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We study the behavior of the signature of colored links [6, 9] under the splice operation.
We extend the construction to colored links in integral homology spheres and show that
the signature is almost additive, with a correction term independent of the links. We
interpret this correction term as the signature of a generalized Hopf link and give a

simple closed formula to compute it.

1 Introduction

The splice of two links is an operation defined by Eisenbud and Neumann in [8], which
generalizes several other operations on links such as connected sum, cabling, and dis-
joint union. The precise definition is given in Section 2.1 (see Definition 2.1), but the
rough idea is as follows: the splice of two links K’ UL’ ¢ §' and K” UL” C S” along the
distinguished components K’ and K” is the link L' U L” in the three-manifold S obtained
by an appropriate gluing of the exteriors of K’ and K”. There has been much interest in
understanding the behavior of various link invariants under the splice operation. For
example, the genus and the fiberability of a link are additive, in a suitable sense, under

splicing [8]. The behavior of the Conway polynomial has been studied in [5], and more
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recently the relation between the L-spaces in Heegaard-Floer homology and splicing
has been addressed in [13]. The goal of this paper is to obtain a similar (non-)additivity
statement for the multivariate signature of oriented colored links. As a consequence, we
show that the conventional univariate Levine-Tristram signature of a splice depends
on the multivariate signatures of the summands.

In Section 3.2, we define the signature of a colored link in an integral homology
sphere. This is a natural generalization of the multivariate extension of the Levine—
Tristram signature of a link in the three-sphere, considered in [6, 9]. The principal result
of the paper is Theorem 2.2, expressing the signature of the splice of two links in terms
of the signatures of the summands. We show that the signature is almost additive:
there is a defect, but it depends only on some combinatorial data of the links (linking
numbers), and not on the links themselves. Geometrically, this defect term appears as
the multivariate signature of a certain generalized Hopf link, which is computed in
Theorem 2.10. At the end of Section 2, we discuss a few applications of Theorem 2.2
and relate it to some previously known results: namely, we compute the signature of
a satellite knot (see Section 2.4 and Theorem 2.12) and that of an iterated torus link
(see Section 2.5 and Theorem 2.13). More precisely, we reduce the computation to the
signature of cables over the unknot. We also show that the multivariate signature of
a link can be computed by means of the conventional Levine-Tristram signature of an
auxiliary link (see Section 2.6 and Theorem 2.15).

The paper is organized as follows. Section 2 is devoted to the detailed statement
of main results, and the computation of the defect. In Section 3, we introduce the neces-
sary background material on twisted intersection forms and construct the signature of
colored links in integral homology spheres. The proofs of the main theorems are carried

out in Sections 4 and 5, where the signature of the generalized Hopf links is computed.

2 Principal Results
2.1 The set-up

A u-colored link is an oriented link L in an integral homology sphere S equipped with
a surjective function ng(L) — {1,...,u}, referred to as the coloring. The union of the
components of L given the same colori=1,...,u is denoted by L;.

The signature of a p-colored link L is a certain Z-valued function o; defined on

the character torus

T" = (w1, ..., 0,) € (Y C C* | w; = exp(27it)), 6; € Q}, (2.1)
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see Definition 3.5 below for details. We let 7° := {1} € C. Note that 7* is an abelian
group. If u = 1, thelink L is monochrome and o;, coincides with the restriction (to rational
points) of the Levine-Tristram signature [23] (whose definition in terms of Seifert form
extends naturally to links in homology spheres). Given a character w € 7" and a vector
) € Z', we use the common notation o* := [T, o

Often, the components of L are split naturally into two groups, L = L' UL", on
which the coloring takes, respectively, ' and p” values, u' + ©” = w. In this case, we
regard o7, as a function of two “vector” arguments (o', ") € 7% xT"". We use this notation
freely, hoping that each time its precise meaning is clear from the context.

Clearly, in the definition of colored link, the precise set of colors is not very
important; sometimes, we also admit the color 0. As a special case, we define a (1, u)-

colored link
KUL=KUL,U...UL,

as a (1+pu)-colored link in which K is the only component given the distinguished color 0.
Here, we assume K connected; this component, considered distinguished, plays a special
role in a number of operations.

In the following definition, for a (1, u*)-colored link K* UL* C S*, * = 7 or 17, we
denote by T* C S* a small tubularneighborhood of K* disjoint from L* and let m*, ¢* C 9T*
be, respectively, its meridian and longitude. (The latter is well defined as S* is a homology

sphere.)

