therefore, it is concluded that a solution that employs at
least two channels and operates below the average cost limit
A, cannot be optimal. To complete the proof, suppose that an
optimal solution employs a single channel (say, channel 7) and
operates below A.; that is, channel ¢ is employed exclusively
with power P; and its cost C; is strictly smaller than A.; that
is, C; < A; < C1. Next, consider an alternative solution that
employs channel ¢ and channel 1 with channel switching factors
X, and 1 — N, respectively, and with the same power P;, where
N € (0,1). Then,

Nigi(Pi) + (1= X)) g1(Py)
< Ngi(Py) + (1= X)) gi(Pi) = gis(P;)  (8)

where the inequality follows from the fact that g1 (P) < g;(P),
V P, by definition (note that C; > C;). The inequality in (8)
leads to a contradiction since the alternative solution achieves
a smaller average probability of error than the optimal one
by using the same average power. Therefore, a solution that
employs a single channel and operates below the maximum
average cost cannot be optimal. Overall, since any channel
switching strategy either uses a single channel or switches
among multiple channels, the previous arguments prove that an
optimal channel switching strategy must always operate at the
maximum average cost. ]
Proposition 1 states that the optimal channel switching strat-
egy utilizes all the average power and average cost. Therefore,
the optimization problem in (2) can be solved by considering
equality constraints (instead of inequality constraints) for the
average power and average cost, which leads to an important
reduction in computational complexity. Another implication of
Proposition 1 is presented in the following corollary.
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Corollary 1: Assume that C'i < A, < C1.IfC; # A, Vi €
{1,..., K}, then the optimal solution of (2) involves channel
switching among multiple channels; that is, transmission over a
single channel is not optimal.

Proof: Let {\}, Py} | denote the solution of the opti-
mization problem in (2). Proposition 1 states that Zfi LG =
Ac musthold. If C; # A, Vi € {1,..., K}, then the condition
of Zfi 1 AfC; = A cannot be satisfied unless at least two
of A’s are nonzero, which implies switching among multiple
channels. |

It should be noted that the converse of Corollary 1 is not nec-
essarily true. That is, when C; = A, for some i € {1,..., K},
the structure of the optimal solution depends on the cost val-
ues and the average power constraint. In other words, either
transmission over a single channel or channel switching can be
optimal depending on the system parameters.

Although the optimization problem in (2) is formulated to
search over strategies that involve channel switching among up
to K channels, a similar approach to those in [8], [12], [13] can
be employed to restrict the optimal solution to a smaller subset
of strategies. Namely, the following proposition states that the
optimal solution of (2) can be expressed as channel switching
among min{ K, 3} or fewer channels.

Proposition 2: The optimal channel switching strategy is to
switch among at most min{ X, 3} channels.

Proof: 1f K <3, the statement in the proposition is
satisfied trivially. Assume that K > 3 and define the following
sets:

K K K
W= {(Zl A B, 2& gi(Pi)72)\i Ci>7

K
VA >0, ZAiszae[O,Pmax]} ©)
i=1

U={(P,g;(P),C;), Vie{l,...,K}, VP€0, Pnax]} (10)

It is noted that set U is the set of all triples (P, g;(P), C;), for
i1€{1,...,K}and P € [0, Pyax|, which consists of infinitely
many elements. Also, by definition, set W contains the optimal
solution of (2) since it consists of all possible average power,
average probability of error and average cost triples. In addition,
it is observed from (9) and (10) that WV is a subset of the convex
hull of set U; i.e., W C hull(U/). This is because of the fact that
all the triples in WV can be obtained as the convex combinations
of K elements in U/ whereas some convex combinations of the
elements of U/, which involve the use of at least one channel
multiple times,? are not included in V. Since W is contained
in the convex hull of set I/, any element of VV can be expressed
as a convex combination of dim(&/) + 1 = 4 elements in I as a
result of Carathéodory’s theorem [27], where dim(4/) denotes
the dimension of the space in which U/ resides. (Note that
U C R3.) In addition, since the aim is to achieve the minimum
average probability of error (see (2)), the optimal solution

2For example, the convex combination of (Pp,g1(P1),C1) and
(P2, 91(P2),Cq) is not included in W, which involves the use of channel 1
twice.
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corresponds to a point on the boundary of hull(/), which can
be achieved by a convex combination of dim(l{) = 3 elements
in U by Carathéodory’s theorem [27]. Finally, it is noted that all
such convex combinations are guaranteed to be elements of set
W due to the following reason: The difference of hull(l/) from
W (that is, hull(i{) \ W) consists of the points corresponding to
strategies that use at least one channel multiple times. However,
such strategies cannot be optimal solutions since the use of a
channel multiple times always increases the average probability
of error compared to the use of that channel once with the same
average power (which can be proved by an argument similar
to that in Footnote 1). Therefore, the optimal solution cannot
be in hull(U) \ W; i.e., it is always in W, which implies that
the optimal solution can be expressed as a convex combination
of up to 3 elements in U/ that correspond to different channel
indices (see index ¢ in (10)). Hence, channel switching among
up to 3 different channels is optimal. |

Based on Proposition 1 and Proposition 2, the optimal
channel switching corresponds to one of the following three
strategies:

Strategy 1—Transmission Over a Single Channel: In this
case, one of the channels is employed exclusively. Based on
Corollary 1, this strategy cannot be an optimal solution of
(2) unless there exists a channel with cost A.. If there exists
such a channel and i* denotes the index of that channel (that
is, C;» = A.), then the minimum average probability of error
achieved by this strategy is given by g¢;-(Ap), which corre-
sponds to transmission over channel ¢* exclusively by utilizing
the maximum available power (cf. (2)). Note that this strategy
may or may not be the optimal solution of the problem in (2)
depending on the system parameters.

Strategy 2—Channel Switching Between Two Channels:
In this strategy, channel switching is performed between two
different channels. Let channel ¢ and channel j denote those
channels. Then, based on Proposition 1, the problem in (2) can
be formulated under Strategy 2 as

omin A gi(P)+ (1= X) g;(P)

s £y L7y

subjectto A P; + (1 — \)P; = Ap,
ACi+(1-X)C;=Ac, Ae0,1],

Pi € [OaPmax]a Pj € [OaPmax]~ (11)

It is observed from the average cost constraint in (11) that,
for the optimal channel switching between two channels, one
of the channels should have a cost higher than A, and the
other channel should have a cost lower than A.. Therefore, to
obtain the optimal solution for Strategy 2, the problem in (11)
should be solved for KK, channel pairs, where K (K,) is the
number of channels the costs of which are lower (higher) than
Ac. In other words, the problem in (11) should be solved for
all channel pairs (i,7) € So, where Sy = {(4,7) : C; > Ac >
Cjandi,j e {1,...,K}}.

