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1. Introduction

Killing vector fields have well-known geometrical and physical interpretations and
have been studied on Riemannian and pseudo-Riemannian manifolds for a long
time. The number of independent Killing vector fields measures the degree of sym-
metry of a Riemannian manifold. Thus, the problems of existence and character-
ization of Killing vector fields are important and are widely discussed by both
mathematicians and physicists [4, 5, 7, 8, 16, 17, 20, 26, 31, 32].

Generalization of Killing vector fields has a long history in mathematics for
different scales and purposes [10-12, 21]. In [28], the concept of 2-Killing vector
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fields, as a new generalization of Killing vector fields, was first introduced and
studied on Riemannian manifolds. The relations between 2-Killing vector fields,
curvature and monotone vector fields are obtained. Finally, a characterization of
2-Killing vector field on R" is derived.

At this point, we want to emphasize that the concept of monotone vector fields
introduced by Németh (see [19, 22-24]) and since then they have been studied as a
research topic in the area of (nonlinear) analysis on Riemannian manifolds (see also
[6] as an additional reference to the above list). As noted above, the connections
between monotone vector fields and 2-Killing vector fields have been established.
In addition to that, by using space-like hypersurfaces of a Lorentzian manifold
(see [25]), these topics have been received attention in Lorentzian geometry as
well. Thus the notion of 2-Killing vector fields is important in different branches
of mathematics from (nonlinear) analysis on Riemannian manifolds to Lorentzian
geometry.

As far as we know, the concept of 2-Killing vector fields has been studied neither
on warped products nor on space-time models up to this paper in which we intent
to fill this gap in the literature by providing a complete study of 2-Killing vector
fields on such spaces. In this way, all the results related to 2-Killing vector fields and
thus monotone vector fields can be easily extended to a special class of manifolds,
namely, warped product manifolds.

We organize the paper as follows. In Sec. 2, we state well-known connection
related formulas of warped product manifolds and Killing vector fields. Thus some
of the proofs are omitted. In Sec. 3, as the core of the paper, the relation between
2-Killing vector fields on a warped product manifold and 2-Killing vector fields on
the fiber and base manifolds is discussed. Here, we now state our main results; the
following theorem represents an important and helpful identity.

Theorem 3.1. Let ¢ = ((1,(2) € X(My x5 Ms) be a vector field on o warped
product manifold of the form My Xy My. Then
(LeLeg)(X,Y) = (L4, £,91)(X1, Y1) + [2(LE, L2, 92) (X, Vo)
+4fG(f)(LE,92) (X2, Y2) + 2f (G (f))g2(Xa, Ya)
+201(f)C1(f)g2(X2, Y2)

for any vector fields X,Y € X(My x y Ma).

The proof of this result contains long computations that have been done using
previous results on warped product manifolds (see Appendix A). As an immedi-
ate consequence, the relation between 2-Killing vector fields on a warped product
manifold and those on product factors is given.

Some conditions for a 2-Killing vector field to be parallel vector field are con-
sidered in the following theorem.
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Theorem 3.2. Let ( € X(My x s Ms) be a vector field on a warped product manifold
of the form My Xy My. Then

(1) ¢ = 1 + Co is parallel if ¢ is a 2-Killing vector field, Ric*((;, () < 0,i = 1,2
and [ is constant.

(2) ¢ = is parallel if ¢y is a 2-Killing vector field, Ric' (¢1,¢1) <0, and ¢1(f) = 0.

(3) ¢ = (o is parallel if ¢ is a 2-Killing vector field, Ric*((a,¢2) < 0, and f is
constant.

The preceding theorem also provides some results on the curvature of a warped
product manifold in terms of 2-Killing vector fields.

Theorem 3.3. Suppose that ( € X(My x ¢ M>) is a nontrivial 2-Killing vector field.
If D¢(¢ is parallel along a curve vy, then

K(¢,5) > 0.

Finally, in Sec. 4, we apply these results on standard static space-times and
generalized Robertson—Walker space-times. For instance, the following result is
obtained.

