ResearchGate

See discussions, stats, and author profiles for this publication at:

PIATETSKI-SHAPIRO MEETS CHEBOTAREV

ARTICLE - NOVEMBER 2015

READS
18

2 AUTHORS, INCLUDING:

Bilkent University

12 PUBLICATIONS 29 CITATIONS

SEE PROFILE

Allin-text references are linked to publications on ResearchGate, Available from: Yildirim Akbal
letting you access and read them immediately. Retrieved on: 07 January 2016


https://www.researchgate.net/publication/272743905_PIATETSKI-SHAPIRO_MEETS_CHEBOTAREV?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_2
https://www.researchgate.net/publication/272743905_PIATETSKI-SHAPIRO_MEETS_CHEBOTAREV?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_3
https://www.researchgate.net/?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_1
https://www.researchgate.net/profile/Ahmet_Guloglu?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_4
https://www.researchgate.net/profile/Ahmet_Guloglu?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_5
https://www.researchgate.net/institution/Bilkent_University?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_6
https://www.researchgate.net/profile/Ahmet_Guloglu?enrichId=rgreq-8e363086-2f55-4d8f-9e86-063cc62512aa&enrichSource=Y292ZXJQYWdlOzI3Mjc0MzkwNTtBUzoyMDA0NDYxOTYwOTcwMzFAMTQyNDgwMTUwNTU5Mw%3D%3D&el=1_x_7

PIATETSKI-SHAPIRO MEETS CHEBOTAREV
YILDIRIM AKBAL AND AHMET MUHTAR GULOGLU

ABSTRACT. Let K be a finite Galois extension of the field Q of ratio-
nal numbers. We prove an asymptotic formula for the number of the
Piatetski-Shapiro primes not exceeding a given quantity for which the
associated Frobenius class of automorphisms coincide with any given
conjugacy class in the Galois group of K/Q. In particular, this shows that
there are infinitely many Piatetski-Shapiro primes of the form a? + nb?
for any given natural number n.

1. INTRODUCTION

In 1953 Ilya Piatetski-Shapiro proved in [12] an analog of the prime
number theorem for primes of the form |n¢|, where |z] = max{n € N :
n < x}, n runs through positive integers and ¢ > 0 is fixed. He showed that
such primes constitute a thin subset of the primes; more precisely, that the
number 7.(z) of these primes not exceeding a given number x is asymptotic
to z'/¢/log x, provided that ¢ € (1,12/11). Since then, the admissible range
of ¢ has been extended by many authors and the result is currently known
for ¢ € (1,2817/2426) (cf. [13]).

A related question is to determine the asymptotic behavior of a particular
subset of these primes; for example, those belonging to a given arithmetic
progression, or those of the form a? + nb®. The former was considered by
Leitmann and Wolke (cf. [8]) in 1974, and it has been used in a recent paper
by Roger et al. (cf. [1]) to show the existence of infinitely many Carmichael
numbers that are products of the Piateski-Shapiro primes.

For both of the aforementioned examples, the problem can be inter-
preted as counting the Piatetski-Shapiro primes that belong to a particular
Chebotarev class of some number field (see Theorem 1 and the remark fol-
lowing Theorem 2). Motivated by this observation, we study in this paper
the following more general problem:
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Take a finite Galois extension K/Q and a conjugacy class C' in the Galois
group G' = Gal(K/Q). Put

m(K,C) = {p prime: ged(p,Ax) =1; [K/Q,p] =C}

where A is the discriminant of K, and the Artin symbol [K/Q, p] is defined
as the conjugacy class of the Frobenius automorphism associated with any
prime ideal 5B of K above p. Recall that the Frobenius automorphism is the
generator of the decomposition group of B, which is the cyclic subgroup
of automorphisms of G that fixes 8. The Chebotarev Density Theorem as
given by Lemma 5 below states that the natural density of primes in 7(K, C')
is |C]/|G|; that is,
m(K,C,x) ~ }%: li(z) (r — o0)

where 7(K,C,z) = #{p <z :p € n(K,C)} and li(z) = [; (logt)~*dt is the
logarithmic integral.

Our intent in this paper is to find an asymptotic formula for the number
of the Piatetski-Shapiro primes that belong to 7(K,C). To this end, we
define the counting function

(K, Ciz) =#{p <z : pen(K,C);p=|n°] for some n € N}.

The first result we prove in this direction is for abelian extensions K/Q. By
the Kronecker-Weber Theorem this problem easily reduces to counting the
Piatetski-Shapiro primes in an arithmetic progression, which was handled
in [8] as we have mentioned above. We do, however, reprove their theorem
here in a slightly different manner following a more recent method given in
[4, §4.6] that utilizes Vaughan’s identity.

Before stating our first result, we recall that the conductor f of an abelian

extension K/Q is the modulus of the smallest ray class field KT containing
K.

Theorem 1. Let K/Q be an abelian extension of conductor §. Take any
automorphism o in the Galois group G = Gal(K/Q). Then, there exists
an absolute constant D > 0 and a constant xo(f) such that for any fized
c € (1,12/11) and x > xo(f), we have

1
Te(K,{c}, x) = mli(ﬂfl/c) + O (2 exp(—D+/log 7))

where the implied constant depends only on c.

Next, we consider a non-abelian Galois extension K/Q. Given a conju-
gacy class C' in G, take any representative o € C' and put d = [G : (0)] =
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[L : QJ, where L is the fixed field corresponding to the cyclic subgroup (o)
of G generated by o. Note that d;, > 2. As in the abelian case, we obtain
a similar asymptotic formula, only this time the range of ¢ depends on the
size of dy, (not on L, hence o). This is due to the nature of an exponential
sum that appears in the estimate of one of the error terms. In this case, we
prove the following result:

Theorem 2. Let K, C', G and dy, be as defined above. Then, there exists an
absolute constant D > 0, and a constant xo which depends on the degree dy

and the discriminant A of K such that for x > xq and for c that satisfies
(24cttd, + 1)1 if dp <10,

l<e<1+ 1
(6(dr® + d”) log(125d;) — 1) otherwise,

we have
C
T(K,C,z) = %li(xl/‘z) + O(xt/e exp(—D|AK|_1/2(log x)l/Q))
c
where the implied constant depends on c, the degree d;, and the discriminant
Ay, of the intermediate field L defined above.

