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Motivated by the chaos suppression methods based on stabilizing an unstable periodic orbit, we
study the stability of synchronized periodic orbits of coupled map systems when the period of the
orbit is the same as the delay in the information transmission between coupled units. We show that
the stability region of a synchronized periodic orbit is determined by the Floquet multiplier of the
periodic orbit for the uncoupled map, the coupling constant, the smallest and the largest Laplacian
eigenvalue of the adjacency matrix. We prove that the stabilization of an unstable t-periodic orbit
via coupling with delay t is possible only when the Floquet multiplier of the orbit is negative and
the connection structure is not bipartite. For a given coupling structure, it is possible to find the
values of the coupling strength that stabilizes unstable periodic orbits. The most suitable
connection topology for stabilization is found to be the all-to-all coupling. On the other hand, a
negative coupling constant may lead to destabilization of t-periodic orbits that are stable for the
uncoupled map. We provide examples of coupled logistic maps demonstrating the stabilization and
destabilization of synchronized t-periodic orbits as well as chaos suppression via stabilization of a
synchronized t-periodic orbit. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4961707]

An efficient approach in chaos suppression is to stabilize
an unstable periodic orbit of the system via feedback." It
is well known that setting a delay in the feedback may
give rise to stabilization of an unstable periodic orbit
with period equal to the delay.>™ On the other hand,
chaos suppression in a network of coupled systems is an
active research area.> Combining these ideas, one can
aim to find a method for chaos suppression in coupled
systems based on adjusting the coupling delay. Motivated
by this aim, we consider diffusively coupled discrete-time
dynamical systems and perform a linear stability analysis
for a synchronized periodic orbit whose period is equal
to the delay in the information transmission between
coupled units. The linearized dynamics can be decom-
posed into independent modes determined by the
Laplacian eigenvectors of the connection structure. This
implies that the connection structure has an affect on
the stability of such regular behaviors only through its
Laplacian eigenvalues. For a particular case, namely,
Kaneko-type'®'! coupled maps with delay , stability of
the synchronized t-periodic orbits have been analyzed. A
detailed investigation of the parameter region shows that
the stability region of the synchronized periodic orbit is
determined by the Floquet multiplier of the orbit for the
uncoupled system, the coupling strength of connections,
and the smallest and the largest Laplacian eigenvalues.
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The parameter regions are obtained where a synchro-
nized t-periodic orbit is stable. We construct an example
where identical chaotic maps synchronize on a t-periodic
orbit after being coupled with a coupling delay t.

I. INTRODUCTION

Stabilization of unstable periodic orbits of maps appears
in different areas such as delayed feedback chaos control®™
and chaos suppression in coupled systems.”” Combining
ideas from these areas, we aim to investigate stability proper-
ties of a highly regular behavior, namely, a synchronized
periodic orbit, of a coupled map system where the coupling
delay is equal to the period of the orbit. We consider diffu-
sively coupled discrete-time dynamical systems with cou-
pling delay. We show (in Remark 1) that, for such systems,
coupling delay is necessary for stabilization of a synchro-
nized periodic orbit that is unstable for the uncoupled map.
Similarly to the delayed feedback chaos control methods,”™
we consider periodic orbits whose period is equal to the
delay; this time in the communication between different
units.

It is well-known that scalar discrete-time dynamical
systems

x(t+1)=f(x(r), xeR,reN, (1)

given by the iterations of the map f : R — R, can have a rich
range of solutions, including periodic orbits y(f) = Pi(mods)-
We consider networks of n such systems that are evolving
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under pairwise diffusive interactions subject to an information
transmission delay of 7 € IN