Theorem 4.1. Let M = I x M be a standard static space-time with the metric
g = —f2dt®> @ g. Suppose that u : I — R is smooth and  is a vector field on F.
Then ¢ = ud; + C is a 2-Killing vector field on M if one of the following conditions
is satisfied:

(1) ¢ is 2-Killing on M,u = a and f¢(f) = b where a,b € R.
(2) ¢ is 2-Killing on M,u = (rt + s)% and ((f) = 0 where r, s € R.

Furthermore, the converse of this result and many others on generalized
Robertson—Walker space-times are discussed.

2. Preliminaries

In this section, we will provide basic definitions and curvature formulas about
warped product manifolds and Killing vector fields.

Suppose that (Mj,g1,D1) and (Ms,ga, Do) are two C>° pseudo-Riemannian
manifolds equipped with Riemannian metrics g; where D; is the Levi-Civita con-
nection of the metric g; for ¢ = 1,2. Further suppose that m : My x My — M,
and 7y : My X My — M, are the natural projection maps of the Cartesian prod-
uct My x Ms onto My and Ma, respectively. If f : M; — (0,00) is a positive
real-valued smooth function, then the warped product manifold M; x y M, is the
product manifold M; x My equipped with the metric tensor g = g1 & g» defined by

g=mi(g1) ® (f o m1)*m3(g2),

where * denotes the pull-back operator on tensors [9, 27]. The function f is called
the warping function of the warped product manifold M, x s M. In particular, if
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f =1, then My x1 My = My x M> is the usual Cartesian product manifold. It is
clear that the submanifold M; x {q} is isometric to M; for every ¢ € Ms. Moreover,
{p} x Ms is homothetic to Ms. Throughout this paper we use the same notation
for a vector field and for its lift to the product manifold.

Let D be the Levi-Civita connection of the metric tensor g. The following propo-
sition is well known [9].

Proposition 2.1. Let (M, xf My, g) be a Riemannian warped product manifold
with warping function f >0 on My. Then

(1) Dx,Y = D§, Y1 € X(My),
(2) Dx,Y2 = Dy, X; = XlT(f)Y%
(3) Dx,Ys = —fg2(X2, Y2)V! f + D%, Y2

for all X;,Y; € X(M;), with i = 1,2 where Vf is the gradient of f.

A vector field ¢ € X(M) on a pseudo-Riemannian manifold (M, g) with metric
g is called a Killing vector field if

Leg=0,

where L is the Lie derivative on M with respect to ¢. One can redefine Killing
vector fields using the following identity. Let ¢ be a vector field, then

(Lcg)(X,Y) = g(Dx(,Y) +g(X, Dy () (2.1)

for any vector fields X,Y € X(M). A simple yet useful characterization of Killing
vector fields is given in the following proposition. The proof is straightforward by
using the symmetry in the above identity.

Lemma 2.1. If (M, g, D) is a pseudo-Riemannian manifold with Riemannian con-
nection D. A vector field ¢ € X(M) is a Killing vector field if and only if

9(Dx¢, X) =0 (2.2)
for any vector field X € X(M).

Now we consider Killing vector fields on Riemannian warped product manifolds.
The following simple result will help us to present a characterization of Killing
vector fields on warped product manifolds.

Lemma 2.2. Let ( € X(M; x5 M) be a vector field on the pseudo-Riemannian
warped product manifold My x y My with warping function f. Then for any vector
field X € X(M; x ¢ Ms) we have

9(Dx¢, X) = g1(DX, (1, X1) + f2g2(D%, G2, Xa) + fG ()1 X3 (2.3)
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Proof. Using Proposition 2.1, we get
9(Dx¢, X) = 1(DX, C1 — f92(X2, @)V F, X1) + f2g2(D%,C2 + Qi (In f) X
+ X1 (In f)¢a, X5)
= g1(DX, ¢, X1) — f92(X2, () X1 (f) + f292(D%, 2, X2)
+ fG(f)g2(X2, X2) + fX1(f)g2(C2, X2)
= g1(DX, ¢, X1) + [292(D%, G2, X2) + fC ()1 Xz]l3-

The preceding two theorems give us a characterization of Killing vector fields on
warped product manifolds. They are immediate consequence of the previous result.