To investigate the properties of the solution of (11), a specific
expression is considered for the error probability over each
channel.
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Assumption 3: The error probability for channel i is ex-

pressed as
kP

where ) denotes the (-function, P is the average symbol
energy, o2 is the noise variance, and 7 and r are some positive
constants that depend on the modulation type and order [28].

As discussed in [28], the error probability for many co-
herent modulation schemes can be represented either exactly
or approximately (at high SNRs) in the form of (12); hence,
Assumption 3 provides a generic expression that can represent
various different scenarios.

Assume, without loss of generality, that C; > A. > C; for
the problem in (11). Then, the optimal value of A can be
obtained from the average cost constraint as \* = (A, — C})/
(C; — Cj). Also, suppose that P,y is sufficiently large so that
the optimal power levels for Strategy 2 are always below Py ..
(The condition for this assumption is specified in Proposition 3
below.) Then, due to the average power constraint, the powers
are related as P; = (A, — A*F;)/(1 — X*). From (12), the op-
timization problem in (11) can then be expressed as follows:

gi(P) =n (12)

. . kP
Pie(g,nxlﬁkri//\*)AnQ( 0 )

A, — NP
+(1A*)nQ<; T ) (13)
J

where the constraint for P; is obtained from the relation A* P; +
(1—X*)P; = A,. From (13), it is observed that the optimal
solution for Strategy 2 requires a search over a one-dimensional
space only (for each possible channel pair). In addition, it can
be shown that the objective function in (13) is strictly convex for
P; € (0, A,/)\*).% Therefore, convex optimization algorithms
can be employed to obtain the result in polynomial time [29].
In fact, as stated in the following proposition, the structure of
the objective function also leads to additional properties, which
result in further simplifications.

Proposition 3: Suppose that C; > Ac > Cj, Prax >

2 .2 2

Apo?/o?, and define Aj; £ % log (%), where log
denotes the natural logarithm. Thjen,zthe optirﬁal solution of
(11), denoted by {\*, P/, P}, satisfies the following relations
depending on the average power limit:

aG) If Ap = Al‘j, then PL* = P; = A”

(i) If Ap > A;j, then P; > A, > P > Ajj.

(i) If Ap < Ajj, then A;; > PF > Ay > P

In addition, the ratio between the optimal power levels cannot

exceed 0']2- /o2; that is,

A O
max <{§ ——, — —5 -
Pi*7 P;‘ J?

3The first-order derivative of the objective function is presented in (25),
which is a monotone increasing function of P; for P; € (0, Ap/A*).

(14)
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Proof: Please see Appendix A.

Under the conditions in Proposition 3, the search space for
the optimization problem in (13) can be reduced. Specifically,
for each channel pair (4, j) with C; > C}, the value of A;; is
calculated first, as defined in the proposition. Then, the optimal
power levels are obtained as follows:

e If A, = A;j, the optimal solution s givenby P/ = P; = A;;.

* If A, > A,;, the optimization problem in (13) is solved
for P; € (max{A;;,07Ap/07}, Ay), which is obtained
from (14) and the relation in the second part of the
proposition.

« If A, < A;;, the problem in (13) is solved for P; € (4,
min{A;;, A,/\*, 07 A, /07 }), which is obtained from
(14) and the relation in the third part of the proposition.

Once the optimal value of P;, denoted by P, is ob-
tained, the optimal value of P; is calculated as P; =

(Ap — X*P})/(1 — X*), where \* = (Ac — C;)/(Ci — Cj).
Strategy 3—Channel Switching Among Three Channels:

In this strategy, channel switching is performed among three
different channels. Let channel ¢, channel j, and channel & de-
note those channels. Then, based on Proposition 1, the problem
in (2) can be formulated under Strategy 3 as

Aiv/\jy/\fﬁl}gypﬁpk i 9i(Pi) + Aj g5 (Pj) + A g (Pr)

subjectto A\; P; + A\ Pj + A\, P, = Ay,
XiCi+ X Cj+ M Cp = A,
Ai+XN+X=1, A, A5, A >0,

P;, P;, Py, € [0, Prax). (15)
Due to the strict average cost constraint, it is required that
at least one of the channels must have a cost lower than A,
and at least one of the channels must have a cost higher than
A.. Therefore, to obtain the optimal solution for Strategy 3,
the problem in (15) should be solved for K K, (K — 2) channel
triples, where K (K) is the number of channels the costs of
which are lower (higher) than A., and K is the total number of
channels. In other words, the problem in (15) should be solved
for all channel triples (4,7, k) € S3, where S5 = {(i,4,k) :
C;>A.>Cjand i, j, ke {1,...,K}}. In addition, it is ob-
served that the solution of (15) can be obtained via optimization
over a three-dimensional space instead of six by utilizing the
three equality constraints.

It is noted from Proposition 2 that Strategy 3 is guaranteed to
provide the optimal solution of the channel switching problem
in (2). In addition, it covers Strategy 2 and Strategy 1 as special
cases, which may be suboptimal in general. Therefore, to obtain
the optimal channel switching solution, it can be necessary
in general to solve the optimization problem in (15), which
is computationally more complex than obtaining the optimal
solutions under Strategy 1 and Strategy 2. However, in some
cases (see Proposition 5), it is guaranteed that Strategy 1 or
Strategy 2 can provide the optimal solution of the channel
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switching problem in (2); that is, it is not necessary to solve the
optimization problem in (15) for obtaining the optimal channel
switching solution. Therefore, whenever the conditions under
which Strategy 1 or Strategy 2 is optimal are satisfied, the
optimal channel switching solution can be obtained in a low-
complexity manner as follows: If there exist no channels with
cost A, then Strategy 2 provides the optimal solution. If there
exists a channel with cost A, then the optimal solution is either
to employ that channel exclusively with the maximum power
(Strategy 1), or to switch between two channels as specified by
the solution of (11) (Strategy 2). In that case, the strategy that
achieves the smaller average probability of error becomes the
optimal solution of (2).