The asymptotic formula above follows from the effective version of the
Chebotarev density theorem (see Lemma 5) coupled with an adaptation of
the method in [4, §4.6] to our case using an analog of Vaughan’s identity for
number fields (see Lemma 10). The main difference from [4, §4.6] here is that
one has to deal with the estimate of an exponential sum that runs over the
integral ideals of L (see §2.3, §2.7) and most of the paper is devoted to the
estimate of this sum. The main idea in a nutshell to handle the exponential
sum in §2.3 is to split it into ray classes, then choose an integral basis for
each class, and finally use van der Corput’s method for small values of d,
and Vinogradov’s Method for the rest on one of the integer variables.

As an application, we consider the ring class field L,, of the order Z[y/—n]
in the imaginary quadratic field K = Q(y/—n) where n is a positive integer.
It follows from [3, Lemma 9.3] that L, is a Galois extension of Q with
Galois group isomorphic to Gal(L,/K) x (Z/2Z), where the non-trivial
element of Z/2Z acts on Gal(L,/K) by sending o to its inverse o~!. For
example, Gal(Lo7/Q) =~ S; is non-abelian, while Gal(L3/Q) is abelian since
Lz = Q(v/=3). In any case, we have from [3, Theorem 9.4] that if p is an
odd prime not dividing n then p = a? + nb? for some integers a, b if and
only if p splits completely in L,, which occurs exactly when [L,, /Q, p] is the
identity automorphism 1¢ of G = Gal(L, /Q). Therefore, as a corollary of

the theorems above we see that the number of Piatetski-Shapiro primes up
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to x that are of the form a?+4nb? is asymptotic to (c|G|)~'1i(z/¢) as z — oo
for any ¢ in the range given by the relevant Theorem above depending on
whether L, /Q is abelian. Note that by [3, Lemma 9.3], L,,/Q is abelian only
if [L,, : K] < 2. On the other hand, [L,, : K] is the class number h(Z[\/—n])
of the order Z[\/—n], which by [3, Theorem 7.24] is an integral multiple
of h(K). Since it is also known that there are only finitely many n such
that h(K) < 2, we conclude that for all but finitely many n > 0, L,,/Q is

non-abelian.

Remark 3. Adapting the most recent methods that have been used for the
classical Piatetski-Shapiro problem it may be possible to obtain a slightly
larger range for ¢ in both Theorems 1 and 2, although we have not attempted
to do so for the sake of simplicity.

Remark 4. If one assumes GRH for the Dedekind zeta function of K, then
the best one can show with our methods is that the asymptotic formula

_ |C| s 1/c 1/c—e(c)
7.(K,C,z) = C|G|h(x )+ O(z )

holds for sufficiently large x and with an €(c) > 0 that approaches zero as ¢
tends to the upper limit of its range given in Theorems 1 and 2. Note that
it is also possible to give an explicit expression for €(c), but requires some
extra work. One can also get an error of the form O(z'/¢~¢) for a fixed small
€ > 0 at the expense of a smaller range for c.

1.1. Preliminaries and Notation. We use Vinogradov’s notation f < g
to mean that |f(z)| < Cg(x), where g is a positive function and C' > 0 is a
constant. Similarly, we define f > g to mean |f| > C'g and f < ¢ to mean
both f < g and f > g.

We write e(z) for exp(2miz).

For any finite field extension L/Q, we shall write Ay for its absolute
discriminant and d, for its degree [L : Q] = 71 + 27, where r; is the number
of real embeddings of L. We denote the ring of integers of L by O and the
absolute norm of an ideal a is denoted by Da.

The letter p always denotes an ordinary prime number. Similarly, we use
the letters p, P for prime ideals.

Preliminaries. Here we state some of the auxiliary lemmas that shall be
needed for the proof of Theorem 2.

Lemma 5 (Chebotarev density theorem). Let K/Q be a Galois extension
and C' a conjugacy class in the Galois group G. If di > 1, there exists an
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absolute, effectively computable constant D and a constant xo = xo(dgk, Ax)
such that if x > xq, then

C
7(K,C,x) = :G: i(z) + Oz exp(—D|Ak|?y/logx))
where the implied constant is absolute. Furthermore, if GRH holds for the

Dedekind zeta function of K, then for x > 2,

|O| C ‘ 2172 d
1 < 1 A K log |A
|G| i(r)| <ca |G| og(|Ax|z™) + log |Ak|

where ¢y is an effectively computable positive absolute constant.

m(K,C,x) —

Proof. The result immediately follows by combining [7, Theorems 1.1, 1.3
and 1.4]. O

We refer to [2, Lemma 2] for the following result.

Lemma 6. Let L/Q be a finite extension of degree di, and discriminant

Arp. For each ideal a of L, there exists a basis o, ..., aq, such that for any
embedding T of L,
(1.1) A7 )Y ) o] < Ay (Da)

where A} = deL|AL|1/2.
For the proof of the next lemma, see for example [6, Theorem 11.8].

Lemma 7. Let L be a finite extension and L be a nonzero ideal in the ring

of integers . There exists an element o # 0 in U such that

I 4\
Nty < 2 (—) AL,
dpt\m

where 2ry 1s the number of complex embeddings of L.

2. PROOF OF THEOREM 2

We start with the observation that the expression L—p‘SJ — L—(p + 1)5J
is either 0 or 1, where 0 = 1/¢, and the latter holds exactly when p = |n¢|

for some n € N. Using this characterization and the identity
[P’ = =+ D =+ 1) =P + v (- +1)") —v(=p")
=op" "+ O + 4 (~(p+1)°) = v(=p°),
where ¢(x) = x — || — 1/2, we obtain
(K, Coxy= > o'+ Y (W (—(p+ 1)) —u(-p)

p<z p<T
pen(K,C) pen(K,C)

+ O(log z).
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Using partial summation, it follows from Lemma 5 that for x > =z, =

370(de ’AKD

S ot = S + Ot e exp(-DlAk| 7 Tog)

p<x
peT(K,0)

where the implied constant is absolute.
The rest of this section deals with the estimate of the sum involving ).