O

Theorem 2.1. Let ( = (¢1,(2) € X(M1 x5 M) be a vector field on the pseudo-
Riemannian warped product manifold My x y My with warping function f. Then ¢
is a Killing vector field if one of the following conditions holds:

(1) ¢ =((1,0) and ¢ is a killing vector field on M.
(2) ¢ =1(0,¢2) and (s is a killing vector field on Ms.
(3) ¢ is a Killing vector field on M;, fori=1,2 and (1 (f) = 0.

The converse of the above result is considered in the following result.

Theorem 2.2. Let ( = ((1,82) € X(M1 Xy Ma) be a killing vector field on the
warped product manifold My x y My with warping function f. Then

(1) ¢ is a Killing vector field on M;.
(2) (o is a Killing vector field on My if (1(f) = 0.

In [16], the authors proved similar results on standard static space-times using
the following proposition.

Proposition 2.2. Let ( = (¢1,(2) € X(My x ¢ M) be a vector field on the warped
product manifold My x y My with warping function f. Then

(Leg)(X)Y) = (52191)(X1,Y1) + f2(L2,92)(X2, Vo) + 2 (1 (f)g2(X2, Ya),  (24)

where EZ is the Lie derivative on M; with respect to (;, fori=1,2.

3. 2-Killing Vector Fields

In this section after we define and state fundamental results about 2-Killing vector
fields, we obtain the main results of the paper.

A vector field ¢ € X(M) is called a 2-Killing vector field on a pseudo-Riemannian
manifold (M, g) if

LeLeg =0, (3.1)
where L is the Lie derivative in the direction of ¢ on M [28].
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The following two results [28] are needed to exploit the above definition.

Proposition 3.1. Let ( € X(M) be a vector field on a pseudo-Riemannian mani-
fold M. Then

(LcLeg)(X,Y) = g(DeDx ¢ — Die x16,Y)
+9(X, D¢Dy (¢ — D¢ v€) + 29(Dx¢, Dy () (3:2)
for any vector fields X, Y € X(M).
The following result is quite direct and helpful.
Corollary 3.1. A wvector field ¢ is 2-Killing if and only if
R((, X,(,X)=9(Dx(,Dx¢)+ g(DxD¢(, X) (3.3)
for any vector field X € X(M).
The symmetry of Eq. (3.2) shows that ¢ is 2-Killing if and only if
9(D¢DxC — D¢ x16, X) + 9(Dx ¢, Dx() = 0.

Example 3.1. Let M be the two-dimensional Euclidean space, i.e. (R?, ds?) where
ds? = da? + dy?. A vector field ¢ = ud, + v, € X(M) is 2-Killing if

(LiLlgn)(X,Y) =0

for any vector fields X,Y, where L. is the Lie derivative on R? with respect to C.
Now it is easy to show that ( is 2-Killing vector field on M if and only if

Ulgy + 2ui =0,
VVyy + 21}5 = 0.

By making use of the above proposition one can get sufficient and necessary
conditions for a vector field ¢ = ({1,(2) € X(My x ¢ Ms) to be a 2-Killing on the
pseudo-Riemannian warped product manifold M; x Ms. The following theorem
represents a similar such.

Theorem 3.1. Let ¢ = (¢1,(2) € X(My xy M) be a vector field on the warped
product manifold My x y My. Then

(LcLeg)(X,Y) = (L4, LL 91)(X1, Y1) + f2(LE,LZ,92) (X2, Ya)
FAFG()(LE,92) (X2, Ya) + 2f (G (f))g2(X2, Ya)

+201(f)C1(f)g2(X2, Y2)
for any vector fields X,Y € X(M; x ¢ Ms).

Proof. See Appendix A. |
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The following results are direct consequences of the above theorem.

Corollary 3.2. Let ( = (1 + (2 € X(M; x5 M) be a vector field on the warped
product manifold of the form My xy Ma. If (1 + (2 is a 2-Killing vector field on
My x ¢ My, then (i is a 2-Killing vector field on M;.

Corollary 3.3. Let ¢ € X(My x5 M) be a vector field on the warped product
manifold of the form My <y Mo. Suppose that (1 and (a2 are 2-Killing vector fields
on My and Ma, respectively. Then (1 + (2 is a 2-Killing vector field on My Xy Mo
if and only if

(1) Ga(f) =0, or
(2) (o is a homothetic vector field on Ms with homothetic factor ¢ (i.e. Eégg = cg2)
such that

FG(G(f) +C(f)G(f) = =2cfG(f).