IV. OPTIMAL CHANNEL SWITCHING FOR
LOGARITHMIC COST FUNCTIONS

In this section, specific theoretical results are obtained by
considering a suitable cost function for the channels. Since
each channel can be regarded as a measurement device, a cost
function similar to that proposed in [26] can be adopted for
relating the noise power of each channel to a cost value as
follows:

Cilog<1+o_b2>, 1e{l...K}, (16)

?

where b > 0 is a given system parameter (a constant). It is noted
that the function in (16) has the desirable property that it assigns
higher (lower) cost values to less (more) noisy channels; that
is, 07 < o3 implies C; > Cj. In addition, lim C; =0 and

0;—00

lim0 C; = oo. As in the previous section, it is assumed without
o

loss of generality that the noise variances of the channels
satisfy 02 < 03 < --- < 0%, which implies that the cost values
are ordered as C7; > Cy > --- > Ck. In addition, the error
probability expression in (12) is considered.

Based on the cost function in (16), the following result is
obtained first.

Lemma 1: Consider infinitely many channels and assume
that the channels take a continuum of cost values in the interval
[Cinin, Cmax) based on the cost function in (16), where 0 <
Chnin < Ciax < 00. Let g(P, C') denote the error probability
when transmission is performed by utilizing a power level of
P over a channel with cost C. Then, g(P,C) is a strictly
convex function over set S., which is a convex set defined as
Se 2 {(P,C): P>b/(k*e“ + 1)), C € (Cmin, Cmax) }-

Proof: Please see Appendix B.

Lemma 1 describes the convexity properties of the error
probability, which is considered as a function of power and
cost. Based on Lemma 1, the solutions of the optimal channel
switching problem can be specified in certain scenarios. To that
aim, the following proposition presents the optimal solution
when channel switching is performed between two channels
(i.e., Strategy 2).

Proposition 4: Suppose there exist K channels and each
channel has a cost value obtained from the cost function in
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(16). If the power limits satisfy A, > and P, >

4
W
Apo?% /o3, then the optimal solution for Strategy 2 employs
channel ¢ and channel j, where

i = argmin C} subjectto Cy > A, 17
ke{l,...,K}
j = argmax C} subjectto Cy < A.. (18)

kef{1,...,K}

Proof: From Proposition 1, it is known that the optimal
channel switching solution utilizes the maximum average cost.
Therefore, for Strategy 2, the optimal pair of channels, say
(k,1), must satisfy & < ¢and ! > j, where 7 and j are as defined
in (17) and (18), respectively. (Note that the cost values are
ordered as C7 > C5 > --- > (Ck.) For simplicity of notation,
define z, = (Py,Cy),fork =1,...,K,anda £ (A, A.). To
prove that the optimal channel pair for Strategy 2 is (i, ),
first consider channel pair (k,1), where k = and [ > j. The
optimal solution for channel pair (7,/) must utilize the maxi-
mum average power and cost due to Proposition 1. In addition,
consider an alternative solution that employs channel pair (¢, j)
and operates at the average power and cost limits. Then, the
following inequalities are obtained:

Az;+(1—XN)z;=a and vz, + (1 —7)z; =a, (19)
where A = (A — C;)/(C; — C;) and v = (A. — Cp)/(C; —
('), which are obtained from the average cost constraint. Since
C; > Ac > C; > (), it can be shown that v > A. Therefore, z;
can be expressed as

(20)

Then, it is shown in the following that channel pair (4, [) cannot
be optimal since it results in a higher average probability of
error than channel (i, j):

Ag(zi) + (1= N)g(z)

-\ 1—
)\g(Zi)+(1)\)g(’I_)\Zi+ VZZ>

2y

y—=A

<xgfm)+ -3 (15

olai) + = @) 22

=79(z:) + (1 —7) g(z) (23)
where ¢(z;) = g(P;,C;) denotes the average probability of
error as a function of power and cost, as defined in (31).
In obtaining the equality in (21), the expression in (20)
is employed, and the inequality in (22) follows from the
strict convexity of g, which is guaranteed under the con-
b ot
To verify the convexity of g in this
scenario, Lemma 1 is considered first, which states that
the power levels should satisfy P > b/(k?(e® +1)) for
strict convexity. Since the cost values are ordered as Cj >
Cs > -+ > Ck (equivalently, Uf < 05 < < a%(), P>

ditions in the proposition, namely, A, > and

Prnax > Apo2 /o3
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b/(k%(e“% 4+ 1)) is required to guarantee that function g
is strictly convex for all channels. From Proposition 3,
it is concluded that the optimal power levels under Strategy 2
always satisfy mim{P;€7 P} > 02 A, /o} for channel palr (k1)
with C, > A. > C;.* Therefore, if 02 A, /0% > b/(k%(e“x +
1)) holds, then it is guaranteed that the optimal power levels for
any channel pair for Strategy 2 satisfy the convexity condition
in Lemma 1. Mathematically stated,

akA 0?2 A,

; ok

b b
K2(eCrx +1)  K2(2+b/o%)

min{ Py, P} >

(24)

for all kK < i and [ > j, where first inequality is obtained from
Proposition 3, the second one follows from the relation a% <
03 < -++ < 0%, the third one is imposed to guarantee that the
power levels satisfy the convexity condition in Lemma 1, and
the equality is obtained from (16). From (24), it is deduced that
the condition A, > b 0% /(k*(2 02 + b 0}/0%)) guarantees
the strict convexity of g.

Similar arguments to those in (19)—(23) can be used to prove
that channel pair (k,j) with k < i results in a larger average
probability of error than channel pair (¢,7). Then, it can be
concluded that channel pair (k,[) cannot be optimal if k <4
and/or [ > j. Hence, the optimal channel pair for Strategy 2 is
shown to be the channel pair (, 7) as defined in the proposition
when the power limits are larger than the specified values. W

Proposition 4 states that if the average and peak power limits
are larger than certain values, then the optimal solution for
Strategy 2 is to switch between the two channels, one of which
has the lowest cost among the channels with costs higher than
A, and the other has the highest cost among the channels with
costs lower than A.. In other words, among all the channel
pairs, where each pair has one channel with a cost higher than
A. and another channel with a cost lower than A, the one
that has the minimum cost difference is selected to achieve the
minimum average probability of error, which is mainly due to
the convexity of the error probability, as specified in Lemma 1.
Thanks to Proposition 4, it is not necessary to search over
all feasible channel pairs to obtain the optimal solution for
Strategy 2 under the conditions in Proposition 4.