Definition 2.1. Given two (1, u*)-colored links K* UL* C S*, * =/ or /7, their splice is the
(' + pn")-colored link I' U L” in the integral homology sphere

S:= (S \intT) U, (S" \int T"),

where the gluing homeomorphism ¢: 9T — dT” takes m’ and ¢’ to £” and m”, respectively.
O

2.2 The signature formula

Given a list (vector, etc.) ay,...,a;, ...,a,, the notation a,,...,a;...,a, designates that
the ith element (component, etc.) has been removed. The complex conjugation is denoted
by n — 7. The same notation applies to the elements of the character torus 7/, where

we have ® = o~ !.
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Fig.1. The values of three defect functions for @ € 72. The defect is constant on the shaded
regions and on the interior of the segments dividing the squares. The values of the defect in the
extremal cases, w; = 1 or w, = 1, are given by the numbers on the left and bottom of the squares
respectively.

The linking number of two disjoint oriented circles K, L in an integral homology
sphere Sis denoted by ¢ks(K, L), with S omitted whenever understood. Fora (1, u)-colored
link K U L, we also define the linking vector E_k(K,L) = (A1,...,Ay) € Z", where }; =
tk(K,L;).

The index of a real number x is defined via ind(x) := |x] — |—x| € Z. The
Log-function Log: 7' — [0, 1) sends exp(2nit) to t € [0,1). This function extends to
Log: 7" — [0, ) via Logw = Y i, Logw;; in other words, we specialize each argument
to the interval [0,1) and add the arguments as real numbers (rather than elements of

T') afterwards. For any integral vector A € Z*, u > 0, we define the defect function

SA: ™" — 7
w —> ind(Zf:l Ai LOg (,()i) — ?:1 Ai 1nd(Log (,()i).
For short, if A; = 1 for all i, we simply denote the defect §, and omit the subscript. The
reader is referred to Figure 1 for a few examples of the defect function on 72.

The following statement is the principal result of the paper.

Theorem 2.2. For * =/ or /7, consider a (1, u*)-colored link K* UL* C S*, and let L C S

be the splice of the two links. For characters w* € 7 #* introduce the notation

A= E_k(K*,L*) e Zu*’ v = (a)*)“ c ,2-1.
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Then, assuming that (v/, v”) # (1, 1), one has
o (0, 0") = ooy V', 0 + ogrupr (U, @) + 83 ()8 (@), O

Remark 2.3. Eisenbud and Neumann [8, Theorem 5.2] showed that the Alexander poly-
nomial is multiplicative under the splice. For a p-colored link L, we denote A;(ty,...,t,)
the Alexander polynomial of L. Similar to Theorem 2.2, let t* = Hﬁ‘:l (t9)**i. One has

AL(t;, o t, tll/, ceey t;i//) - AK’UL/(t”r tll, ceey t;l/) . AK”UL”(t,: t;,, ceey tl//),

’ M’I

unless ' =0 (i.e. ' = K’ is a knot) and " = 0, in which case
AL(tll/l ceey tl,i”) = AL”\K”(t/{: ceey t:i//)

This formula were refined by Cimasoni [5] for the Conway potential function. Moreover,
in relation with the signature of a colored link, one may consider the nullity, related
to the rank of the twisted first homology of the link complement. This nullity is also
additive under the splice operation, in the suitable sense. Detailed statements can be
found in [7]. O

Example 2.4. Consider two copies K’ UL and K” U L” of the (1,1)-colored general-
ized Hopf link H; », see Section 2.3, where K’ and K" are the single components. Then,
L =L UL" = H,, is a (1,1)-colored link, and for @ € 7' \ {+1}, we show by using

C-complexes that
o1 (0, w) = oy (@2, ®) + g (0%, ®) + 82 (@)82) (@) = 0 + 0 + 8 ()32 ().
This illustrates trivially that a defect appears. O

Example 2.5. For the reader convenience we add the following example. Notice the use
of the formula in Theorem 2.2 when w; = 1 (cf. Remark 3.6). Let K’ UL’ be the (2,4)-torus
link and K” UL"” be the (4,2)-cable over the unknot with the core retained (cf. Section 2.5).
Then, the splice of these two links along the components K’ and K" is the (3,6)-torus link,
which we shall denote L.

In thenotation of Theorem 2.2, we have A’ = 2and A" = (1, 1). For the C-complexes
bounded by these three links one can take those depicted in Figure 2. To simplify the
resulting Hermitian matrices H, we re-denote by to, ¢;, ... their arguments (in the order
listed) and, for an index set I, introduce the shortcut ; := 1 4 [[,.,(—t;). Then

HK’UL/@:/: U),) = —TM 1 o1,
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Kll

Fig.2. Theleftmostlinkis the (2,4)-torus link, depicted as the boundary of a C-complex with rank
1 first homology. In the middle, the (4,2)-cable over the unknot with the core retained, bounding
a rank 2 C-complex. The last diagram is the splice of the two preceding ones along K’ and K”. It
represents the (3,6)-torus link.