5 1) = F0) + > aye (600,50 - ),
=1

xeR, i=1,...,n (2)
We assume that both f and g are continuously differentiable,
and the interaction function g : R? — R satisfies the gener-
alized diffusion condition

glx,x) =0, VxeR. 3)
The quantity a; > 0 denotes the weight of the coupling
between units i and j, and d; = Z;':l a;; denotes the sum of
the weights of the connections to unit i. We assume that the
coupling is symmetric (a;=a; Vi,j), the network is con-
nected (otherwise one can consider connected components
separately), and there are no isolated nodes, so that d; > 0
Vi. A special case of (2) that goes by the name coupled map

lattice'® has been studied by many authors'>™'” and is
described by the equations
e n
e+ 1) = F0() + 5> alf (e = )
Ij:1
7f(xl'(t)))a i = 15"‘7"7 “4)

where ¢ is the coupling constant, and the connection weights
are binary, i.e., a; € {0,1}.

A synchronized solution of the coupled system (2) is a
function I' : N — R” of the form I'(¢t) = (y(1),7(1),...,7(1)) ",
where 7: N — R. We also use the notation [y]:=(7,...,7)"
€ R" to denote synchronized states. By (2), all synchronized
solutions I'(¢) = [y(#)] are such that y satisfies

p+1) =F((0) +g((0),9(r = 7). (5)

When the delay 1 is zero, the diffusion condition (3) yields
that T'(z) = [y(¢)] is a synchronized solution of (2) if and
only if 7(z) satisfies (1). However, the stability of I'(¢) in (2)
may in general be different from the stability of y(¢) in (1)
and depends not only on the Lyapunov exponent of f but
also on the network topology via the eigenvalues of the
Laplacian matrix."* On the other hand, when the delay 7 is
nonzero, y(t) is in general no longer a solution of (1), except
in two specific cases: The first case is when y(¢) is constant
in time; then 7 is necessarily a fixed point of f— this case has
been extensively studied,'® where the stability region is
found explicitly and the effect of the coupling constant and
the delay is studied analytically. The second case is when
() is T-periodic in time so that I'(z) = [y(¢)] is a t-periodic
solution of (2). This latter case forms the subject matter of
the present paper.

We apply a standard linear stability analysis to the system
(2) (in particular to (4)) with a well-known technique of
decomposing a coupled system into independent modes that
correspond  different eigenvectors of the Laplacian
matrix.'*'*% As a result, stability of a t-periodic orbit of (4)
is shown to be equivalent to the Schur stability of certain
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polynomials whose coefficients are functions of the Laplacian
eigenvalue /, coupling strength ¢, and scaled Floquet multi-
plier p, i.e., Floquet multiplier scaled by period 7 (see Eq.
(18)), of the periodic orbit of the uncoupled map. We investi-
gate these polynomials by means of mathematical analysis
and algorithmic computation of their stability region via the
Bistritz Tabulation method.?® Hence, the following results are
obtained on the stability of I'(¢) as a solution of (4) and on its
stability region in the parameter space (s, |f]).

* The coupling structure of (4) affects the stability of I'(¢)
only through its largest Laplacian eigenvalue.

* The stability region of I'(¢) shrinks when the largest
Laplacian eigenvalue is increased.

» Unstable periodic orbits with a positive Floquet multiplier
cannot be stabilized, see Theorem 3.

» Unstable periodic orbits cannot be stabilized through a
bipartite coupling, see Theorem 2.

* As 1 — 00, the stability region shrinks down to a minimal
region, which is the region for a bipartite coupling.

We note that similar results were obtained in the paper'®
for fixed points. A similar negative result mentioned above for
bipartite graphs has already been observed in a numerical
study® in a continuous-time case. The case of T — oo is studied
both for delayed feedback systems in Ref. 21 and in coupled
systems.”>*> In accordance with these references, we prove
that stabilization is not possible when t — oco. Moreover, for
any connection structure as T — 00, stability regions coincide
with the stability region of a bipartite graph, which gives a sta-
bility region that is independent from 7 and is the smallest pos-
sible stability region contained in all other stability regions.