For any function f(z), we put F(f,z) = f (—(x—i— 1)5) — f(=2°). Using
dyadic division yields

>, Fle)= ), >,

p<T 1<N<z N<p<Ni
pET(K,C) N=2F pen(K,C)

where Ny = min(z,2N). By Vaaler’s theorem (see, e.g., [4, Appendix]) we
can approximate 1(z) with the function
(x) = Y ane(hx), (e <h7)
1< |h|<H

where the error estimate (x) — ¢*(z) < A(z) holds for some non-negative
function A given by

= 3" b(he(ha),  (b(h) < HY).
|h|<H

Using the definition of A, it follows from [4, p. 48] that

Y F—¢tp) < Y A(=n') < NH™' 4 NPH'2,
N<p<N N<n<N;
pem(K,C)

Thus, taking
(2.1) H = N'=°F¢

yields
> F—v",p) < 2’ exp(—D|Ag|*/log z)
pen(K,C.x)
provided that 1 < ¢ < 2 and € > 0 is sufficiently small, both of which are
assumed in what follows.
Having dealt with the error term, we now turn to the sum involving ¥*.

Using partial summation we obtain

1
F(y* F(y*,n)A VN

> (V" p) < oa N > (", n)A(n)| + O(VN)

N<p<N1 N<n<N'

pen(K.C) ne(m(K,C))
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where (7(K,C)) denotes the set of integers whose prime factors belong to
(K, C). Recalling the definition of ¢* above we derive that

> F@r mAMm) = > an > Fle(hw),n)A(n)

N<n<N’ 1<|h|<H N<n<N’
ne(r(K,C)) ne(r(K,C))
< Yo ST e(hnd)gn(n)A(n)],
1<h<H N<n<N’
ne(n(K,C))

where ¢p,(z) =1 — e (h((z + 1)° — 2°)). Using the bounds
on(z) < had ™!, ¢, (z) < ha’™?

and partial summation we see that the inner sum above is

< hN°' ma hn®)A .

e > e(hn)A(n)
N<n<N’
ne(n(K,C))

Thus, to finish the proof of Theorem 2 it is enough to show that

S1DYD e(hn®)A(n)

h | N<n<N’
ne(n(K,C))

< Nexp(—D|Ag|7%y/log N).

Lemma 8. Take a representative o € C. Let L be the fized field of the cyclic
group (o) generated by o. Then, for N' < Ny < 2N,

g e(hn®)A(n)
N<n<N’
ne(r(K,0))

%Zw— > (/L a)Ar(a)e (h(OMa)’) + O(VN)
P aCDL

where the first summation is taken over all characters of Gal(K/L) and the

second is over powers of prime ideals of L that are unramified in K.

Proof. Since K/L is abelian we obtain by the orthogonality of characters of
Gal(K/L), the expression

D v0) D (/L a)AL(a)e (h(Na)’)
% aCOp

equals

ordg (o Z Ap(a MNa)’).

aCOp,
N<Na<N’
[K/L.a]=0
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Removing prime ideals p of L with degp > 1 and powers of prime ideals p*
with £ > 1, the last sum can be written as

> e (h(Mp)°) logMNp + O(VN),

N<NMp<N/
[K/Lpl=c
Np is prime

)3 < . 1)6(hp‘5)logp+0(m).

N<p<N’ pCOL
[K/Lpl=0
Np=p

If p is a prime that is unramified in K and p is a prime ideal of L above p

or

satisfying [K/L,p] = o, then p remains prime in K and
[K/L,p] =0 and Np = p <= [K/Q,pOk| = 0.

In particular, [K/Q,p|] = C. Furthermore, the number of prime ideals B
of K above such a prime p with [K/Q,B] = o equals [Cs(0) : (0)], where
Cq(0) is the centralizer of o in G. The result now follows by observing that
|Ce(0)| = |G|/|C| and noting that

> e(n)A(n) = Y e(hp’)logp+ O(VN).
N<n<N/ pET(K,C)
ne(m(K,C)) N<p<N’

4

Remark 9. From now on we shall write x(a) for the composition W([K /L, a]).
Note that since K/L is abelian,  is a character of the ray class group J// P’
(see, e.g., [10, p. 525]) where f is the conductor of the extension K /L. Fur-
thermore, we shall require that y(a) = 0 whenever a is not coprime to f.
This way, we can assume that the inner sum in the lemma above runs over

all integral ideals of L.

Our current objective is to prove that

S DY x(@As(a)e (h(Na)’) | < Nexp(—D|Ag|™/*\/log N).

h agDL
N<Na<N’

We start with an analog of Vaughan’s identity for number fields.

Lemma 10. Let u,v > 1. For any ideal a C Oy, with Na > u,
Ar(a) = ju(b)logNe

be=a
Nb<v
= > m®AL) = Y Ag(e) ) pu(b)
bcd=a ce=a bo=¢
MNb<v, Ne<u Ne>u,INe>v MNb<v
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where

0, otherwise,

_11@7 ifa=pi--- P,
ML(a):{( . ifa=pi---p

and

AL(Cl) =

logNp, if a = p* for some k > 1,
0, otherwise.