Corollary 3.4. Let ( = (1 + (o € X(M; x5 M) be a vector field on the warped
product manifold My x y Mo. Then ¢ is a 2-Killing vector field on My x y Mo if one
of the following conditions holds:

(1) The vector field (; is a 2-Killing vector field on M;,1 =1,2, and (1(f) = 0.
(2) ¢ = (o and (o is a 2-Killing vector field on M.

Theorem 3.2. Let ( € X(My xy Ms) be a vector field on the warped product
manifold My Xy M. Then

(1) ¢ =+ Co is parallel if & is a 2-Killing vector field, and Ric* (¢, &) < 0,i=1,2
and also f is constant.
(2) ¢ = ¢ is parallel if ¢y is a 2-Killing vector field, and Ric*((1,¢1) <0, and also

G(f) =0.
(3) ¢ = ¢y is parallel if ¢y is a 2-Killing vector field, and Ric*((a, (o) < 0, and also

f is constant.
Proof. Suppose that
{e1,62,...,em}
is an orthonormal frame in 7,,M; and
{€m+1,€m+2,- -+ Emin}
is an orthonormal frame in T, M, for some point (p, q) € My x M. Then
{e1,e2,...,€nyn}
is an orthonormal frame in T{, (M1 x Mz) where

€i, ISZSm,

1
—e;, m+1<i<m-+n.

f
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Thus for any vector field ¢ € X(M; x y Ms) we have

m—+n
Tr(g(D¢, DC)) = Y 9(Dz¢, De,C)
=1
m 1 m-+n
:Zgweic,DeicHF > 9(De$, D). (34)
i=1 i=m-+1

Using Proposition 2.1, the first term is given by

3

> 9(De,C, DeiC) = > g(DLGi+ eilln £)Ga, DEGi + ei(In £)C2)
=1

=1

-
I

m

9(DLG, DLG) + Y gleiln £)éa,ei(In £)C2)

1 i=1

I
NE

.
I

= Tr(g1(D'¢1, D'¢1)) + 1Gall3 Y (es(In £))?

=1
= Tr(g1(D"¢1, D'C1)) + || GBIV £ (3.5)

and the second term is given by

m—+n m-+n

5 3 9DCDLO =5 3 oGl e+ DAG
f i=m-+1 f i=m+1
— fg2(ei, )V [, Cu(In fe; + DZ,Ga — fgalei, )V )
m—+n
=n(G(nf)*+ D g2(DZ (o, D2 )
i=m-+1
m—+n
HIVEIE D (g2(6,6))%, (3.6)
i=m-+1
m—+n
= > oD Du) = ()P + oD, D) + VARG
i=m-+
(3.7)
By using Egs. (3.5) and (3.7), Eq. (3.4) becomes
Tr(g(D¢, D)) = Tr(g1(D"¢1, D)) 4 Tr(g2(D?Ca, D))
+2[ I3V AT+ %(Cl(f))z- (3-8)

Now suppose that ¢; is a 2-Killing vector field and Ric*(¢;,¢;) < 0, then ¢; is a
parallel vector field with respect to the metric g; and hence

Tr(g1(D'¢1, D'¢1)) = Tr(g2(D?¢2, D?¢2)) = 0.
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Then for a constant function f, we have

Tr(9(D¢, D()) = 0.

Thus ( is a parallel vector field with respect to the metric g. One can easily prove
the last two assertions using Eq. (3.8). m|

Corollary 3.5. Let ¢ € X(My x5 Ms) be a vector field on a warped product manifold
of the form My Xy Ms. Then

Tr(g(D¢, DC)) = Tr(gi(D'¢1, D*¢1)) + Tr(go(D?*Ca, D*¢))
+2)| GV + %@(f)@(f»

Theorem 3.3. Assume that ( € X(M; x ¢ Ma) is a nontrivial 2-Killing vector field
on the warped product manifold My Xy Ms. If D¢ is parallel along a curve vy, then

K(¢,5) > 0.