In Section II, we present a stability analysis of the syn-
chronized periodic orbit I'(¢) for the coupled network (2) and
obtain a sufficient condition for the asymptotic stability of
I'(¢) in terms of the Laplacian eigenvalues and the derivatives
of f and g at the periodic points. In Section III, we apply
this condition to the coupled map lattice model (4) and obtain
a sufficient condition for the asymptotic stability of I'(¢) in
terms of the coupling constant, the Laplacian eigenvalues, and
the Floquet multiplier of the periodic orbit y(z) of (1). In
Section IV, we discuss the stabilization and destabilization of
I'(¢) and chaos suppression by coupling with delay t.

Il. STABILITY ANALYSIS OF SYNCHRONIZED
t-PERIODIC ORBITS

Consider the linearization of (2) around a synchronized
t-periodic solution I'(¢) = [pymodr)]

éi(l+ 1) :f/(Pr)éi(l) + %zn:a,j(alg(p,,p,)f,(t)

+ 0ag(p1, )&t — 1))
=f'(p)&i(t) + Drg(pr, pr)&i(10)

1 n .
+Jl_;aii82g(pnpt)€j(t - 7;)7 6)

where ¢&(¢) := x;(t) — p; and p, should be understood as
Pi(modr)- Here, 01 and 0, denote partial derivatives with
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respect to first and second arguments. We use the fact that
pi =pi—e and d; = ZJ’?:] ajj. Let us define the following
parameters:

bk = f/ (Pl\) and

where the last equality follows from (3). The linear system
(6) can be written in the matrix form as

cx = hgpipr) = —018(Pr, k), (1)

E(t+1) = (b, — ¢ )IE(t) + D 'AE(t — 1), (8)

where &= (&,..., é,z)T, I is the identity matrix, A = [a;],
and D = diag{d,...,d,}.
The (normalized) graph Laplacian is defined as

L=1-D""A 9)

It is known that if the connection matrix A is symmetric,
then the eigenvalues of £ are real and the real eigenvectors
of £ form a linearly independent set>* For [ =1,...,n, let
4, and v; be the eigenvalues and the eigenvectors of L,
respectively. Then,

DAV = (- L)yvi=(1—-X)v, [=1,..,n. (10

The minimum Laplacian eigenvalue is always zero, which
corresponds to the Laplacian eigenvector (1,...,1). This
corresponds to the so-called longitudinal direction, namely,
a direction that is parallel to the synchronization manifold.
All the other eigenvalues correspond to the transversal direc-
tions. In the sequel, we will study the stability of a synchro-
nized periodic orbit both in longitudinal and transversal
directions, and therefore, stability will be checked for all
Laplacian eigenvalues. Hence, we can decompose the
dynamics of (6) or (8) into Laplacian eigenvectors to obtain
the following t-periodic scalar linear delay difference equa-
tion for each mode [ = 1, ..., n as:

Vit +1) = (b — ey (1) + (1 = Ay (e = 7). (1)

This leads to the following system of first order t-periodic
difference equations:

Y+ 1) ((bi—c) 0 o 0 c(1—24)]
(1) 1 0 - 0 0
Peen| = o . . .
: 0
_lpff)(,+1)_ |0 0 1 0
7))
Ui (1)
RORP (12)
)

where lp,(k) (¢) := (¢t — k). It is straightforward to check that
the Floquet multipliers of the t-periodic system (12) are the
roots of the following polynomial:
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7—1

pi(s) = s —H((bk—ck)s—i—ck(l —A).  (13)

Finally, we have the following theorem for the asymptotic
stability of a synchronized t-periodic orbit.

Theorem 1. A synchronized t-periodic orbit T'(t)
= [Pumodr)] of (2) is locally asymptotically stable if the
roots of pi(s) given by (13) are in the open unit disc for all
I =1,...,n, and unstable if one of the roots of p,(s) lies out-
side the closed unit disc.