Proof. We use the identity
Ar(a) =D 1 (b) log N
be=a

and then follow the argument preceding [5, proposition 13.4]. Finally, note
that

S m®AL) = 3 Au©) Y pule)

bco=a ce=a bo=e

MNb>v,Ne>u Ne>u Nb>v
- Y (me oy mb))
mc;qi:‘)’?e>v bo=c f,)b?abie
=— > ML) Y plb).
ce=a bo=¢
Ne>u,Ne>v Nb<v

We assume from now on that v < N. It follows from Lemma 10 that

> x(@AL(a)e(A(MNa)’) = S; + Ss + S
NS

where

Sio= — Y x(@e(h(Ma)’) Y Ag(e) Y pur(b),

N z%zgé N/ RIS >czeL,:‘3Ctle >v ‘)Etbbzi)
So = > xla)e(h(Na)’) Y puu(b) logMe,
aCOy, bc=a
N<NMa<N’ Nb<v
S = — > x@e(h(Ma)’) D us(®)AL(e).
aCOp, bcdo=a
N<Na<N’ Nb<v,Ne<u

2.1. Estimate of S;. We first need an auxiliary result.
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Lemma 11. Let X, Y be positive integers and

a(m) = = Y x(0)AL(0),

CQDL
Bn) =" x(e) Y pr(b).
eCOp, bo—=¢
Ne=n Nb<v
Then,
o lam)P < Xlog? X, 3T B < V(log Y)Y
X<m<2X Y <n<2Y

Proof. By Cauchy-Schwartz inequality

S oBmeE< Y (Zl)Z(ZuL(b)>2< S o)

Y <n<2Y Y<n<2Y “eCOp, eCOy “bo=e Y <nL2Y
Ne=n Ne=n Nb<v

where g(n) is the multiplicative function defined by

o= (X 1) ¥

eQDL eQDL
INe=n Ie=n

and 7(e) is the number of integral ideals of L that divide e. Note that for
any prime p > 2, g(p) < 4d;?, while for k > 1 we see that the number of
ideals ¢ with 9e = p* is bounded by

(de+ k I 1> _ ezzzllog(l-‘r%) < 62’;:1 % < (€k)dL_1
L —

and 7%(¢) < (k +1)* < 4k% Thus, g(p*) < e’ k*+1. It follows that

log <1+%+g(p2) +) = log (1+%> +0(1/p?)

4d; >
< pL +0(1/p°)

where the implied constant depends on dj. Therefore,

Z g(”) <2Y Z @ < 2Y€ZP<QY 10g(1+%+9(§2)+...)

Y <n<2Y Y <n<2Y

< 2V OWHHL Epcay <4, Y(log Y)4dL2.
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As for the other sum, we obtain

Yoo lam)P< Y Y 1Y (o)

X<m<2X X<m<2X ¢COp cCOp,
Ne=m Ne=m

- % aor( ¥ 1)2

X<m<2X cCOy,
Ne=m

<q, (logX)* > 4D

X<pk<2X
< (log X)*™ Y 1< X(log X)*™71,
X<pk<2X

as claimed. O

We are now ready to estimate S;. First, rewrite S; as

s-- X @ m )onneenon?

314 bo=e
Ne>v; Ne>u Nb<v
N<N(ce)<N’

= 33 a(m)B(n)e(h(nm)?)

n>v;7m>u
N<nm<N’

where a(m) and ((n) are given by (2.2). Let
(2.3) u=uv= N1
and split the ranges of m and n into < log? N subintervals of the form
[X,2X] and [Y,2Y] such that N/4 < XY < 2N, v < X,Y < N'/v. Sum-
ming over h < H we conclude from Lemma 11 and [4, Lemma 4.13] with the
exponent pair (k,l) = (1/2,1/2) that the contribution of each subinterval
1s

< (HT/SNO/EH/6 min(X Y6 y=1/6) + HNY? max(X,Y)"?)

- (log N)zdL2+dL+1/2

< <N2—1/12—5 X N5/2—35/2—n/2> NBE/6

Finally, summing over X and Y we conclude that the estimate
> 181 < Nexp(=D|Ag|/*\/log N)
h

holds provided that

L n
2.4 1- ( )
(2.4) d < min 53
and € > 0 is sufficiently small, both of which we shall assume in what
follows.
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2.2. Estimate of S;. We rewrite S3 as S, + S5 where

s=- Y0 X m®ae) X e (o))

¢ bc=¢ 0
Nev Nb<v,Ne<u N<N(ve)<N’

<logN > I Y x(e (h(N(2e))) |,
‘ﬁe%v N<<n(%e)<N'
and
Si=- DX @ X mlonn)e (@)
v<‘Jan<v2 ‘ﬁbébicz,?}%cgu
N<N(0e)< N
= ZZ a(m)B(n)e (h(nm)‘s)
Ny
with

am) = 3 360 (600 )

¢ c
Ne=m Nb<v,Ne<u

Bn) =Y x(v).

0
No=n

To estimate S5 we split the ranges of m and n as we did for S; with the
only difference that we now have v < X < v? and N/v? <Y < N'/v in
addition to N/4 < XY < 2N. Furthermore, an analog of Lemma 11 can
easily be established for the coefficients a(m) and f(n) and will be omitted

here. Using [4, Lemma 4.13] once again we see that the estimate

Z |S5] < (N2—5—1/12 4 N2y 4 N3/2_51})N2€
h<H

< Nexp(—D|Ag|7Y%/log N)
holds if we assume (2.4), that € > 0 is sufficiently small and that

(2.5) 3n < 1.

Finally, we note that S; can be estimated exactly the same way that

Sy will be handled in the next section. It does not impose any further

restrictions on the range of ¢ than S5 does, thus we skip it.

2.3. Estimate of S,. We rewrite S as

Sy = x(0)uL(d) > x(c)e (R(Med)?) log Ne

0 c
No<v N/No<HNc<N' /D0
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and start with the estimate of

S = > x(c)e (R(Ned)?)
N/‘ﬁ0<9"(cc<N//‘ﬁD
Recall that y is a ray class character of modulus f. Splitting S into ray
classes & we obtain S =) x(8)Ss where

Sa= > e(h(Md)).
cER
N/MO<INeKN' /N0
Since there are only finitely many classes it is enough to consider a fixed
class £. Let b be an integral ideal in the inverse class £71. Any integral

ideal ¢ € 8 is given by ab™! for some o € b N L; 1, where
Liy :=={x € L" : 2 = 1 mod f, and z is totally positive}.