Proof. Let ¢ € X(M; x s M) be a nontrivial 2-Killing vector field, then
0=9(D:Dx(,Y)—g(Di x1C,Y) +29(Dx¢, Dy ()
+9(X, D¢Dy () — g(X, D¢ v1€)
for any vector fields X,Y € X(My x5 Ms). Take X =Y =T =4, then
9(D¢Dr¢,T) — g(Die,r¢, T) + 9(Dr¢, Dr¢) = 0,
9(De¢D7¢ — Die 1€, T) = —g(D7¢, Dr().
Since D¢( is parallel along a curve v, Dy D¢¢ = 0 and hence
9(R((,T)¢, T) = —g(Dr¢, Dr(),
R(¢,T.T,¢) = —g(Dr¢, Dr(),
K(¢,%) = [ Drc||® * A(¢ %) > 0,
where A((, ) is area of the parallelogram generated by ¢ and +. O
The above result can be proved by using Corollary 3.1 as follows.
Let ¢ € X(M; x ¢ M) be a nontrivial 2-Killing vector field, then
R(C,T,(,T) = g(Dr¢, Dr() + g(Dr D¢, T)
= [|Dr¢)* +0
= [|Dr¢||* > 0.

Moreover, if D¢¢ = 0, then K (¢, X)) > 0 for any vector field X € X(M; x f M>).
Now, we will state yet another condition for a vector field on warped product
manifolds to be 2-Killing.
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Let (M, g) be an n-dimensional pseudo-Riemannian manifold. Suppose that X
and Y are vector fields on M. Then denote:

FX,Y)=9(VxVy X, Y)+g(Vy X, Vy X) — g(V[X,y]X7 Y).

Note that X is a 2-Killing vector field if F(X,Y) = 0 for any vector field Y on
M. We can prove many of the above results using the following theorem.

Theorem 3.4. Let ( € X(My Xy M) be a vector field on the warped product
manifold of the form My Xy My. Then

TG+ G, X1+ Xo) = F1(C, X1) + 252(8e, Xo)

+(fG(f) + G(f)G(f))ge(Xe, X2)
+2fG(f)92(Vx, (2, Xa).

4. 2-Killing Vector Fields of Warped Product Space-Times

We will apply our main results to some well-known warped product space-time
models to characterize their 2-Killing vector fields.

4.1. 2-Killing vector fields of standard static space-times

We begin by defining standard static space-times.

Let (M, g) be an n-dimensional Riemannian manifold and f : M — (0,00) be a
smooth function. Then (n + 1)-dimensional product manifold I x M furnished with
the metric tensor

g=—fdt’ &y

is called a standard static space-time and is denoted by M = Iy x M where I is an
open, connected subinterval of R and dt? is the Euclidean metric tensor on I.

Note that standard static space-times can be considered as a generalization of
the Einstein static universe [1-3, 8, 13-16].

Theorem 4.1. Let M = I x M be a standard static space-time with the metric
g = —f2dt®> @ g. Suppose that v : I — R is smooth on I. Then { = ud; + ¢ with
¢ € X(M) is a 2-Killing vector field on M if one of the following conditions is
satisfied:

(1) ¢ is 2-Killing on M,u = a and f((f) =b where a,b € R.
(2) ¢ is 2-Killing on M,u = (rt + s)% and ((f) = 0 where r, s € R.

Proof. Let X = 20; + X € X(M) and Y = y0; + Y € X(M) be any vector fields
on M where X,Y € X(M) and x,y are smooth real-valued functions on I. Using

1550065-10
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Theorem 3.1, we have

(E E 9)(X,Y)

= (LcLeg)(X,Y) + [2(Lao, Luo, 91)(@0e, yds) + 4fC(F)(LE,g2) (2Dy, yOy)
+2fC(C(f))gr(x0y, y0e) + 2C(f)C(f)g1 (20, yOr).
Note that for a vector ud; field on I, we have
Legr(x0p, yor) = 2agr (20, yo),
LLegr(x0,y0r) = (2uii + 4u*) g1 (x0y, yoy).
Then
(LeLeg)(X,Y)
= (LcLeg)(X,Y) + f2(2uii + 40%)gr(x0y, ydy) + 8ufC(f)gr(x0r, yoy)
+20(f¢(f))gr(x0%, yOr). (4.1)