- - _ [—mom2 titamo
" 1/ 1/
Hygnorr (8 ,0)1,0)2) = o172 ( ’

To —To12
—Tom12  titamg 0 0
o ) —To12  totamy o2

HL’UL”(w/Iw/l/la)/Q,) = 7172 ’

T —m1To2  —tom17T2

0 ti7s 172 — 27001

so that, up to units and factors of the form n;,1 = 0, 1, .. ., the Alexander polynomials are

2,2 2
Agrory = o1, Agryrr = totit; — 1, Apurr = mo12(tot ity + 1)°.

The computation of the signature of these matrices is straightforward: on the respective

open tori, they are the piecewise constant functions given by the following tables:

Logé&¢’ + Log o' 1/2 3/2
Og/ur! (éf/, a)’) 1 0 -1 0 1

Log&” + 2Log o 1 2 3 4
oxrur (€7, ") 210 -1 -2 -1 01 2

Logw' + Log o” 1/2 1 2 5/2
opu(@,0”) |4 2 0 -1 -2 -1 0 2 4
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Note, however, that L’ is the unknot and L” is homeomorphic to K’ U I’; hence,
oxur(1,0) =0, oxrur (1, 0") = oxuy (0f, wy).
Now, it is immediate that the identity

(@', 0], wy) = oxuy (Wl wy, @) + oy (w?, @Y, wy) + 82y (@)8a,1)(w], ®y)

N

given by Theorem 2.2 holds whenever w? # 1 or w]w, # 1. (It suffices to compare the

values at all triples of eighth roots of unity.) If ©? = w|w, = 1, we obtain an extra

discrepancy of 1; this phenomenon will be explained in [7]. O

As an immediate consequence of Theorem 2.2, we see that the Levine-Tristram
signature of a splice cannot be expressed in terms of the Levine-Tristram signature of

its summands: in general, the multivariate extension is required.

Corollary 2.6. Let L be the splice of (1, 1)-colored links K’ UL and K” U L”, and denote
A =(tk(K',L') and A" = ¢k(K",L"”). Consider L as a 1-colored link. Then, for a character
£ € T' such that £8¢4¢"*") £ 1, one has

o1(§) = ogup (E",§) + oxriwr (87, 8) — VA + 8, ()81 (8),
where o;(¢) is the Levine-Tristram signature of L. O

Proof. Consider the two-coloring on L given by the splitting L'’ U L”. We have
oL(€,8) = oy (€Y, E) + oxrup (€Y, E) + 8,/(€)8,(£) by Theorem 2.2. On the other hand,
or(&) = op(€,&)—Lk(L',L"), see Proposition 3.7. By [8, Proposition 1.2], ¢k(L', L") = 2’2". N

Theorem 2.2 is proved in Section 4.3. In the special case L' = &, it takes the

following stronger form (we do not require that v” # 1); it is proved in Section 4.4.

Addendum 2.7. Let L C S be the splice of a (1,0)-colored link K’ C §' and a (1,u")-
colored link K" UL” c S, and let " := ¢k(K”,L"). Then, for any character w € 7%, one
has

or(w) = o (a)’w) + opr(w). O

Remark 2.8. The assumption (v’,v”) # (1,1) in Theorem 2.2 is essential. If v’ = v” =1,

the expression for the signature acquires an extra correction term, which can be proved
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to take values in [—2,2]. In many cases, this term can be computed algorithmically,
and simple examples show that typically it does not vanish. Indeed, consider two
copies of the Whitehead link K’ UL and K” U L". If = €"/3, then o;(0w,w) = —1, but
oxur (1, w) + oxrur (1, w) + 8(1) = 0 and there is a non-zero extra term. (Addendum 2.7
states that the extra term does vanish whenever one of the links L', L” is empty.) The
general computation of this extra term, related to linkage invariants (see, e.g., [19]), is

addressed in a forthcoming paper [7]. O

Remark 2.9. We expect that the conclusion of Theorem 2.2 would still hold without
the assumption that the characters should be rational. In fact, all ingredients of the
proof would work once recast to the language of local systems, and the main difficulty
is the very definition of the signature in homology spheres, where the link does not
need to bound a surface and the approach of [6] does not apply. (If all links are in S2, an
alternative proof can be given in terms of C-complexes.) This issue will also be addressed
in [7]. O