Remark 1. Let us show that delay is necessary for the
system (2) if one wants to stabilize an unstable periodic orbit
via coupling. For T =0, (12) becomes scalar and the Floquet
multipliers of a p-periodic orbit can easily be found as Hﬁc’;(l)
(bx — cx) Ay, for I =1, ..., n. Note that, for the zero Laplacian
eigenvalue 4; = 0, the Floquet multiplier is Hz;é by, which
is the Floquet multiplier of the periodic orbit for the
uncoupled map. This implies that periodic orbits that are
unstable for the uncoupled map cannot be stabilized via cou-
pling of form (2) if delay is zero.

lll. STABILITY OF THE SYNCHRONIZED z-PERIODIC
ORBITS OF COUPLED MAP LATTICES

In this section, we consider the coupled map lattice
model (4). Applying Theorem 1, we find the set of parame-
ters of (4) for which the asymptotic stability of a synchro-
nized t-periodic orbit is assured.

In this case, the connection matrix is binary and the
eigenvalues Apn =41 <--- <A, = Anax  of the graph

Laplacian £ have the following properties:'*%*>

e The smallest eigenvalue /A, is zero and corresponds to
. T
the eigenvector (1,1,...,1) .
* The largest eigenvalue A,y satisfies

n

n_lg;bmax SZ
* Jmax = ;7 if and only if the connection graph is complete.
* Amax = 2 if and only if the connection graph is bipartite.

For large complete graphs, the largest eigenvalue Ay is
thus close to one. In fact, when self connections are included,
Amax becomes exactly one for any size. On the other hand,
for bipartite graphs the largest eigenvalue is at its maximum
possible value. This class of graphs contains many examples,
such as cycles with even number of vertices, regular lattices,
and trees.”*

For a synchronized t-periodic orbit I'(#) = [ps(modr)]> We
denote its unique Floquet multiplier for the uncoupled sys-
tem (1) by

—1 7—1
B=]]bc=[]f o (14)
k=0 k=0
Using (7) and (4), it can be seen that

¢
—k::SER7

k=0,...,t—1 15
bk ) T 9 ( )
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which is referred as coupling constant. For simplicity, we
assume that ¢ € [—1, 1]. Using (14) and (15), we can write

pi(s) =5 = B((1 —&)s+e(1 = A4))". (16)

It turns out that the stability regions of p;(s) in the
parameter space (¢,B,A) change non-monotonically with
delay 7. A monotonical change in the stability region can be
observed if, instead of the Floquet multiplier B, one uses the
Lyapunov exponent p of the periodic orbit I'(¢), namely,

1 7—1
p==> " Inlf'(p) (17)
Y=o
or the modulus of the scaled Floquet multiplier 3, namely,
Bl = |B|- = €. (18)

In the sequel, we use the parameter |f| for the sake of sim-
plicity in equations. From Eqgs. (14), (17), and (18), the rela-
tion between B and |f5| can be found as

B =olfl", 19)

where the parameter ¢ € {—1,+1} denotes the sign of the
Floquet multiplier of the periodic orbit I'(¢). Substituting
(19) in (16), we have the following result.

Corollary 1. A synchronized t-periodic solution T (t)
= [Pumodr)] of (4) is locally asymptotically stable if the
roots of

p(s) =5 —alBI"((1 —e)s+e(1-2)"  (20)

are in the open unit disc for all 2 € {1...A,}, and is unsta-
ble if p(s) has a root outside the unit disc for some
LE {}1/1,,}

Let us consider the stability region of p(s) in the parame-
ter space (g, |f|,4) for c=1 and for ¢ = —1 separately,
namely, the set of points (&, ||, 1) for which all roots of (20)
are in the open unit disc. We show the following symmetry
between the stability regions of p(s) for ¢=1 and for
o=—1:

K:(o,A) = (=0,2—=1). (21)
To show this symmetry, consider

p(s) = K(p(s) = s + ol (1 — £)s — o1 — 2))".

It can be verified that p(—s) = —p(s) if © is even and
p(—s) = p(s) if t is odd. Hence, for any 1,

p(s)isstable <= p(s) isstable.