The vector field ¢ is 2-Killing on M and the function u in both conditions (1)
and (2) is a solution of

(2uii + 442) = 0.
Thus Eq. (4.1) becomes
(LeLeg)(X,Y) = 2[4f ()i + C(FC(F)]gr (@, yOy). (4.2)

Finally, condition (1) implies that @ = ((f¢(f)) = 0 and condition (2) implies
that ¢(f) = 0. Consequently, condition (1) or condition (2) implies that

(LeLeg)(X,Y) =0
and so ¢ is 2-Killing on M. O

The converse of the above theorem is considered in the following corollary. The
proof is straightforward.

Corollary 4.1. Assume that M is a standard static space-time of the form Iy x M
and ¢ = ud; + ¢ is a 2-Killing vector field on M. Then C is a 2-Killing vector field
on M. Moreover, the vector field udy is a 2-Killing vector field on I if ((f) =0

Example 4.1. Let ¢ = u(t)0: + v(x)d, be a vector field on the warped prod-

uct manifold M = Iy x R with warping function f and the metric tensor ds? =
f2dt2 + dz?. To prove that ¢ is a 2-Killing vector field, we can use Eq. (4.1). If
=20;+ X and Y = y0; + Y are two vector fields on M, then

(LeLeg)(X,Y) = (LcLeg)(X,Y) + f2(2uii+ 402) g1 (40r, yOy)
+8uf((f)gr(x0, yor) + 2C(fC(f))gr(x0e, y0e),  (4.3)
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where ( = v(2)d, and g = dz?. It is now easy to show that
Cf) =of's C(FCS) = 2 ff" + 0 7 + o' ff,
(LeLeg) (D, 0z) = 200" + 4.
Also, an orthogonal basis of X(M) is {0, 05 }. Thus Eq. (4.3) becomes
(LeLzg)(On, 0:) = 200" 4 40",
(LeL:g) (0w, 0y) = 0,
(LeLeg) (81.0,) = 0
(LeLeg) (8, 0y) = — 2 (2uil + 4u°) — 8uw ff" — 20° ff" — 20% f2 — 200" ff'.
Now if u0; and v0; are 2-Killing vector fields on I and R, respectively, then
Quil 4 44 = 200" + 4" = 0.

Consequently, ¢ is 2-Killing if f/ = 0. One can obtain the same result by using the
definition of 2-Killing vector fields (see Appendix B).

4.2. 2-Killing vector fields of generalized Robertson—Walker
space-times

We first define generalized Robertson—Walker space-times.

Let (M, g) be an n-dimensional Riemannian manifold and f : I — (0,00) be a
smooth function. Then (n + 1)-dimensional product manifold I x M furnished with
the metric tensor

g=—dt’® f*g
is called a generalized Robertson—Walker space-time and is denoted by M = I x M
where I is an open, connected subinterval of R and dt? is the Euclidean metric tensor
on [.

This structure was introduced to the literature to extend Robertson—Walker
space-times [18, 30, 29]

Due to Corollary 3.2, we need to determine 2-Killing vector fields on I. Suppose
that (1 = h0; is a vector field on I where h is a smooth function on /. Then

(49, L05,91)(Dy, 1) = —2hh" — A(h')?
= 2Rl + 2(1)?).

Therefore, (; = hd; is a 2-Killing vector field on [ if and only if hh” = —2(h')2.

In this case, one can solve the last differential equation and obtain that h(t) =
(at — b)3 for some a,b € R where t € I and t # L.

Thus to characterize 2-Killing vector fields on the generalized Robertson—Walker
space-time of the form M = I x ¢ M, one can focus on vector fields of the form
(at —b)38, + V.

An easy application of Corollary 3.3 leads us to the following result.
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Proposition 4.1. Let M =1 XM be a generalized Robertson—Walker space-time

with the metric tensor § = —dt* @ f2g. Suppose that V is a 2-Killing vector field
on (M, g). Then a vector field (at —b)38, + V is a 2-Killing vector field on (M, g)
if V' is a homothetic vector field on (M, g) with ¢ salisfying

I+ (F + ) at = b) = ~2¢f(at = b)3.