Remark 2: Under the condition in Proposition 4, if there ex-
ists a channel with cost A, then it outperforms the channel pair
(i, 7) specified in (17) and (18); that is, Strategy 1 outperforms
Strategy 2 in that scenario. This is due to the strict convex-
ity of g, which results in A g(P;, C;) + (1 — A) g(P;,Cj) >

g(Ap, Ac). In other words, if A, > % and Py >

Ap0% /o?, transmission over a single channel with cost A
at the maximum power level A, achieves a smaller average
probability of error than performing optimal channel switching
between two channels.

4This result is obtained by combining the inequality in (14) with the three
possible scenarios in Proposition 3. Note that Pmax > Apa% / a% guarantees
that the assumption in Proposition 3 holds for all channel pairs.
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Based on Lemma 1, it is also possible to describe scenarios
in which Strategy 1 or Strategy 2 is the optimal solution of the
channel switching problem; that is, switching among more than
two channels is not needed. The following proposition presents
such a scenario:

Proposition 5: Consider the optimal channel switching prob-
lem in (2) with the cost values as defined in (16), and assume
that P,.x — 0o. Then, the optimal channel switching strategy
involves at most two channels if the average power limit satis-

4
fies A, > %.
Proof: Please see Appendix C.

Proposition 5 states that in the absence of peak power con-
straints, if the average power limit is larger than a certain value,
then the optimal channel switching strategy is to use a single
channel exclusively or to switch between two channels; that
is, Strategy 3 is not optimal. In such a scenario, the optimal
solution is either to transmit over a single channel with cost
A. if such a channel exists, or to switch between channel i
and channel j as specified in Proposition 4 if there exists no
channels with cost A..

Remark 3: Based on the results in Section III and Section IV,
the following algorithm can be described for obtaining the
optimal channel switching solution:

o If A. = Ck, the optimal channel switching strategy is to
transmit over channel K exclusively with power A, (see
Remark 1-(2)).

» If A. > (1, the optimal channel switching strategy is to
transmit over channel 1 exclusively with power A, (see
Remark 1-(77)).

e If Cx < Ac < CY,

— if the cost function is the logarithmic cost
function in (16), Ay > 77 .
peak power constraints exist,

x if there exists a channel with cost A, trans-
mission over that channel at the maximum
power level A, is the optimal strategy (see
Proposition 5 and Remark 2).

* otherwise, the optimal strategy is to per-
form time sharing between channel ¢ and
channel j specified in (17) and (18) (see
Proposition 4), and the optimal solution
can be obtained based on (11).

— otherwise, the optimal channel switching

strategy is obtained based on the optimiza-

tion problem in (15).

and no

V. NUMERICAL EXAMPLES

In this section, various numerical examples are presented to
provide illustrations of the theoretical results and to investigate
performance gains that can be achieved via channel switch-
ing. The following strategies are compared in the numerical
examples:

Optimal Single Channel: In this strategy, channel switching
is not allowed, and only one channel is employed exclusively.
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Fig. 2. Average probability of error versus Ap, for the optimal single channel
and optimal channel switching strategies, where K = 4, o = [0.4 0.6 0.8 1],
C =[7531],and Ac = 2.

The optimal solution for this approach is obtained by using
Strategy 1 in Section III.

Optimal Channel Switching: In this strategy, channel
switching is allowed, and the optimal solution of the channel
switching problem in (2) is obtained based on Strategy 3. (Since
Strategy 3 covers Strategy 2 as a special case, Strategy 2 is not
considered separately.)

A scenario with K Gaussian channels is considered, and
the standard deviations and the costs of the channels are
represented, for notational simplicity, in the vector form as
o =01 - 0kg]and C = [C - - - Ck], respectively. For all the
examples, the peak power limit in (2) is set to Ppax = 1045,
where A, is the average power limit. In addition, binary an-
tipodal signaling is considered, which corresponds to an error
probability expression as in (12) with n = x = 1. First, a four-
channel system is studied, where o = [0.4 0.6 0.8 1], C =
[7 53 1], and the average cost limit is equal to 2; that is, A, = 2.
In Fig. 2, the average probabilities of error are plotted versus
the average power limit A, for the optimal single channel and
optimal channel switching approaches. It is observed that the
optimal channel switching strategy outperforms the optimal
single channel strategy for all values of A,. This is an expected
result since the optimal single channel approach cannot be the
optimal solution of the channel switching problem in this sce-
nario as there exists no channel with a cost of A. and A. < C4
(Corollary 1). To provide further investigations of the results in
Fig. 2, the parameters of the optimal channel switching strategy
are presented in Table I for some values of A,,. In the table, the
optimal channel switching solution is represented by channel
switching factors (\;, Aj, Ax) and power levels (P;, P;, Py),
where 7 < j < k. The channels that are not employed in the
optimal solution are marked with “-” in the table. Since at
most three channels can be utilized in the optimal solution
according to Proposition 2, only two of the channel switching
factors are shown in the table, and the remaining one can be
calculated as A\, =1 — A; — ;. It should be noted that A;,
Aj, and Ay correspond to the channel switching factors of the
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TABLE 1
PARAMETERS OF THE OPTIMAL CHANNEL
SWITCHING STRATEGY IN FIG. 2

A, | N X, P P, Ps P;
0.1 | 0.1667 08333 | 0.1821 - — 00836
02 | 0.1667 0.8333 | 02663 - - 01867
2 | 025 075 - 1.3461 - 22180
4 0.5 0.5 - — 34117 45883
6 0.5 0.5 - — 49898  7.0102
8 0.5 0.5 - ~ 65601  9.4399
10 | 05 0.5 - - 8.1270  11.873