Due to this symmetry, it is enough to check the stability
of p(s) for 0 <1< 1 and obtain the stability conditions
for 1 < 4 <2 by applying the symmetry transformation .
This also proves that for 2 =1 the stability region of p(s) in
(& |p]) for =1 1is identical to the stability region for
g = —1. In fact, the roots of p(s) for A=1 are easily seen
to be sy =da|f]"(1—¢)" and 5,=0 for i=2,...,7+ 1.
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Therefore, a necessary and sufficient condition for the stabil-
ity of p(s) for A=11is

Bl — o] < L. 22)

The term (1 — &) can be seen as a delay-independent scaled
Floquet multiplier of the coupled system with maximum mod-
ulus when A= 1. For other values of /A, stability conditions
can be splitted into delay-dependent and delay-independent
ones (see Figs. 1(c) and 1(d)). Delay-dependent conditions for
p(s) turn out to be highly complex and seem to give no
insight. In one of the simplest cases, namely, 4 =0, a delay-
dependent necessary condition can be obtained from 1the sec-
ond iteration to the Bistritz method as |f| < (t + 1):. Other
iterations of the Bistritz method provide extremely complex
conditions due to the special structure of p(s).

Applying the first condition of the Schur-Cohn criterion
(p(1) > 0) to p(s) and p(s), the following necessary condi-
tion can be obtained for the stability of p(s):

1—o|f]"(1—e+e(1—2)" >0, (23)
L+ ol (1 —&—e(1—2) >0. (24)

On the other hand, a corollary of the Gershgorin disc theo-
rem (see Ref. 26, Theorem 5.10) implies the following suffi-
cient condition:

1—|Bl(1—e+le(1 = 2)]) > 0. (25)

The above necessary and sufficient conditions are used
to provide some upper and lower bounds of the stability
regions. In addition to these, we use an algorithmic method,
namely, the Bistritz Tabulation,zo’27 to determine stability
regions precisely. This method is based on a three-term
recursion of symmetric polynomials generated from the
main polynomial. Similar to the well-known Jury method,*®
the Bistritz tabulation method gives necessary and sufficient
conditions on parameters for the stability of a polynomial,
while affording significant computational savings?® as com-
pared to the Jury method.

A. The role of the largest Laplacian eigenvalue

Using the Bistritz tabulation method, the 3-D stability
region of p(s) for 1 =2 is found as in Figs. 1(a) and 1(b) for
o =1 and for ¢ = —1, respectively. Figs. 1(c) and 1(d) show
that stability regions shrink down monotonically as <t
increases.

The stability region of I'(¢) in the parameter space
(&,]p]) can be obtained by taking the intersection of n 2-D
slices of the 3-D stability region of p(s) for the Laplacian
eigenvalues A = 4y, ..., 4,. For =3, these 2-D slices corre-
sponding to 4 = 0,0.25,...,2 are illustrated in Fig. 2(a) for
o = 1. Stability regions for ¢ = —1 can be found using the
above-mentioned symmetry as in Fig. 2(b).

In order to obtain the stability region of a synchronized
t-periodic orbit I'(#) with =3, one has to take the intersec-
tion of the stability regions of p(s) for A = Ay,...,4,. It is
straightforward to check that the stability region thus
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FIG. 1. The stability regions of p(s) for T =2 are shown in (a) and (b) when the Floquet multiplier is positive (¢ = 1) and negative (¢ = —1), respectively—
these are related by the symmetry given in (21). The stability boundaries for T = 2, 3,4 are shown in (c) and (d), for 6 =1 and ¢ = —1, respectively.

obtained is bounded by the curves related to the smallest and
the largest Laplacian eigenvalue. We have repeated this pro-
cess for different values of t and obtained the same result,
namely, the stability region of I'(r) depends only on the
smallest and the largest Laplacian eigenvalues. However,
we do not have a rigorous proof for this observation. Note
that the smallest Laplacian eigenvalue is always zero, there-
fore, the largest Laplacian eigenvalue plays a crucial role
in stability. For a general coupling structure, namely, for
Jmax € [1,2], typical regions obtained by taking the intersec-
tion of the stability regions in Fig. 2 for A=0 and 1 = Ayax
are illustrated in Fig. 3.