Remark 4.1. At this point, we want to emphasize that we prefer not to apply
Corollary 3.4 since condition (1) implies that the warping function f of a generalized
Robertson-Walker space-time of the form M = I x ¢ M is constant and hence the
underlying warped product turns out to be just a trivial product.

Appendix A. Proof of Theorem 3.1
Using Propositions 2.1 and 3.1, we get
(LcLeg)(X,Y) = g(DeDx (YY) + g(X, DDy €) = g(Die x16,Y) = 9(X, Di¢,y(C)
+29(Dx¢, Dy ().
The first term 77 is given by
Ty = g(D¢Dx(,Y)

=g <D< <D}c1§1 + %Q(f)Xz + %Xl(f)Q + D%, ¢ — fgz(Xz,Cz)Vf)Y)

}<1<<1<f>>x2 + % %
1

—C1(f)92(X2, )V f — f92(X2,0)DE S f + ?(Dﬁchl)(f)Q

%Cl(f)Di)ﬁ = G(f)g2(X2, )V f + %X1(f)Dg2C2

— X1(f)g2(C2, @)V f + D, D%, o — f92(D%, G, )V S

—y (D}ID}Q@ + GG+ 26 (D%, G

_|_

—fgz(DngmCz)Vf—fgz(Xz,Dngz)Vf—92(X2,§2)(Vf)(f)427y>
and so

Ty = g1(D{, DX, (1, Y1) + fG(G(f))g2(X2,Y2) + fGQ(X1(f))g2(Co, Y2)
+ £ (£)g2(D%, G, Y2) — G)Y1(F)g2(X2, &) — fg2(Xa, ()1 (DE, v f, Y1)
+ f(DX, Q1) (£)g2(Cas Ya) + [ (f)g2(DZ, X2, Ya2) — G (f)Y1(f)g2(X2, (o)
+ [ X1(f)g2(D, 2, Y2) — X1 (f)Y1(f)g2(Cas G2) + f292(DZ, D%, (2, Y2)
— Y1(£)g2(D%, 2, C2) — fY1(f)g2(DE, X2, C2) — fY1(f)g2(X2, DE, (o)
— [292(Xa, &) (VF)(f)g2(Co, Ya)
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= g1(D{, DX, C1, Y1) + f2g2(DZ, D%, (2, Y2)
+ FCG(G(f))g2(Xa, Ya) + fC(X1(f))g2(C2, Y2) + fC(f)g2(D%, G2 Ya)
— FQ(Yi([)g2(X2, G2) + fg2(Xa, &) (D, Y1)(f)
+ £92(C2, Y2) (DX, Q) (f) + [ (f)g2(DZ, Xo, Ya) — 2G1(£)Y1(f)g2(Xa2, (o)
+ [ X1(f)g2(DE,C2,Y2) — X1 (f)Y1(f)g2(Cas C2)
— Y1(f)g2(D%, G2, C2) — fY1(f)g2(DE, X2, G2) — fY1(f)g2(X2, DZ,(2)
— [?92(X2, (2)92(Co, Ya) (V) (f)-

Exchanging X and Y we get the second term T and so

T+ Ty = g(D¢Dx(,Y) + g(DcDy(, X)
= g1(D¢, DX, C1, Y1) + f?92(DZ, D%, G2, Ya) + g1(D¢, Dy, G1, X1)

+ [292(DZ, D3, Ca, Xa) + 2fC1(G1(f))g2(X2, Y2)

—2X1()Y1(f)g2(C2, C2) — 2192 (Xa, (2)g2(C2, Y2) (W F)(f)

+ £ (f)g2(D%, G, Ya) + fg2(X2, &) (DL YI)(S)

+ f92(C2. X2)(Dy, Q) (f) + fC(f)g2(D3, G, Xo)

+ f92(Ya, G2) (D¢, X1)(f) + fg2(Ca, Y2) (D, G1)(f)
+ fC(f)g2(DE, X2, Y2) — 261 (/)Y (f)g2(X2, o) — fY1(f)g2(D%, G2, C2)
+ fC(f)g2(DE, Ya, Xa) — 21 (f) X1 (f)g2(Ya, C2) — fX1(f)g2(D3, 2, C2)
— [Y1(f)g2(DZ, Xa,C2) — fX1(f)g2(DE, Yz, (o).