Thus, we have

Sq = > e (h(M(am))°)

aa
aebﬂLf’l
PoL <M(aD)<(P)IL

where a = b1,

(26) p:<%)w and p/:(%a'o))%.

Since § and b are coprime ideals, we can find an oy € b such that ay =
1 mod §. Hence, the condition that o € bNL;; is equivalent to the conditions
that a = ap mod fb and that « is totally positive.

Define a linear transformation 7" from L to the Minkowski space Ly :=

{(2;) € L¢ : 2z, =Z=} by
Ta=(na,...,1q0)

where L¢ :=[[, C and 74, ..., 74, are the embeddings of L with the first r;
embeddings being real and the first r; + ro corresponding to the different
archimedean valuations of L.

Note that o, 8 € bN Lj; generate the same ideal if and only if they differ
by a unit u € O} N Ls;. Since O N L ; is of finite index in O7F, its free
part is of rank » = ry + 19 — 1. Let &;,...,& be a system of fundamental

units for O} N L;; and E the invertible r x r matrix whose rows are given
by U(T&1), ..., 0(T¢E,) where £ : Ly =[] C* — R" is defined by
Uz, .. 2q;) = (log|z, ..., log|z|).

If L contains exactly w roots of unity, then for any t € R*, {(T(ta)) =
((T'(tf)) holds for exactly w associates « of a given 5 € L*. Thus, in order
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to pick a representative v € b N L;; for the ideal aa € & that is unique
up to multiplication by roots of unity in L, we impose the condition that
{(Ta)E~! €]0,1)". At this point, we define the set

To:={z€cLi:1<Nz2< N/N;l(z)E' €[0,1);21,...,2, >0}

where norm Mz = M(21,...,24,) := [[, 2. Recalling the definition of Sg
above and noting that MMT'a = Ny () for o € L*, we see that

wSg= Y e(h(M(aan))’).

acag+fb
TacePTy

Fix a Z-basis {ay,...,aq, } for the integral ideal fb that satisfies (1.1)
and let M be the invertible matrix whose rows are given by T'ay, ..., Tay, .
Since for o € agp + fb, Ta can be written as T'ag + nM for some unique
n € Z%, we see that wSg = Y, 54, f(n), where f: R% — R is given by

f(x) = e(D(M(xo +xM))°) if xo +xM € PTy,
10 otherwise,
xg = Ty, and D = h (M(ad))’. Partitioning R into a disjoint union of
translates B of [0,Y)% where Y > 1 is an integer to be chosen later, we

Yo fmy=3" > f.

neziL neBNZIL
Note that the condition £(z) E~! € [0,1)" in the definition of Ty above im-
plies the existence of positive constants ¢; = ¢1(dy, Ar) and ¢3 = co(dy, Ap)
such that for any a € L* with T'a € PI'y and any embedding 7 of L, we

obtain

have
P < |ral < cP.

Let R be the region {(z1,...,24,) € Lz : 1P < |2 < coP}. Suppose that
f is not identically zero on B N Z% for some B. If xo + BM is partially
contained in R then it must be intersecting the boundary of R. Thus, we see
that the contribution of such B to the sum > f(n) is O(Y P4~1). For the
rest of the boxes B for which f(BNZ) # 0, we necessarily have that xo +
BM C R. From now on, we assume that B is such a box. By the arguments
in §2.7, there exist constants C} = Cy(k,dp,Ar), Co = Cy(k,d, Ar) and
a matrix U € SL(dy,Z) such that for N > C;, 1 < Y < (P and any
x = (z1,...,74,) € BU™!, we have

ak

——9v (%) oA
oz} v

= podL—k and
8$1

(2.7) (x) > P!
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where gy is given by (2.13), A;’s are determined by the condition ¢(xqo +
xUM) = (A (x),...,A\(x))F, and the implied constants depend on k (only

if relevant) and on dy, and Ay. After a change of variable we obtain

(28) > fm= >,  fmU)= ) ..> >  f)

nEBNZ4L ncBU-1NZ4L (n2,...,nq, )ELIL n1€7Z
neBU'NZ4L

where n = (nq,...,ng,). Since f(BNZ%) £ 0 there is at least one tuple
(na,...,ng, ) such that f(nU) # 0 for n; € Z and n € BU~' N Z%. Fix
such a tuple. It follows from (2.7) with &£ = 1 that both \;’s and the norm
function are monotonic and thus there is an interval I = I(ng,...,ng, ) of
length at most O(Y') such that the function f(z;ns,...,ng, ) # 0 for z € I.
We are now ready to estimate (2.8). We shall do so in what follows using

different methods according to the size of the degree d; of the extension

L/Q.

2.4. Vinogradov’s Method - Large degree. Assume that dp > 11. It

follows from (2.7) that there exist positive constants Cs = C5(dr, Ar) and
04 = C4(dL, AL) such that

1 gt Cy
— < |——= D g
Ao Ot (Dgu(x) Ao

where
PdL(1—5)+1 N1_5+1/dL
Ag = = .
N Csh (M(av)) /%
Using (2.1) and (2.3) we see that
N/ —e—(14+1/dL)(n+6-1) pdr(1-6)+1
14+1/d Ao < 5
Cs ((a)) Cs (91(a))

Therefore, assuming that n < 1/(1+4d;) and ¢ is sufficiently small it follows
from Lemma 7 that for sufficiently large N, we have Ay > 1. Put p =
1/(3dz*log(125dy)) and take

(2.9) y = AY/(@+2/dna-p)

Using equation (2.4), the upper bound for Ay above and the inequality
(14+1/d.)(1 —p) > 1, we obtain for sufficiently large N that

(2.10) AY T v < min (CoP, Ay) .
If the interval I in (2.8) satisfies

AP < 1),
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we derive from (2.10) and [15, Theorem 2a, p. 109] that

> e(Dgu(n) < 1|7 <Y
ni1€l
neBU " 1NZIL

For smaller intervals I, trivially estimating the sum yields a contribution <
Y177 due to the choice of Y in (2.9). Since the number of tuples (ny, ..., ng,) €
741 such that n € BU™' N Z% is O(Y%~1) we obtain