B. Minimal stability region

Stability regions become minimal in two cases, namely,
for bipartite graphs and for the case of 1 — oco. In both cases,

stability regions are identical for 6 =1 and ¢ = —1, and
given by the following inequalities:

Bl <1

1
1—2¢

for ¢ > 0, (26)

Bl <

for ¢ < 0. 27

We call this region the minimal stability region, which is
depicted in Fig. 4. Note that ff and f8 (ﬁ) can be interpreted
as delay-independent scaled Floquet multipliers of the
uncoupled system with bipartite connection.

To see that the stability region reduces to the minimal sta-
bility region for a bipartite connection structure, consider p(s)
for A=0 and for /=2 and assume that ¢ = 1. Substituting
these in (23) and (24), one gets || < 1 and || < %5, which
is equivalent to (26) and (27). By the symmetry (21), the
same applies to the case ¢ = —1. On the other hand, the
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FIG. 2. The stability regions of p(s) for several values of 4 (for T =3). The
stability regions are the open regions under the colored curves, which are
plotted for 2 =0.0,0.25,...,2.0. (a) and (b) Stability regions when the
Floquet multiplier is positive (6 =1) and negative (¢ = —1), respec-
tively—these are related by the symmetry given in (21).

sufficient condition (25) for all Laplacian eigenvalues is
equivalent to a unique condition, namely, (25) for A=0,
which also reduces to (26) and (27). Hence, we have the fol-
lowing negative result for stabilization.

Theorem 2. An unstable periodic orbit I'(t) = pimod-)
cannot be stabilized via coupling of form (4) if the connec-
tion structure is bipartite.

To see that the stability region is given by the minimal
stability region when T — oo, we use the fact that for 6 =1
and for ¢ = —1 stability regions coincide in the limit
7 — oo. This can be seen by substituting s = r¢'’ in p(s) and
observing that the magnitude equations turn out to be the
same. It is known that solutions to the phase equation are
uniformly distributed when 7 — 00.?’ Thus, the stability
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FIG. 3. Typical stability regions of the periodic orbit I'(f) = I'ymoqz) for the
system (4). The region can be obtained by taking the intersection of the sta-
bility regions in Fig. 2 for /=0 (in black) and for 2 = Apay (in red). || is
the maximum value of the modulus of the scaled Floquet multiplier for
which stabilization is possible. ¢* is the coupling strength which favors sta-
bility most.

regions for ¢ =1 and for ¢ = —1 coincide when 1 — oo. To
see that these are identical to the minimal stability region,
observe that for ¢ > 0 and ¢ =1, both the necessary condi-
tion (23) for A =0 and the sufficient condition (25) reduce to
(26). For the case ¢ < 0, both the necessary condition (24)
for A=0 and the sufficient condition (25) reduce to (27)
when o = —1.

1.2 T , .

1.0}

osf L ]
= 051 MINIMAL

04f " STABILITY REGION |

0.2} ~ v ]

0.0 L L L

-1.0 -0.5 0.0 0.5 1.0

E

FIG. 4. Stability region of the periodic orbit I'(f) = pymodr) for the system
(4) with a bipartite connection structure. The stability region is independent
of 7, and it is depicted in (26) and (27).
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C. Periodic orbits with a positive Floquet multiplier

It has been shown in the paper18 that an unstable fixed
point of a one-dimensional map with positive eigenvalue
cannot be stabilized via coupling in the form (4). Here, we
prove a similar result for a synchronized periodic orbit of a
coupled map lattice with delay where the period of the orbit
is equal to the delay.