2.3 The generalized Hopf link

A generalized Hopf link is the link H,,, C S® obtained from the ordinary positive Hopf
link H, ; = VUU byreplacingits components V and U with, respectively, m and n parallel
copies. This link is naturally (m + n)-colored; its signature, which plays a special role
in the paper is given by Theorem 2.10 below. Observe the similarity to the correction
term in Theorem 2.2; a posteriori, Theorem 2.10 can be interpreted as a special case of
Theorem 2.2, using the identity oy, , = 0 (which is easily proved independently) and the
fact that H,, , is the splice of H; ,, and H, ,,. However, the Hopf links and their signatures

are used essentially in the proof of Theorem 2.2.
Theorem 2.10. For any character (v,u) € 7™ x 7", one has oy, ,(v,u) = 8(v)é(u). O

Certainly, Theorem 2.10 computes as well the signature of a generalized Hopf
link equipped with an arbitrary coloring and orientation of components. First, one can
recolor the link by assigning a separate color to each component (cf. Proposition 3.7
below). Then, one can reverse the orientation of each negative component L;; obviously,
this operation corresponds to the substitution w; — @;. For example, the orientation of
the original link can be described in terms of a pair of vectors, viz. the linking vector
v € {£1}" of the V-part of H,,,, with the U-component of the original Hopf link H; ; and
the linking vector A € {£1}" of the U-part with the V-component. Then, assuming that
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any two linked components of H,, , are given distinct colors, we have

Otiy,n (V, W) = 6,(V)5, (W). (2.2)

For future references, we state a few simple properties of the defect function §

and, hence, of the signature oy, ,. All proofs are immediate.

Lemma 2.11. The defect function §: 7# — Z has the following properties:

—
—

8(1)=0;8=0if u =0or1;
2) 8(@) = —8(w) forallw e T#;

8 is preserved by the coordinatewise action of the symmetric group S,;

L=

8 commutes with the coordinate embeddings 7# — T¢'!, w —~ (w, 1);

w
=

5 8 commutes with the embeddings 7# — 7T/*%, w — (w,n,7) for any
neTt. O

2.4 Satellite knots

As was first observed in [8], the splice operation generalizes many classical link
constructions: connected sum, disjoint union, and satellites among others.

Our first application is Litherland’s formula for the Levine-Tristram signature
of a satellite knot, which is a particular case of Addendum 2.7.

Recall that an embedding of a solid torus in S® into another solid torus in another
copy of S® is called faithful if the image of a canonical longitude of the first solid torus
is a canonical longitude of the second one. Let ¥V be an unknotted solid torus in S*, and
let k be aknot in the interior of V, with algebraic winding number g, that is, [k] is g times
the class of the core in H;(V). Given any knot K C S%, the satellite knot K* is defined as
the image f(k) under a faithful embedding f : V — S® sending the core of V to K.

The isotopy class K* depends of course on the embedding f (and even its con-
cordance class, see [17]). Nevertheless, its Levine-Tristram signature is determined by

the signatures of the constituent knots and the winding number:

Theorem 2.12 (cf. [16, Theorem 2]). In the notation above, the Levine-Tristram

signatures of k, K, and K* are related via

ox+(w) = og (W) + op(w), e T O
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Proof. Let C be the core of the solid torus S® . V. The satellite K* can be written as the
splice of KU @ and C U k. By Addendum 2.7, we have

og+ (@) = og (@) + ok (W),

where A := ¢k(C, k). By assumption, ¢k(C, k) = g, and the statement follows. [ |

2.5 Iterated torus links

Our next application is another special case of Theorem 2.2, which provides an induc-
tive formula for the signatures of iterated torus links. In particular, this class of links
contains the algebraic ones, that is, the links of isolated singularities of complex curves
in C2. Partial results on the equivariant signatures of the monodromy were obtained by
Neumann [20].

Iterated torus links are obtained from an unknot by a sequence of cabling oper-
ations (and maybe, reversing the orientation of some of the components). In order to
define the cabling operations (we follow the exposition in [8]), consider two coprime
integers p and g (in particular, if one of them is 0, the other is +1), a positive integer d, a
(1, w')-colored link K’ UL’ C S3, and a small tubular neighborhood T’ of K’ disjoint from
L'.Let m,l be the meridian and longitude of K’, and K'(p, g) be the oriented simple closed
curve in dT" homologous to pl + gm. More generally, let dK'(p, q) be the disjoint union
of d parallel copies of K'(p,q) in dT'. We say that the link L = L' UdK'(p,q) — K’ (resp.
L =L'UdK'(p,q)) is obtained from K’ U L' by a (dp, dq)-cabling with the core removed
(resp. retained).