> flm) <y,
neBNZL
Therefore, the contribution to the sum in (2.8) of those B for which f(B N
7)) #£ 0 and xg + BM C R is < P%Y~°, and this is already larger than
the contribution from the rest of the boxes B.
Using (2.6) and partial summation and then summing over the ray classes

R we see that the sum

Z x()e (h(MNed)?) log Ne

C
N/M<Ne<N' /Mo

N [/ N1-8t/de \ ~@apaes
( ) log N

< o \ n(mo)

p(1—64+1/dy)

P Sl el e PR P
= N'" @270 0=0 (Np) s~ hEFALT=7 Jog N

Finally, summing over ideals d with 910 < v using the fact that ) .., 1 <
(see for example [6, Statement 2.15]) and then summing over h with h < H
we obtain from (2.1) and (2.3) that

Z 15,| < N1*<5(+1272;§{553)U2(1’1p> HY e a—s log N < Nitat2
h<H
where
__! P (1—6)2—3p) +

Thus, assuming (2.4) and choosing

(2.11) L =
3 2(dp+1)  6(dp+ 1)dp*log(125d;)

we see that both (2.5) and the inequality ¢ < 0 hold. We conclude that for
sufficiently large N and sufficiently small € > 0,

> 1Sa| < N exp(—=D|Ag|™?\/log N)
h<H

provided that dy > 11.
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2.5. Van Der Corput’s Method - Small degree. By [4, Theorem 2.§]
and (2.7) we obtain

Z e (Dgy(n)) < YAV@2-2) | y1-1/2k
nEBUn;llﬂZdL

+ Y1—1/2k*1+1/22’f /\—1/2’9+1

where X\ := DP9~ +2) Note that this bound is no better than the trivial
estimate unless A < 1. Therefore, we shall require that n < 1/(dy+1). With
this assumption, we obtain that for & > d;, — 1, for sufficiently large N and
sufficiently small € > 0, both of the inequalities k+2 > d;0 and A < 1 hold,
since by (2.1), (2.3) and (2.4) we have

h(M(ad))° HN?
(k+2—dr,8)/dr, < (k+2)/dy,
(N/(Nad)) (N/v)
1+%2("+5_2)+€

\ = DPdL5—(k+2) _

<N

We derive as before that the contribution from the boxes B for which
f(BNZ%) %0 and xg + BM C R is

< ph ()\1/(2’”272) Ly Yfl/zk—1+1/22k>\71/2k+1) ’

while that from the rest of the boxes B is O(Y P%~1). Combining these
estimates yields the bound Sg < P4 (A\/@™7=2) 4 G(Y)), where

G(Y) _ Y—1/2k‘+1 + Y—1/2’€*1+1/22k)\—1/2k+1 + yp-t

Using [4, Lemma 2.4] it follows that for some Y € [1, CyP],

G(Y) << P_1/(1+2k+1) + (P_1/2k71+1/22kA_1/2k+1> 1/(1+1/2k—171/22k)

+ply p1/2Et + N\~1/2E p1/2k et/

<< P_1/(1+2k+1) + (P_1/2k71+1/22kA_1/2k+1> 1/(1+1/2k—171/22k)

Note that in order to have P~1/2"7"+1/2F \=1/2""" 1 one needs that k <
d;, + 2, which can be seen using (2.1), (2.3), (2.4), (2.6) and that n <
1/(dy, +1). Using equation (2.6), the fact that A\ = DP9~ +2) and partial

summation we derive that the sum

(log N)™ > x(c)e (h(91ed)°) log Ne

C
N/NO<INeKN' /N0
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18
dy 5—(k+2)

I+ dr,(2F+2-2)

2k:+2

_2)93(0)%—1]\,

1+1+2k_1(k—2—dL6) 142k l—g) 1 1
+ N dL(22k+2k+171) (ma) dL(22k+2k+171) h_72k+1+4*217k

< hl/(

+ (N/mo)l_dL(p:ng) ‘

Summing over ideals 9 with 910 < v, and then over h < H we see that
(log N)™' 37y 15| is

k42 k42 dy 6—(k+2) 1— 1 1
<« Y@ =2)apektese) N T apGRRIo) L (I N dp(2RTT) g ap (1+2F )

1+1+2’f*1(k—2—dL5) 1 1
+ N dy (22k p2k+1_1) T 2RFlia o1k

<< N1+q1(k)+2€ + N1+q2(k)+€ + N1+q3(k)+€

where, assuming (2.5), it follows that the exponents ¢;(k) satisfy

1 k+2
(k) =(1-9) <1+m) +(5—1+n)m
dpd — (k+2)
dr(2M2 — 2)
1 m k42 _ ke
< TE g (3 (422 =2)+ 2k +4) +-dp — k= 2).
1
qa(k) 0 dp (1 + 2++1) + (6 +n) dp (1 + 2k+1)
1 n k+1 _
= (1 2 (5 (@ +2")+2)-1).

and
14 281 (k — 2 — d,,6) 1
k) = 1—-0)(1—
as(k) dp(22k + 2k+L — 1) (-9 2+l 4 4 — 9Lk
1+ 25k —2—dy) 7

dp (22 + 281 1) 3

Thus, for sufficiently small ¢, the estimate

> 18| < Nexp(—=D|Ag|™*/log N)

h

holds provided that for 1 <d;, — 1 < k <dp + 1,

(2.12) ﬂ:min( ! ht2-d
3 3(dr+ 1)+’ dp(262 —2) + 2k + 4’
1 2k=1(dy +2— k) — 1
dp(1+261) +27 dp(22F 4 2k+1 — 1) >
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2.6. Conclusion of Theorem 2. Upon comparing (2.11) and (2.12) we
conclude that for 2 < dj, < 11, the maximum value for /3 (hence the widest
range for 0) is obtained via Van Der Corput’s Method when k = d; — 1 is
substituted into the function
k+2—d
dp(2k+2 — 2) + 2k + 4’

while for d;, > 11 one needs to use Vinogradov’s method; in this case, we

obtain
i 1

3 6(dp +1)d*log(125d;)’
With the above choice of 7, the claimed range for ¢ in Theorem 2 follows

easily from (2.4).