Theorem 3. An unstable periodic orbit T'(t) = pymod-)
with a positive Floquet multiplier cannot be stabilized via
coupling of the form (4).

Proof. We prove the contrapositive as follows: Assume
that stabilization occurs. Since 4 =0 is always an eigenvalue
of the Laplacian, po(s) = s — o|B|"((1 — &)s + &) must
be Schur stable. By the necessary condition (23), we have
1 —o|f|" > 0. Since || > 1 by the instability assumption,
one gets ¢ = —1.

The stability region of p(s) obtained for 2=0 and 6 =1
in Fig. 2(a) justifies Theorem 3 for 7 =3.

Remark 2. Theorem 3 has important consequences. For
instance, unstable periodic orbits of dyadic maps cannot be
stabilized via coupling of the form (4).

D. Most stabilizing network configuration

It can be observed from Figs. 2 and 3 that the stability
regions shrink as the largest eigenvalue increases.
Consequently, connection structures having a small value
for the largest Laplacian eigenvalue, such as the all-to-all
coupling topology, favor the stability of synchronized -
periodic orbits. It is known that, in the case of all-to-all
coupling with self connections, i.e., a;; = 1, Vi, ], the eigen-
values of the Laplacian are 4; =0 and 4, =1 for k > 2.
Alternatively, one can consider all-to-all coupled networks
without self-coupling but with a large number of nodes, for
which 2, =0 and 4 =n/(n—1) =1, k>2. Since, in
these cases, it suffices to check the stability of p(s) only for
4=0 and for 2=1 (or for 4 =.";), the stability regions
can be calculated precisely (see Fig. 5). For A=1, the sta-
bility region is given in (22), and for A=0 we use the
Bistritz tabulation method to obtain the stability regions of
Pi=o(s) = 571 — ol B[ ((1 —&)s +&)".

IV. STABILIZATION/DESTABILIZATION OF
SYNCHRONIZED +-PERIODIC ORBITS AND CHAOS
SUPPRESSION VIA COUPLING

In Sec. III, we have shown that unstable periodic orbits
with negative Floquet multipliers can be stabilized via
coupling. On the other hand, stable periodic orbits may lose
stability when coupled through a negative coupling
constant.

In order to illustrate the stabilization, we consider the
case that favors stability most, namely, all-to-all coupling
with self-connections. It can be seen from Fig. 5 that the
stability regions shrink as t increases for both ¢ =1 and
o = —1. The stability region for ¢ = —1 (Fig. 5(b)) has a
maximum value || at a certain coupling strength &* (see
also Fig. 3) and both || and &* decrease monotonically as
T increases. Note that, as a result of Theorem 3, stabilization
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FIG. 5. Stability regions of the periodic orbit I'(f) = pymodr) for the system
(4) with different delays and with an all-to-all coupled connection structure
including self-connections. Stability regions are the open regions inside the
colored curves. The minimal stability region (t — oo) is also shown as
dashed line.

is not possible for positive Floquet multipliers which is seen
also from Fig. 5(a). In Table I, the maximum |f| values
(|p*]) for which stabilization is possible, and the correspond-
ing ¢* values are given.

We demonstrate the destabilization of periodic orbits
when the coupling constant is negative. It can be seen from
Fig. 4 that stable t-periodic orbits of maps may lose stability

TABLE I. Maximum modulus of the scaled Floquet multiplier || and the
corresponding values of the coupling constant ¢* for which the system (4)
has a stable t-periodic solution.