employed channels with the smallest index, the second smallest
index, and the third smallest index, respectively. For example,
for A, = 0.1, channel 1 is employed with channel switching
factor 0.1667 and power 0.1821 and channel 4 is employed
with channel switching factor 0.8333 and power 0.0836. (In this
case, Ay = 0, meaning that only two channels are employed
in the optimal solution). It is observed from Table I that the
optimal channel switching strategy performs channel switching
between two channels, which in compliance with Proposition 2.
In addition, the calculations show that the optimal channel
switching solution utilizes the maximum average power and
maximum average cost as claimed in Proposition 1. In addition,
the statements in Proposition 3 are verified, which can be
exemplified as follows: Parameter A;; in Proposition 3 can be
calculated for channel 3 and channel 4 as A3y = 0.7934. As
observed from Table I, when channel 3 and channel 4 are em-
ployed, A, > As, is satisfied and the conditions in Part (i7) of
Proposition 3 hold; that is, Py > A, > P3 > As4. In addition,
the ratio of the optimal power levels is always smaller than
the ratio of the noise variances, 1/(0.8)% = 1.5625, as stated in
(14) in Proposition 3. (Note that Py, = 104, > A,03/03 =
1.5625 A, is also satisfied.) Compared to the optimal channel
switching strategy, which performs channel switching between
channel 4 and another channel, the optimal single channel
solution always utilizes channel 4 at the maximum power limit
A, since it is the only channel with a cost that is lower than the
average cost limit A.. However, as observed from Fig. 2 and
Table I, performing time sharing between channel 4 and a
channel with a higher cost (lower error probability) reduces the
average probability of error in this scenario.

Next, the same channel configuration is considered with a
different average cost limit, which is given by A. = 5, and the
average probability of error curves are presented in Fig. 3. In
this case, since there is a channel with a cost that is equal to A,
Corollary 1 does not apply; i.e., channel switching is not nec-
essarily optimal. As observed from the figure, for small values
of the average power limit A, the optimal channel switching
strategy outperforms the optimal single channel strategy (please
see Fig. 4 for a zoomed-in version of Fig. 3 for A, € [0, 1]),
whereas both strategies achieve the same performance as Ay
increases. Table II presents the parameters of the optimal chan-
nel switching solution, which indicates that employing channel
2 exclusively at the power limit (which is the optimal single
channel solution) becomes optimal when A,, is larger than a
certain value whereas switching between channel 1 and channel
4 is optimal for small values of A,. Hence, it is concluded that
when there exists a channel with a cost equal to A., employing
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[ [— Optimal Channel Switching
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Fig. 3. Average probability of error versus Ay for the optimal single channel
and optimal channel switching strategies, where K = 4, o = [0.4 0.6 0.8 1],
C =[7531],and Ac = 5.

10° , — ; : -
s s -+1 — Optimal Channel Switching |
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Fig. 4. A closer look at Fig. 3 for A, € [0, 1].

TABLE II
PARAMETERS OF THE OPTIMAL CHANNEL
SWITCHING STRATEGY IN FIG. 3

AL X X, ) I 2
01 | 06667 03333 | 01281 - -  0.0437
02 | 06667 03333 | 02314 - - 01371
1 | 06667 03333 | 06894 - - 16212
2 1 - - 2 - -
3 1 - - 3 - -
4 1 - - 4 - -
5 1 - - 50 - -

a single channel exclusively may or may not be the optimal
solution depending on the system parameters.

To investigate the effects of the average cost limit in more
detail, the average probabilities of error are plotted versus A.
in Fig. 5 for various values of A, based on the same channel
configuration as in the previous scenario. As expected, the
average probability of error is a non-increasing function of the
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Fig. 5. Average probability of error versus A for the optimal single channel
and optimal channel switching strategies, where K = 4, o = [0.4 0.6 0.8 1],
and C = [7531].

average cost limit A.. Also, in accordance with Part (ii) of
Remark 1, the average probability of error converges to the
error probability of the best channel (channel 1) at the average
power limit A, when A, is larger than or equal to the cost of the
best channel; i.e., when A, > 7. In addition, it is observed that
the optimal single channel strategy results in piecewise constant
average probabilities of error, which is due to the fact that the
optimal single channel solution corresponds the use of the best
channel that has a cost lower than or equal to A.. Specifi-
cally, the optimal single channel strategy achieves the error
probabilities of g4(Ap), g3(Ap), g2(Ap), and g1 (Ap) for A €
[1,3), Ac € [3,5), Ac € [5,7),and A, > 7, respectively, where
9i(Ap) = Q(\/A, /o) denotes the error probability of channel
¢ at power level A,. Furthermore, Fig. 5 verifies the argument
in Corollary 1 that, for Cx < A. < C1, channel switching is
guaranteed to outperform the optimal single channel strategy if
A is not equal to the cost of one of the channels.

As another scenario, a five-channel system is considered, and
the cost values are calculated based on the logarithmic cost
function in (16) with b = 1. The standard deviations of the
channels are set to o = [0.6 0.7 0.8 0.9 1], and the average cost
limit is given by A. = 0.9. In Fig. 6, the average probability
of error is plotted versus A, for the optimal single channel and
optimal channel switching strategies. Similar to the scenario in
Fig. 2, it is observed that channel switching outperforms the
single channel approach for all values of A, as a consequence
of Corollary 1 as there exists no channel with a cost equal to
A.. The parameters of the optimal channel switching strategy
in Fig. 6 are presented in Table III for some values of Ap. It
is noted that the optimal solution performs channel switching
among at most three channels in compliance with Proposition 2.
Also, numerical calculations show that the results in
Proposition 1 and Proposition 3 are satisfied. In addition, as
stated in Proposition 4, when A, > b 03/(0%(2 02 + b)) =
0.926,% the optimal channel switching between two channels

5 Poax > Apaf(/af = 2.7T78A,, is always satisfied in this scenario since
Puax = 104p.
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Fig. 6. Average probability of error versus Ap for the optimal single
channel and optimal channel switching strategies, where K =5, o =
[0.60.70.80.91],C =[1.3291.112 0.941 0.804 0.6931], and A. = 0.9.

TABLE III
PARAMETERS OF THE OPTIMAL CHANNEL
SWITCHING STRATEGY IN FIG. 6

Ap Ai Aj Py P> P3 Py Ps
0.05 103028 0.0347 | 0.0811  0.0652 N N 0.0352
0.2 | 03254 0.6746 | 0.2652 - - - 0.1685

1 10.7007 0.2993 - - 0.9881 1.0278 -

2 [0.7007 0.2993 - - 1.9310 2.1617 -

3 [0.7007 0.2993 - - 2.8648 3.3164 -

4 10.7007 0.2993 - - 3.7955  4.4788 -

5 10.7007 0.2993 — — 4.7247  5.6447 —

is performed between channel 3 and channel 4, which is
in accordance with (17) and (18). Furthermore, channel
switching among three channels is not optimal for A, >
2bod/(0?(202 + b)) = 1.852.