Remark 12. To estimate Sy, one may also use [14, Lemma 6.12] for dj, > 7,
but the result is worse than what we have already obtained.

2.7. Derivative of the Norm Function. In this section we prove some
auxiliary Lemmas used in the estimate of .Ss.

Lemma 13. Let V € GL(dy,R), n € Z and x,u € Ré. Put

(2.13) gy (x) = [M(xo +xVM)|°, Gu(t) = |M(xo +nM + tuM)|’.
Then, for any k > 1,
k k
R = )
=> ) D, ... Dy F(xo +nM)u;, - v,
e
where F(z1,...,24,) = fil 20, D; = a%; v; 18 the ith component of the

vector Vi M and V4 is the first row of V.

Proof. The result easily follows by induction and chain rule for derivatives.
O

Lemma 14. Given a € R, there exists v = v(a) € RY and a positive
constant ¢; = ¢1(k,dp, Ar) such that for any k > 1,

where §(t) = N(a+tvM)|°.

Proof. Assume first that L has no real embeddings and that the first two co-

ordinates in Lg correspond to conjugate embeddings. Write a = (ay, as, . .., a4, )
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and take v(a) = (“1 2.0, ... ,O)M‘l. Note that a; = @, since a € L.

la1]” Jaz]?
Using Lemma 13 with V] = v and xy + nM = a we see that

d* _
%9(0) = Z D;, ...D; F(a)v, ...v;

o) (=)
S () () - )
)

j) is the coefficient of 27 in the Taylor series expansion of (1 + x)°
and the last equality follows by writing (1 + 2)* = (1 + x)° - (1 + x)°
in two ways as series and comparing the coefficients of x*. Since a € R,

c1 P < |a;| < coP for each i. We thus obtain
20
Rt

If L has at least one real embedding, take v = (1,0,...,0)M . In this
case, Lemma 13 gives

I
)
[
)
N
d
=
2
7 N\

where (

-—-9(0)‘;3(ﬁch2kfﬁdek!

dk
’W& (0>‘ =00 1) @~k + DF(a)ar] > c‘ichsz5dek!' (2) ’
Since ¢ € (1/2,1) and is fixed, we obtain the claimed lower bound. O

Lemma 15. Given a = xo+nM € R where n € 79, there exists a matric
U € SL(dy,Z) such that for any k > 1,

Ok gy (nU1)
Ox¥

GAi(nU_l)

> PddL—k
’ 891:1

> Pt o(i=1,...,7)

where gy is given by (2.14) and the implied constants depend on dy, and Ay,
with the first one also depending on k.

Proof. Using Lemma 14 we find a vector v. = (0y,...,74,) € R. Put
v = VM = (vy,...,v4,). Suppose that for some @ > 0, there exists u =
(@1, ...,0q,) € 2% such that |4,— Q9] < 1. Putu=uM andw = u—Qv =
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(wi,...,wq, ). By Lemma 13 we see that
d* £
%gﬁ(()) - Z D’Ll . H szl + wzl
il ..... ik =1
1<ij<dL

k
= Z Di1 c. DZkF(a) (kail c Uy, + Z Qk_lAl(V, W)>

U1l =1

_Qk tkgv +Zle Z Dh" iy ()AZ(V,W).

.....

1<Z]<dL
Let’s write D;, ... D; F(a) by grouping the same indices as Déll . D;!:F(a)
with j;’s distinct and . l; = k. Since a € R, ¢; P < |a;| < ¢ P for each i.
Thus, we have

D} D) = @ ] iU (5 —Lt)

sdy, 6(0 — 1) (0 —1; +1)] Sdy—k
< (e P) H (1 P)l < e3P

for some constant c3 = c3(k, dr, Ar) > 0. Owing to the way Vv is constructed
in Lemma 14, each |v;| < 1. Furthermore, each w; is bounded only in terms
of d;, and Ay. Therefore, there exists a constant ¢4 = c4(k,dr, Ar) such
that |A;(v,w)| < ¢4. We thus conclude from Lemma 14 that

k dk k—l
g% ‘ Z Q
1<ZJ <dL

> prdi—k (51Qk — Cra Q" = = C1Q — Co)

for some constants C; = C;(k,dr, Ar) > 0.
Next, let Gy (x) = l(xo+xUM)E~!. Note that ;(x) is the ith coordinate
of this function. Writing a = (as,...,a4,) and u = (uy, ..., uq, ) we derive

that
™ (Be(G) me(G) )2

T

dr
’ﬁgﬁ(o)‘ >Q

Z Dy, ... Dy F(a)A(v,w)

8GU (X)
8271

where Re(z) denotes the real part of z. Recalling that u; = Qu; + w; we

conclude as before that
, -1
OA\i(nU™) 5 p

—1/ A =
0z (C1Q — Cy)

for some positive constants C’l and é’o that depend only on d;, and Aj.
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It follows that there exists a constant Qo = Qo(k,dr, Ar) > 0 such that
both polynomials in () above are positive for () > )y. If all the components
of v are equal we fix some @ > Qo and let 4; = [Q0;] and @; = |Qv1] (if
any «; turns out to be zero, we can instead choose all @; = 1). Otherwise, find
the first index ¢y such that |9;,| = max; |7;| and choose Q = (p — 1/2)/|0;,],
where p is the smallest prime > Qy|?;,|. Choose @;, = +p depending on
the sign of v;,, and the rest of the @;’s as either the ceiling or the floor of
Qv; so that 0 < |g;| < |@;,| = p for j # 4. In either case, we can find a
vector u € Z that satisfies |, — Q¥;| < 1 and that ged(dy, . . ., @q, ) = 1. It
follows from [11, Corollary II.1] that & then can be completed to a matrix
U € SL(dp,Z) with u as the first row. Thus, the claimed lower bound
follows by noting that

k —1 k
0 gUa(;l]fU ) _ %%(O) > podL—k.
O

Suppose now that xo +nM € PIy for some n € BNZ . It follows from
Lemma 15 with a = x¢y + nM that there exists a matrix U such that the
inequality
8k