T 2 3 4 5 6 7 8

15 1.605 1.435 1.338 1.276 1.236 1.205 1.178
& 0.3845 03145 0.2605 0.2243 0.1956 0.1751  0.1575
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when the maps are connected in the form (4) with a negative
coupling constant ¢. The destabilization is more likely if the
largest eigenvalue of the Laplacian /Ay, is equal to 2,
namely, the coupling structure is bipartite of which the sta-
bility region in the (¢, | f|) plane is depicted in Fig. 4.
Example 1 (Stabilization and destabilization of a syn-
chronized 3-periodic orbit). We consider the coupled system
(4) with a delay 7=3, where f is the logistic map
f(x) = rx(1 — x). The map f has a 3-periodic orbit, which is
stable for r € (r3, ré),30 where r; = 3.8284 is the parameter
value at which the stable 3-periodic orbit appears and rg =
3.8415 is the value where it becomes unstable and a stable 6-
periodic orbit appears via a period-doubling bifurcation.®'

FIG. 7. A bipartite connection structure.

We set r=3.845 and run (4) for n =10 with initial condi-
tions chosen close to the 6-periodic orbit (see Fig. 6). Note
that for this value of r, the 3-periodic orbit is unstable with
its Floquet multiplier being B =~ —1.27, namely, ¢ = —1 and
|B| = 1.08. Initially, the coupling is not activated and each
map converges to the 6-periodic orbit. At time =50, an all-
to-all coupling (including self connections) with ¢ = 0.3 is
activated which leads to the stability of a synchronized 3-
periodic orbit (check Fig. 5(b) for parameters ¢ = 0.3 and
|f| = 1.08). At time ¢ =100, a bipartite coupling as in Fig. 7
is activated with ¢ = —0.1, which destabilizes the synchro-
nized 3-periodic orbit in accordance with the parameter
region in Fig. 4.
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stable 4-periodic orbit.
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Example 2 (Chaos suppression). Stabilization of a syn-
chronized t-periodic orbit of (4) via coupling with delay 7 is
possible only if the modulus of the scaled Floquet multiplier
(IB]) of the periodic orbit is small enough (see Table I). For
instance, the logistic map with »=4 has infinitely many
p-periodic orbits, the Floquet multiplier of which are given
as 2P. In this case, it is not possible to stabilize t-periodic
orbits (t > 2) of logistic maps with r=4 via delay 7.
Nevertheless, when the logistic map first enters chaos at the
end of the period doubling bifurcation at » =2 3.57, Floquet
multipliers of 2*-periodic orbits are relatively small, which
makes stabilization possible. Fig. 8 shows a simulation result
for the coupled system (4) of ten logistic maps with »=3.58,
for which maps are chaotic with the largest Lyapunov expo-
nent = 0.109. Initially, coupling is not activated and systems
approach to their chaotic attractor independently from each
other. At time =50, an all-to-all coupling with ¢ = 0.3 and
t=4 is activated which stabilizes a synchronized 4-periodic
orbit (6 = —1, || = 1.16) in accordance with the stability
region in Fig. 5.

V. CONCLUSION

We have analyzed the stability of synchronized periodic
orbits of delay-coupled maps when the delay is equal to the
period of the periodic orbit. A sufficient condition for stabil-
ity is obtained in terms of the modulus of the scaled Floquet
multiplier of the periodic orbit for the uncoupled map, the
coupling constant, and the largest Laplacian eigenvalue. We
have investigated stabilization and destabilization of periodic
orbits as well as chaos suppression via coupling with delay.

Stabilization of unstable periodic orbits via delayed
feedback is a popular approach in chaos control.'**? Here,
we have shown that stabilization is also possible when sys-
tems are coupled to each other with coupling delays. This
shows another property of delay in regulating the dynamic
behaviour of coupled systems. On the other hand, stabiliza-
tion has been shown to be not possible when the Floquet
multiplier of the uncoupled system is positive or when the
connection structure of the coupled system is bipartite.

We emphasize that the polynomial that determines the
stability of a synchronized t-periodic orbit has a special
form, namely, p(s) = s — [[i_o((bx — cx)s + (1 — 7)),
which reduces to the polynomial p(s)=s""' —a|B|"((1—¢)s
+¢&(1—2))" if the coupling of form (4) is considered. A
more detailed analytical investigation of these polynomials
may lead to further results on the stability of such periodic
orbits of coupled systems.
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