Let H;; = VUU be the ordinary Hopf link. The link V UdU(p, q) can be regarded
as either (1,d)-colored or (1,1)-colored. We denote the corresponding multivariate
and bivariate signature functions by t4p 4, and Tapqq, respectively. By Proposition 3.7

below,

fdp,dq(vl u) = tdp,dq(V: u,...,u) — %d(d - 1)Pq

In the case of core-removing, the link L obtained by the cabling is nothing but the splice
of K'UL and VUdU(p, q). (Similarly, in the core-retaining case, L is the splice of K’ U L’
and VU U UdU(p,q).) Hence, the following statement is an immediate consequence of
Theorem 2.2.
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Theorem 2.13. Let L be obtained from a (1, u’)-colored link K’ UL’ by a (dp, dq)-cabling

with the core removed. For a character v := (o', 0") € T" x T4, let
N =(kX', L), A :=,...,p)eZ% and v*:= (0", x=7s0r/.
Then, assuming that (v/,v”) # (1, 1), one has
or(w) = ogruy (V") @) + Tap,aq(V', @) + 8y (@) (@”). U

With the evident modifications, this last corollary can be adapted to give a
formula for a (dp, dq)-cabling with the core retained.

The Levine-Tristram signature of the torus link U(p, q) (which coincides with
Tp4(1,¢) in our notation) was computed by Hirzebruch. For the reader’s convenience,
we cite this result in the next lemma. Unfortunately, we do not know any more general

statement.
Lemma 2.14 (see [3]). LetM ={1,...,p—1}x{1,...,q—1}andlet0 <0 < % Consider

a=#{1,))eM|0 < (i/p)+ (/9 <0 +1},
n=#{1j) eM|(G/p)+(G/q9 =6or(i/p)+ (/g9 =0+1},

b=|M|—-a—n.

Then, one has 7,4(1,¢) = b — a for { = exp(2in6). O

2.6 Multivariate versus univariate signature

The last application is the computation of the multivariate signature of a link in terms
of the Levine-Tristram signature of an auxiliary link. (One obvious application is the
case where the latter auxiliary link is algebraic, so that its Seifert form can be com-
puted in terms of the variation map H;(F,dF) — H;(F) in the homology of its Milnor
fiber F, see [1].) This result is similar to [9, Theorem 6.22] by the second author and is
related to the computation of signature invariants of three-manifolds by Gilmer, see
[10, Theorem 3.6].

Let L = L; U... UL, be a u-colored link. For simplicity, we assume that the
coloring is maximal, that is, each component of L is given a separate color. Let [1;] be
the linking matrix of L, that is, A;; = ¢k(L;, L;) for i # j and 1; = 0.

Consider a character w € 7" and assume that w; = £", where & := exp(27i/n), for

some integers n > 0 and O < n; < n. (In particular, all w; # 1.) Fori =1,..., u, denote
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* XY=}, njhy, the weighted linking number of L; and L \ L;

o ;= ;.‘:1 a)}ii = £, where ; is the ith row of A1,
Fix an integral vector p := (p;,...,p,) € Z* and consider the monochrome link

L := L,(w) obtained from L by the (n;, n;p;)-cabling along the component L; for each
i=1,...,u Inother words, each component L; of L is regarded n;-fold, and it is replaced

with n; “simple” components, possibly linked (if p; # 0).

Theorem 2.15. In the notation above, one has the identity

n "
op(@) = 01(E) = Y Taymp (Wi ) + Y (i = 1)ind QY /n) + D Ay O

i=1 i=1 1<i<j<p

Corollary 2.16. If p =0, the second term in Theorem 2.15 vanishes and one has

n
op(@) =op(E) + Y (ni— Dind(¥/m)+ Y Ay
i=1

1<i<j<p

For small values of u, this identity simplifies even further:

(1) if u =1, then op(w) = 01(§);
(2) if u =2and |ri2| <1, then op(w) = 03 (§) + (11 + 1y — DAg,. O

Proof of Corollary 2.16. If p; =0, then VUU(n;,0) = H, 5, is a generalized Hopf link; its
signature vanishes due to Theorem 2.10 and Lemma 2.11(1). The only other statement
that needs proof is Item (2), where we have ind(A,,n;/n) = A1, whenever |[A;5] < 1 and

O<n;<n,i=1,2. |

Example 2.17. Let L = H;, be the ordinary Hopf link, so that o; = 0 by Theorem 2.10
and Lemma 2.11(1). On the other hand, taking p = 0, we obtain L = Hy, n,; by Theo-
rem 2.10 and Proposition 3.7, we get 0;(§) = (1 — n1)(1 — ny) — nyn,, which agrees with
Corollary 2.16(2). O

Proof of Theorem 2.15. Denote L[0] := L and, for i = 1,...,u, let L[i] be the link
obtained from L[i — 1] by the (n;, n;p;)-cabling along the component L;. Each link L[i]
is naturally u-colored; we assign to this link the character w[i] := (§,...,§, wit1, ..., ).