The third term is given by

T3 = g(Di¢ x16Y)
= g(D[Cl,Xl}Cl + D[C2,X2]C1 + D[CLXl]Cz + D[C27X2}C27 Y)

+ lKlaXl](f)@ + Dft, x,162

1
G (f)[C2, X2 7

=9 (D[lﬁl»Xl]Cl + ?
— f92([C2, Xo], C2)V f Y)

= 91(Di¢, x,161: Y1) + FG()g2([C2, Xal, Vo) + fC1, Xa](f)g2(Ca, Vo)
+ 292(D, x;)C2: Y2) = f92((C2, Xa], &) Ya(f)

= 91(Dje, x,)€1: Y1) + F292(Di, x,1C2, Ya) + FG(f)g2([Cos Xa], Y2)
+ f92(C2, Y2)[Cr, Xa](f) — fg2([C, Xo], G2)Y1(f)-
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Exchanging X and Y we get the fourth term T and so

Ts+ Ty = g1(Di¢, x,1$1: Y1) + 91(Dje, v, 161, X1) + f292(Df, x,162, Y2)
+ [292(Df, vy Gy Xo) + FC(f)g2([Cos Xa], Ya) + Fga(Co, Ya)[Cr, Xal(f)
= fY1()g2([C2, Xo], ) + fC(f)g2([C2, Yol X2) + f92(C2, X2)[C1, YA](f)

— fX1(£)g2([C2, Yol, C2)-
The last term T3 is given by

(1/2)T5 = g(Dx¢, Dy ()

=g <D§(ICI + %Cl(f)X2 + %Xl(f)@ + D%, G — f92(X2, )V S,
x Dy, (1 + }Cl(f)% + }Yl(f)@ + D3, ¢ — fg2(Ya, Cz)Vf)

= g1(Dx, 1, D3, G1) — f92(Y2, G2) (DX, Q) (f) + G(f)C1(f)g2(X2, Ya)

+ G (N1()g2(Xa, G) + fC(f)g2(Xa, DY, (o)

+ G(N)X1(f)g2(C2 Ya) + Xa (/)Y1(f)g2(C2, G2) + FX1(f)g2(C2. DY, C2)

+ fG(f)g2(D%, G, Ya) + fY1(f)g2(D%,C2: C2) + f292(D%, G2, DY, C2)

— f92(X2,(2)(Dy, 1) (f) + [292(X2, ()92 (Y2, ()91 (V f, V f)-

Then
(LeLeg)(X,Y) = (LL,LEg1)(X1, Y1) + fALE L2, g2) (X2, Ya)

+4fC()LE,92)(Xa, Ya) + 2fC1(C1(f))g2(X2, Y2)
+2G(f)G(f)g2(X2, Y2).

Appendix B. Space-Time Example

In this section we deal with a standard static space-time of the form I; x R. Using
Proposition 2.1, one can establish the following

(1) Vy,0, =0,

(2) Vo,0; = Vo,0; = 0y (In )0 = L0, and

(3) Vo,0r = ff'0,

on the warped product manifold Iy x R. It is clear that
[57 at] = _uah [67 aw} = _vlaa:~

Also, we have

Vo,C = uff'0r + = (uf—f—vf)@t, Vo, =00, + = (uf)

f f
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and
VeVa,C = [uvff” + 2uv f™ + 2uiff')0,
SR 0 f o = ) i fl0,
_ 1
VeV, ¢ = (v + u? )0, + ?(uuf’ +uv' f +uvf")0y.
Finally,
_ 1
V[E,at]c = —quf/am - ?(uvf' + ﬂ2f)8t7
e 1
Vi¢a.6 = —0"%0, — ?(uv’f')ﬁt.

Now we can evaluate 2-Killing forms on Iy x R as follows
(LeLeg) (0, 0z) = 2[vv” + 2077,
(LeLeg) (0, 02) =0
(LeLeg)(0z,0) =0,
(LeL:g) (0, 0r) = —2f[uii + 20°] — 2[0% " + v’ ff'] — Biw ff’ — 20° f2.

which is what we have done before.
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