@SJU(X) > cy POk
1

holds for some positive constant ¢z = c3(k,dr, Ar) where x = nU . If ¥/
is any other point in BU™! it follows from the Mean Value Theorem for
integrals, Lemma 13 and the fact that xo + BM C R that

ak ak 1 d 8k
- N = — | =—gu (t 1—t)x') |dt
o) = ) = [ 4 ( T texs (- 0x)
<<YP5dL7k71

where the implied constant, say ¢4, depends on k, d;,, and Ay. In particular,
it does not depend on the choice of x’ € BU~!. Thus, for any point x’ €
BU™!, the lower bound
> 3 péd,—k

2
holds provided that 1 < Y < ¢3P/(2¢4). This condition imposes a further
restriction on N; namely, that N27°=7 > Na(2c4/c3)%. Assuming n < 1/d;,
and that 9a is bounded (follows from Lemma 7), it follows that for suffi-
ciently large N, and all x' € BU !,

o )
o)

—gu (X/) — P&dek
ok
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where the implied constants depend only on k, d;, and A provided 1 <
Y <« P. Using the same argument we can also show that \;’s are monotonic
in the first variable on BU .

3. PROOF OF THEOREM 1

By the definition of the conductor (cf. [10, Ch. VI - 6.3 and 6.4]), KT/K
is the smallest ray class field containing the abelian extension K/Q. Fur-
thermore, every ray class field over Q corresponds to a cyclotomic extension.
In particular, it follows from [10, Proposition 6.7] that there is an integer ¢
such that f = (¢) and K is the gth cyclotomic extension of Q.

Fix 09 € G and put Ay = {0 € Gal(L/Q) : 0}, = 0¢}, where o, is the
restriction of o to K. Then, it follows from [6, Ch. 3, Property 2.4] that
the set (K, {oo}) is the disjoint union of the sets w(L,{c}) for o € Ay.
Therefore, we conclude that

mo(K {oo},2) = Y (L, {c},x).
oc€Ap
Since each o € Ay corresponds to some a, € (Z/qZ) " wehave n.(L, {0}, x) =
7e(x; q, a, ), where the latter counts the Piatetski-Shapiro primes not exceed-
ing x that are congruent to a, modulo q.

By [9, Corollary 11.21] there exists an absolute constant D > 0 and a

constant zo(f) such that for x > z4(f), we have

Z (p+1)°—p°) = gofq) li(z°) + O(2° exp(—D+/log z))

where the implied constant is absolute. Furthermore, as in the proof of
Theorem 2, choosing H = N'79*¢ we derive that the difference

(@00 — Y (p+1)° =7

pszT
p=as mod ¢q

18

< N1 max e(hn’)A(n)| + 2° exp(—D+/log x
NS e | X el + ot exp(-DV g
N=2F n=a, mod ¢

where D is the same constant above. Thus, to finish the proof it suffices to
show that for any N' € (N, V],

D

h<H

Z e(hn®)A(n)| < N exp(—D+/log N).

N<n<N’
n=a, mod q
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Using Vaughan’s identity (see, e.g., [5, Proposition 13.4]) and assuming that
v =u < N we obtain

> e(hn’)A(n) = 81 + Sz + Sy

N<n<N’
n=a, mod q

where
Smm X ) Y A@ Y w0
N<n<N' n=cd d=ab
n=a, mod q c,d>v b<v
Sy = Z e(hn®) Z w(b)loga,
N<n<N’ n=ab
n=a, mod ¢ b<v
and

Sg=— > e(hn’) > pb)Ao).

N<n<N’ n=abc
n=a, mod ¢q b,e<v

Using Dirichlet characters xy modulo ¢ we obtain

Si= 5 2 W) X (k) @A)

SO(Q) x mod ¢ N<cd<N'’ d=ab
c,d>v b<v

where ¢ is Euler’s totient function. By [4, Lemma 4.13] we conclude as in
the non-abelian case that

N—45/SZ |Sl| < N2—1/12—5 —|—N2_61}_1/2.
h

For S, we use additive characters modulo ¢ to obtain

q—

Se= 23 clkar /) Yonb) Y elf(a)oga

— < a
k=0 bsw N/b<a<N'/b

where f(x) = hb°z° + kbz/q. Since |f"(x)| < hb*N°~2 for N/b < x < N'/b
we conclude from [4, Theorem 2.2] that
> e(h(ad)’ + kab/q) < NYPh'/? 4 p= 1 2pm I NI,
N/b<a<N'/b

Using partial summation and then summing over b < v followed by h < H
we obtain

Z 1Sy| < (N5/2H3/2U+H1/2N1_5/2> log? N < N3/2-0+2;,
h
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Write S5 as —S,; — S5, where

Si=3 3 ubA) Y e(hlad)’)

d<v d=bc N/d<a<N'/d
ad=a, mod q

Y. elh(ad))

N/d<a<N'/d
ad=as mod ¢q

Y

< logNZ

d<wv

and

S= 3 elhlad)’) 3 p®A@).

N<ad<N'’ d=bc
ad=as mod q b,e<w
u<d<v?

Applying [4, Lemma 4.13| once again we conclude as we did for S; above
that
N—4e/3z 15| <« N20-1/12 4 N2=0,,=1/2 4 \3/2-0),
h
Finally, we note that S; can be handled exactly the same way as Ss.
Choosing v = N%1/273¢ with a sufficiently small ¢ and combining all the
estimates obtained above we see that

Z Z e(hn®)A(n)| < N exp(—D+/log N),

h<H | N<n<N’
n=a, mod q

as desired, provided that ¢ € (1,12/11).
The proof of Theorem 1 is thus completed by noting that the number of
elements in Ay equals |Gal(L/K)| = ¢(q)|Ax| ™.
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