In this notation, L is the monochrome version of L[11] and, by Proposition 3.7,

01(8) = oy(@lul) — Y miny. (2.3)

1<i<j<p

9T0Z ‘¥T 8unr uo (37119) Akeiq1 AISIOAIUN 1USY|1g T /BI0'SRUINOPIOJXO LI/ ANy WO POPROUMOQ


http://imrn.oxfordjournals.org/

The Signature of a Splice 13

Introduce the following characters:

e WDNi]:i=(,...,6)eTm;
* @"[i], obtained from w by replacing each w; with n;|;;| copies of £%¢%4,if j <1,
or |A;j| copies of wfg*ij, ifj > i;

» @[i], obtained from w by replacing each w; with n;|2;| copies of &%,

By definition, L[i] is the splice of L[i — 1] and V U n;U(1, p;). Then Theorem 2.2 applies

and, foreachi=1,...,pu,
o110y (@i1) = 0755 1)(@[i — 1) + T np; (U3, &) + 8@ [ (@' TD. (2.4)
We have Log @'[i] = n;/n; since 0 < n; < n, this implies
SW@Ii) =1 —n;. (2.5)

One can show that §(@"[i]) = §(&[i]) — ]‘.‘:i+1(1 — nj)ky. Indeed, ®[i] is obtained from
@"[t] by |A;| operations of replacement of a single copy of a);g*ij with copies of £%8%; for
all j > i; as in (2.5), one such operation increases the value of § by (1 — n;)sg;. The
character @[i] has all entries equal to & or &, with the exponent sum equal to AY. Using
Lemma 2.11(5) and (3) to cancel the pairs &, £, we get §(&[i]) = ind(xY/n) — X¥; hence,

i—1 I
8(@'[i) =1nd(y /m) = Y ik — Y Ay 2.6

j=1 Jj=i+1

Applying (2.4) inductively and taking into account (2.5) and (2.6), we arrive at

13 "
o (@l]) = 0L (@) + Y Fnpnipy (01, 6) = Y (s — Dind (WY /m) + Y (mam — Dy,
i=1 i=1

1<i<j=p

and the statement of the theorem follows from (2.3). [ |

3 Signature of a Link in a Homology Sphere

In the early 1960s Trotter introduced a numerical knot invariant called the signature
[24], which was subsequently extended to links by Murasugi [19]. This invariant was
generalized to a function (defined via Seifert forms) on S' ¢ C by Levine and Tristram
[14, 23]. It was then reinterpreted in terms of coverings and intersection forms of four-
manifolds by Viro [25, 26]. Our definition of the signature of a colored link follows Viro's

approach and the G-signature theorem, see also [9, 12].
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3.1 Twisted signature and additivity

We start with recalling the definition and some properties of the twisted signature of a
four-manifold.

Let N be a compact smooth oriented four-manifold with boundary and G a finite
abelian group. Fix a covering N¢® — N, possibly ramified, with G the group of deck
transformations. If the covering is ramified, we assume that the ramification locus F is

a union of smooth compact surfaces F; C N such that

(1) 0F; =F;NoN;

(2) each surface F; is transversal to 0V, and

(3) distinct surfaces intersect transversally, at double points, and away
from oN.

Items (1) and (2) above mean that each component F; of F is a properly embedded surface.
Forshort, acompact surface F C N satisfying all Conditions (1)-(3) will be called properly
immersed. Under these assumptions, N¢ is an oriented rational homology manifold and

we have a well-defined Hermitian intersection form
(-, ): Hy(N% C) ® Hy,(N¢;C) — C.
Regard the homology groups H,(N% C) as C[G]-modules and consider the form

¢: Hy(N% C) @ Hy(N%;C) > C[G], @(x,y) =Y (x,9y)g.
geG
Since G is abelian, this form is sesquilinear, that is, ¢(g:x,92y) = 919, ¢(x,y) for all
91,92 € G.
Any multiplicative character x : G — C* induces a homomorphism C[G] — C of
algebras with involution (zg — zg~! in C[G] is mapped to n — 7 in C). This makes C a

C[G)-module, and we can consider the twisted homology
H*(N,F) := H,(N% C) ®cg C.

In this notation, the ramification locus F is omitted whenever it is empty or understood.
The form ¢ above induces a C-valued Hermitian form ¢* on H; (N, F); explicitly, the

latter is given by

P (X®21,y ®2) =217 Y (X, 97X (9).

geG
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We will denote by sign(lV) the ordinary signature of the four-manifold N, that
is, that of the form (-, -) on Hy (V). The twisted signature, denoted by sign* (N, F), is the

signature of the above Hermitian form ¢~*.