Finally, the average probabilities of error are plotted versus
A, in Fig. 7 for various values of A, based on the scenario
in Fig. 6. Similar observations to those related to Fig. 5 can be
made. Namely, if A, is smaller than the cost of the best channel,
which is equal to 1.329, the optimal channel switching strategy
outperforms the single channel one when A, is not equal to
the cost of a channel. On the other hand, for A, > 1.329, both
strategies achieve an average probability of error that is equal
to the error probability of the best channel at the power limit.

VI. EXTENSIONS

The problem formulation in Section II assumes that there is
a single RF chain at the transmitter and the receiver; hence,
only one channel is employed at any time during channel
switching. Also, the transmitter has an average power constraint
denoted by A, which can, for example, be determined ac-
cording to the hardware constraints and/or the battery life of
the communication system. This power constraint specifies a
restriction on the transmit powers that can be used over different
channels. An important extension is the scenario in which there
exist multiple RF chains at the transmitter and the receiver,
and multiple channels can be used simultaneously. For that
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Fig. 7. Average probability of error versus A. for the optimal single
channel and optimal channel switching strategies, where K =5, o =
[0.60.70.80.91],and C = [1.329 1.112 0.941 0.804 0.6931].

scenario, two different cases can be considered. In the first case,
the transmitter has the same average power constraint as in
the single RF chain scenario, and multiple RF chains share the
power at each time. In that case, it can be shown that only one
of the RF chains should be used with all the available power
for minimizing the average probability of error. Therefore, this
case reduces to the case with single RF chains investigated in
the previous sections. For example, consider two RF chains at
the transmitter and the receiver, and assume that power P is
allocated for transmission over two channels simultaneously,
which are denoted as channel 7 and channel 5 with average noise
powers of o2 and O'j2-, respectively. If power P; is allocated for
the RF chain that operates over channel 4, and power (P — F;)
for the RF chain over channel j, then the SNR at the receiver
becomes P;/o? + (P — P;)/o7 via optimal processing [28],
which is maximized by setting P, = P if 0; < 0; and P; =
0 otherwise; that is, all the power is used for the RF chain
corresponding to the best channel. In the second case, it is
considered that the same power level can be used for all the RF
chains, which corresponds to an increased total power due to
the use of multiple RF chains. In that case, an equivalent model
can be developed and the proposed model in Section II can still
be employed as follows: Suppose that there exist R RF chains at
the transmitter and the receiver. Then, all R combinations of /
channels can be considered as new combined channels; that is,

I}g combined channels exist. For the ith combined channel,
let the average noise powers and the costs of the corresponding
R channels be denoted by 012,1, PN JZZ,R and C; 1,...,Ci R,
respectively. Then, this combined channel can be considered
as a single channel as in Fig. 1 with an average noise power
of 62 =(0;7+--+0,3) 'andacostof C; = Ciy + -+ +
C; r. Hence, the same problem formulation as in Section II is
obtained, and all the results in the previous sections apply. It
should be emphasized that the expression for &7 is obtained by
considering the SNR at the receiver after optimal processing,
which is expressed as P/67 = P/o} | +---+ P/o; ; [28].
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VII. CONCLUDING REMARKS

In this study, optimal channel switching has been investigated
for Gaussian channels in the presence of average power and
average cost constraints. For generic cost functions, it has been
shown that the optimal channel switching strategy performs
time sharing among at most three channels and operates at
the average power and average cost limits. Also, for channel
switching between two channels, it has been proved that the
ratio of the optimal power levels is upper bounded by the
ratio of the larger noise variance to the smaller one under
certain conditions. In addition, for logarithmic cost functions,
the convexity properties of the error probability have been
characterized as a function of power and cost, and the optimal
channel switching strategy has been shown to employ at most
two channels, which can be determined based on specific for-
mulas, in certain scenarios. Numerical examples have provided
illustrations of the theoretical results. Future work involves the
incorporation of switching costs [20] in the design of optimal
channel switching strategies.

APPENDIX
A. Proof of Proposition 3

First, consider the problem in (11) without the peak power
constraints. Then, it can be solved based on (13). The first-order
derivative of the objective function in (13) with respect to P; is
expressed as

2P, k2(Ap—A*P;)
Nk 5t MV1I=N k7 6772“:“"3;

— +
2\/27T G'j\/Ap—)\*PZ‘

221 oD, |
(25)

It is observed that the first-order derivative in (25) is a monotone
increasing function of P; for P; € (0, A,/\*), which starts
from —oo at P; = 0 and increases monotonically towards infin-
ity as P; goes to A, /A*. Therefore, there is a unique minimizer
P; for the optimization problem in (13), which corresponds to
the point at which the first-order derivative is zero. Equating the
first-order derivative in (25) to zero yields the following neces-
sary and sufficient condition for the optimal solution of (13):

k2P, r2(Ap—A*P;) "
20? - 2(17>\*)o‘§ _ 05/ Ap — AP (26)
\/1 — A\* Ji\/Pi.

Since A\*P; + (1 — A\*)P; = A, the condition in (26) can also
be expressed as

e

)_J?Pj

(S o = .
2
g; Pz

A

27)

If A, = A;j, it can be shown, by using the definition of A;;
in the proposition, that P; = P; = A;; satisfies the condition
in (27). Since the solution of (27) is unique, the optimal
solution of (13) is obtained as P;' = P} = A;;. In addition, as
Prax > Ap = A, the optimal solution of the problem in (11)
is the same as that of (13) in this case; hence, the first part of
Proposition 3 is obtained.
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To prove the second part of the proposition, it is first observed
that the first-order derivative in (25) is a monotone decreasing
function of A, and a monotone increasing function of P;.
Therefore, the value of P; at which the first-order derivative
becomes zero gets larger as A, increases. Since the first-
order derivative becomes zero at P; = A;; when A, = A;; (as
proved in the first part), the first-order derivative becomes zero
at a value larger than A;; when A, > A;;. Hence, the optimal
solution of (13) satisfies P;” > A;; for A, > A;;. In addition, it
is concluded from (27) that as P} increases, the optimal value of
P; should also increase for the optimality condition in (27) to
be satisfied. In other words, P/ > A;; also implies P} > A;;
based on the relation in (27). Next, the ordering between P;
and P; should be determined. To that aim, the optimal signal
values are expressed as P, = aA;; and P;‘ = BA;;, where «
and [ are some positive numbers that are larger than one. Then,
the optimality condition in (27) becomes e Ais(a/ai=p/0F)
502 /(ac?). From the definition of A;; in the proposition,