Remark 3.1. One can easily see that the twisted homology HX(V, F) and twisted sig-
nature sign* (N, F) are independent of the group G used in the construction: they only
depend on the pair (I, F) and the multiplicative character x: H; (N \ F) — C*, which
must be assumed of finite order. In particular, we can always take for G the “smallest”
cyclic group, viz. the image of x. Indeed, there is an obvious canonical isomorphism
between HX (N, F) and the x-equitypical summand

VX(G) := {x e H.(N% C) | gx = x(g)x for all g € G},

and the form ¢* is |G|-times the restriction to V*(G) of the ordinary intersection index
form (-, -). Now, if G is replaced with a larger group G’ — G, the transfer map induces
an isomorphism VX(G) — VX(G'), multiplying the intersection index form by another

positive factor [G' : G]; hence, the signature is preserved. O

Of particular interest is the behavior of the signature under the gluing of man-
ifolds. Recall that, by Novikov's additivity, if N; and N, are two 4-manifolds such that
ON, = —0N, and N = N; Uy N,, then the ordinary and the twisted signatures of N
satisfy

sign(V) = sign(N,) + sign(V,) and sign*(NV,F) = sign* (N, F)) + sign* (N, F).

Of course, in the twisted version we assume that the ramification loci F; and F,
match along the boundary, F = F; U, F,, and the characters on N;, N, are the restric-
tions of a character on N. If N; and N, are glued along a part of their boundaries
only, the above equalities may fail. This situation was completely studied by Wall in
[27]. For our purposes we only need a particular case of Wall's theorem, which we
state below. The result is given in terms of ordinary signatures, but, as mentioned
by Wall at the end of his paper, the same conclusion holds if we consider twisted

signatures.

Theorem 3.2 (see [27]). Suppose that N, >~ M; UM, and oN, >~ M, U —M,, where My, M;,
and M, are three-manifolds glued along their common boundary. Let N := N, Uy, N; and
X := dMy = 0M; = 0M,. Consider the C-vector spaces A; := Ker[H;(X; C) — H,(M;; C)],
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1=0,1,2, and let

AgN(AL+Ay)

K(Ap, Ay,A)) = .
(Ao 1 A2) 3= A + (Ao N Ay)

If K(Aop, A1, A,) is trivial, then we have sign(V) = sign(lV;) + sign(IVy). ([

Remark 3.3. The additivity in Theorem 3.2 holds if at least two of Ag, A;, A, are equal.
Moreover, Wall shows in his article that the vector space K(4,, A, 4;) is independent of
the order of the A;'s. When working with twisted signatures, we shall use the notation
A := Ker[H/ (X) — H/(M;)], i =0,1,2. O

3.2 The signature of a link

Let L be a p-colored link in an integral homology sphere S. By Alexander duality, the
group H,(S \ L) is generated by the meridians of the components of L. We shall denote

by mf the meridians of the components of the sublink L; of L of colori=1,..., «.
Let Z* be the free multiplicative group generated by ¢,,...,t,. The coloring on L
gives rise to a homomorphism ¢ : H;(S\ L) — Z*, mi.‘ — t;,i=1,...,u. We consider mul-

tiplicative characters H; (S \ L) — C* that respect the coloring, that is, factor through c.
They are determined by their values on the generators ¢;, and the group of such charac-
ters can be identified with 7#. Through this identification, the character w € 7" assigns
the meridians of the components of the sublink L; to w;. With a certain abuse of the
language, we will shortly speak about the character w on L and say that w assigns w; to
(each component of) L;.

The next proposition asserts that w: H,(S ~ L) — C* extends to a finite order
character w: Hy(N \ F) — C* (also denoted by the same letter »), where N is a four-

manifold bounded by S and F C N is a certain properly immersed surface.

Proposition 3.4. LetL be a u-colored link in an integral homology sphere S. Then, there
exists a compact smooth oriented four-manifold N and an oriented properly immersed
surface F = F; U...UF, in N such that

d 3N=Sand8Fi=Lifori=1,...,;L,
e the group H;(V \ F) >~ Z" is freely generated by the meridians m, of F;, and
e onehas [F;,0F;] =0in H,(N,dN).
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As a consequence, any character w € 7" extends to a unique character
w: HH(N\F) - C*, m;— w;. O

For short, as for characters on links, we will speak about the character w on F
and say that w assigns w; to the component F;.
We postpone the proof of this statement till Section 3.3.