0% /o7 can be expressed as o5 /o7 = " A (/7 =1/97) Then,
the optimality condition is stated as

2 1 a—1
as(%-27)
=e J i .

o
- 28
5 (28)

If it is assumed that o > (3, then (28) implies that % >

0.2

. However, since o7 < a (as C; > C}), this inequality

leads to a contradiction. Therefore « cannot be larger than
B. On the other hand, if it is assumed that o < (3, then (28)

becomes g—j >
it is obtained that ja < B, that is, P} < P;, when A, > A;j.
Furthermore, due to the average power constraint, \* P + (1 —
A)P; = A, it is concluded that P; > A, > P;. Combining
this result with the first result in this paragraph, it is obtained
that when A, > A;;, the optimal signal values satisfy P >
A, > P} > A;;. Hence, the second part of Proposition 3 is
proved. The third part of the proposition can be proved in a
similar manner to the proof of the second part, and it can be
shown that 4;; > P} > A, > Pj* based on (25) and (27).

The final statement in the proposition can be proved as
f0110w5' For A, > A;;, it is obtained in the previous paragraph

2
that e > 2, where 8 > o > 1 with P} = aA;; and Py =

2
Z4, which is not a contradiction. Therefore,

ﬂAU. The 1nequahty can be manipulated as follows:

o? B—-1 B P
- E_4 29
O'i2>04—1>0[ Py (29

where the second inequality is obtained from the relation 5 >
a > 1. For A, < A;;, the second part of the proposition states
that P; > P;. Since 7 < o3 by definition (as C; > C}), it is
obtained that P; /o7 > P} /o7. Therefore, the relation in (27)
yields

p* PF
?Pj* 07? N 0]2.
—e” 7T > 1, (30)
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which results in P;/Pf < 0]2 /o?. Finally, for A, = A;;,
Pr/ P} =1 as stated in the first part of the proposition. Overall,
the ratio between the optimal power levels is upper bounded by
07 /o? for any value of Ay, as stated in the proposition.

Based on the three conditions in the proposition and the
inequality in (14), it can be shown that the optimal power
levels P} and Pj* are always smaller than P, .y since Ppax >
Ayo% a7 . Hence, the properties of the solution of (11) obtained
without the peak power constraints (via the solution of (13))
also hold for the solution of the problem in (11) in the presence
of peak power constraints. |

B. Proof of Lemma 1

The error probability for a transmission power of P is
expressed as ) Q(k /P /o) as in (12), where o is the standard
deviation of the channel noise. Based on the cost function in
(16), o is expressed as o = 1/b/(e“ — 1), which leads to the
following expression for the error probability:

g(P,C) =nQ(hP)f(C)),

where h(P) = P and f(C) = /(eC —1)/b. To investi-
gate the convex1ty of (31), the derivatives of h and f are
calculated first, which are expressed as

€2y

)R ,_bfP+1

h _ﬁ7 f - 2bf )

" __ " _ (bf2_1)(bf2+1)

= 4h3’ f 4p2 f3 ' G2

Then, the first-order partial derivatives of g(P, C') with respect
to P and C are given by
99(P,C)
oP

dg(P,C)

= f Q/(hf) and 2

=nhf Q(hf),
(33)
where @Q'(z) denotes the first derivative of the @Q-function.
(From (33), it is observed that the error probability is a mono-
tone decreasing function of power and cost as expected since
Q-function is monotone decreasing.) Next, the second-order

partial derivatives are calculated as

2
TIBC) oy (W 17Q 0 f) +n 'S Q)
=n (fr" — f2h(i)?) Q' (hf) (34)
2
TILE) oy Q" (0f) + 0 Q1)
=n (hf" =B f(f")?) Q'(hf) 35)
a2g(P’ C) _ / ! 4 ! pl! !
W—Uhhffcg (hf)+n W Q' (hf)
=n(1—h*f)N Q' (hf) (36)

where the relation Q" (xz) = —z Q'(z) is employed to obtain
the final expressions. From (34)—(36), the 2 x 2 Hessian matrix
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can be formed for g(P,C), and the convexity of g(P,C)
can be investigated based on the positive definiteness of the
Hessian matrix, which requires the leading principal minors
to be positive [30]. It noted from (34) that the second-order
derivative with respect to P is always positive. Therefore, the
only condition for positive definiteness becomes the determi-
nant of the Hessian matrix to be positive, which leads, after
some manipulation, to the following inequality:

b b

P =
R0 +2) R+ 1)

(37

where the final expression is obtained based on the defini-
tion of f; ie., f(C) = /(e —1)/b. Therefore, the convex-
ity of g(P,C) requires that power P should be larger than
b/(k2(e® + 1)) as stated in the lemma.

Finally, it is shown that S, as defined in the lemma, is a
convex set. Let (P;, C;) and (P;, C;) denote any two elements
from set S.. Then, their convex combination is given by (A P; +
(1=XNP;,AC; + (1 — X)C}), where X € [0, 1]. Since both C;
and Cj are in (Chyin, Cimax), their convex combination resides
in the same interval as well. In addition, the convex combination
of the powers satisfies the condition for set S, due to the
following inequalities:

b/K? b/k?
P; 1—-MN)P; 1-—
APAL=NP> A7+ -N g
b/K?

>

where the second inequality follows from the strict convexity
of b/(k?(e® + 1)). Therefore, S. is a convex set, and g(P, C)
is a strictly convex function over set S.. |

C. Proof of Proposition 5

The statement in the proposition can be proved via contra-
diction. Suppose that the optimal solution is to switch among
three different channels, and let the channel indices, channel
switching factors, and power levels for that optimal solution be
denoted by (¢, j, k), (A\i, Aj, M) and (P;, P;, Py), respectively,
where C; > C; > (), without loss of generality. Since the
optimal solution must utilize the maximum average cost A.
(see Proposition 1), either C; > A. > C; > Cy or C; > C; >
A; > Cj, must hold. Assume that C; > A, > C; > Cj. (The
proof for the other scenario can be obtained in a similar man-
ner.) As stated in Proposition 1, the optimal solution operates
at the maximum average power and cost, which leads to the
following equality:

)\iZi+)\ij+(1—>\i—)\j)Zk:a, (39)
where z;, = (P;,C;) and a = (4, Ac), as in the proof of
Proposition 4. Consider an alternative solution that switches
between two channels, channel ¢ and channel j, with channel
switching factors v and (1 — ) and powers P; and P;, re-
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spectively, and utilizes the maximum average power and cost;
that is,

vzi+(1-7)z; =a. (40)
Based on (39) and (40), v and \; can be obtained from the
average cost constraint as y = (A, — C;)/(C; — Cj) and \; =
(Ac — Cr — X;(Cj — Cy))/(C; — Cy). First, it is shown that
A; > . To that aim, the following inequality is obtained from
the condition \; >  based on the definition of A; and ~: (4. —
Cr = X(C = Cp))(Ci = Cj) > (Ac = C;)(C; — Cy), which
reduces, after some manipulation, to \; C; + (1 — ;) C; >
Ac.Since (1 —Aj) = A + A, €3 > C,and A G + A C5 +
Ak Cr = A, the inequality A; C; + (1 — A;) C; > A, always
holds, which verifies that A; > «y. Then, from (39) and (40), z;
can be expressed as

L-XNi— X
1—’y—)\j ke

Ai —

e ; 41
A Y z; + (4D
The remaining part of the proof depends on the values of
powers P;, P;, and P.

Case 1: If all the power levels satisfy the convexity condition
in Lemma 1, then the following inequality can be obtained:

v 9(z:i) + (1 —7) 9(z5)

=7 9(zi) + A 9(z5) + (1 —v = X)) 9(z5) (42)
<y 9(zi) +Ajg(z;) + (1 —v—=2X;)
/\i - ) 1-— >\i — /\j

< (1 A gl + T g(zw) @3)

= Xi 9(zi) + Aj 9(z5) + (1 = Xi — Nj) 9(zx) (44)

where ¢(z;) = g(P;,C;) denotes the average probability of
error as a function of power and cost, as defined in (31). In
obtaining the inequality in (43), the definition of z; in (41) and
the strict convexity of g are employed. Note that g is strictly
convex when the power levels satisfy the condition in Lemma 1,
which is the assumption in Case 1. In addition, it is noted that
the (1 — v — A;) term in (42) is never negative since vy < \; as
proved in the previous paragraph and \; < 1 — A; by definition.
The inequality in (42)—(44) implies that the channel switching
between channel 7 and channel j with channel switching factors
~ and (1 — =), respectively, achieves a lower average probabil-
ity of error than the optimal solution, which switches among
channels 7, j, and k with channel switching factors A;, Aj,
and )y, respectively. Hence, a contradiction arises. Therefore,
the strategy that switches among three channels cannot be
optimal. In other words, for any strategy that switches among
three channels, there exist a strategy that performs channel
switching between two channels and achieves a smaller average
probability of error.

Case 2: Suppose that some of the power levels do not satisfy
the convexity condition in Lemma 1. Since the average power
should be equal to A, due to Proposition 1, at least one power
level should be below Aj. Assume without loss of generality
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that P; < A,,. Then, the average probability of error for the
optimal solution that switches among three different channels
can be bounded from below as follows:

i 9(zi) + Nj g(z5) + Ak g(Zx)

=X g(z) + O+ ) (N 9(2) + M glz)  @5)
> Ni 9(zi) + (Aj + M) (v 9(25) + vk 9(Zk)) (46)
= \i 9(zi) + 75 9(25) + o, g(Zk) 47)
with /~\ £ )\/(/\j + )\k), ;\k £ /\k/()\j + /\k), v; £ ()\j +

)\k)l/g7 l/k = ()\ + )\k)yk, ij £ (P C; ) and zj, £ (Pk70k)
where P and P, are the optimal power levels and v; and v, are
the correspondmg optimal channel switching factors when the
channel switching is performed between channel J and channel
k only under the average cost limit A 2 )\ C; + e Cj and
the average power limit Ap = )\ P; + e P> A5 Since
(P;, Py) and (v;,v,) are the solution of the 0pt1mal channel
switching problem in the presence of channel j and channel
k only under the average power limit flp and the average
cost limit A., the average probability of error is bounded
from below by the expression in (46). From Proposition 3,
min{P;, P} > 02A,/o?. Then, based on a similar argument
to that in (24), it can be shown that the convexity condition
in Lemma 1 is satisfied for power levels P; and Py if A, >
b of/(k*(2 0io% + b 07)), which always holds due to the
assumption in the proposition and the fact that A, > A,. Next
assume without loss of generality that 7/; [:’j > iy, Py. Then, the
lower bound in (47) can be improved as follows:

Ni 9(2:) + v 9(25) + D 9(2x)

=N+ 75) (N 9(=zi) + X 9(25)) + D g(z) (48)
> (N +75) (vi g(2;) + v 9(27)) + o g(2r)  (49)
= 0; 9(2;) + U 9(2;) + D 9(2x) (50)

with A7 £ X /(A +z7j) X2 /(N +uj) £ (N + ;)]s
0 & (i +75)v5, z; & (PZ-*,C'i), and z} = (P;‘,C’j), where
P; and P} are the optimal power levels and v and v} are
the corresponding optimal channel switching factors when the
channel switching is performed between channel 1 and channel

§ only under the average cost limit A* £ \¥ C; + A; Cj and
the average power limit A% £ A7 P; + X P; > 0.5 Ap. From
Proposition 3, min{ P;", P; } > ol AL/ a?. Then, similar to (24),
it can be shown that the convexity condition in Lemma 1 is sat-
isfied for power levels P} and P; if A% > boj/(k*(2070% +
b 0%)), which is true due to the assumption in the proposition
and the fact that A5 > 0.5A;,. From (45)—(50), it is concluded
that when the assumption in the proposition holds, for any
strategy that performs channel switching among three different
channels, there exists another strategy that switches among

OThe inequality Ap, > A, follows from the assumption that P; < Ap.
"The inequality Ap > 0.5 Ap follows from the assumptions that 7; P; >
oy, Py, and P < Ap.

the same channels with power levels that satisfy the convexity
condition in Lemma 1, and achieves a smaller average prob-
ability of error. Therefore, the arguments in the previous part
of the proof (Case 1) can be employed to show that there
exists a strategy that performs channel switching between two
channels and achieves a smaller average probability of error
than the lower bound in (50). Therefore, channel switching
among three channels cannot be optimal under the condition
in the proposition. |
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