Now, we are ready to define the main object of study in this paper.

Definition 3.5. The signature of a u-colored link L C S is the map

o: T — Z

w +—> sign”(V,F) — sign(V),

where N and F are as in Proposition 3.4. O

The signature of a u-colored link in S is related to invariants previously defined
by Gilmer [10], Smolinski [22], Levine [15] and the first author [9]. The interested reader
can find detailed history in [6]. In the case where S = S, the signature considered in
this paper coincides with the signature defined by Cimasoni-Florens [6] for w € 7 with
w; # 1 foralli=1,..., . In our present work we shall deal also with the case w; = 1.
The following remark should be clear from the definition of the signature of a colored

link.

Remark 3.6. Let L be a u-colored link in S, and let w € 7# be a vector such that w; = 1.
Then, the following equality holds:

op(. 1, ) =0y i G L) O

Another important observation is the fact that the coloring of the link is essential:
it is not enough to merely assign a value of a character to each component of the link.
More precisely, we have the following relation (whose proof for S® found in [6] extends
to integral homology spheres almost literally: the extra term is due to the perturbation

of the union F, UF,, of two components of the ramification locus into a single surface).

Proposition 3.7 (see [6, Proposition 2.5]). LetL :=L;U...UL,; bea (u+ 1)-colored
link, and consider the p-colored link L' := L} U ... U L, defined via L} = L; for i < u and

L’# =1L, UL,;;. Then, for any character v € 7#, one has

O'[/((,()) :0L(a)1,...,wu,a)u)—Ek(LM,L#H). O
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Corollary 3.8. The multivariate signature of a generalized Hopf link H,,, does not

depend on the coloring, provided that linked components are given distinct colors. [

In particular, Proposition 3.7 provides a relation between the restriction of the
multivariate signature of a colored link to the diagonal in 7* and the Levine-Tristram
signature of the underlying monochrome link.

As asserted in the following proposition, the signature of a colored link is well
defined, thatis, independent of the pair (IV, F) chosen to compute it. This is a consequence

of Novikov's additivity and the G-signature theorem.
Proposition 3.9. For all w € 7#, the signature of (S,L) at w
o (w) = sign®(N, F) — sign(N)
does not depend on the pair (IV, F). O

Proof. Giventwo pairs (', F') and (N, F”) as in Proposition 3.4, consider W := N'U;—N"
and F := F'U, —F" C W. By Novikov's additivity, the statement of the proposition would
follow if we show that sign”(W,F) = sign W.

To compute the twisted signature, we can use the group G := C; x --- x Cy,,
where g; is the order of w;, i = 1,..., 1, see Remark 3.1. Crucial is the fact that, under
the assumptions on (W, F), this group results in a smooth closed manifold W¢.

Consider the equitypical decomposition of the C[G]-module

H := H,(W¢%C) :@V", (3.1)
P

where p runs over all multiplicative characters G — C*. Since the intersection index form
(-, -)is G-invariant, this decomposition is orthogonal. Denote by sign VV” the signature
of the restriction of the form to V”. By Remark 3.1, we have sign”(W, F) = sign V.

The argument below is a slight generalization of [21] (see also [4, Lemma 2.1]).

Each space V” can further be decomposed (not canonically) into the orthogo-
nal sum of two subspaces V! and V” with, respectively, positive and negative definite
restriction of (-, -). Summation over all characters gives us a G-invariant decomposi-
tion H = H, & H_. Recall that the G-signature of an element g € G is sign(g, W) :=

trace g.|n. — traceg.|z_ € C. It is well defined; in fact, using (3.1), we have

sign(g, W) = Z p(g) sign V”.
P
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Multiplying this by @(g) and summing up over all g € G, we arrive at

G| signV” =) " i(g) sign(g, W) = |G| sign V' + > "(&(g) — 1) sign(g, W).
geG g#1

(Recall that irreducible characters are orthogonal. For the second equality, we use the
identity Zg sign(g, W) = |G| sign V!, g € G, which is the first equality with w = 1.) By the

usual transfer argument, sign V! = sign W. Summarizing, we conclude that

1
sign”(W, F) — sign(W) = @ Z(J)(g) — 1) sign(g, W) (3.2)
g#1

is a linear combination of the g-signatures sign(g, W) with g € G and g # 1.

Since W is a smooth manifold, we can use the G-signature theorem [2, 11], which
expresses the g-signature sign(g, W) in terms of the fixed point set of g. We use repeatedly
the fact that each surface F; is connected and the covering is “uniform” along F;; hence,
the extra factor appearing in the G-signature theorem depends on the element g € G
only and does not depend on a particular component of the fixed point set.

If 1 # g € C,, lies in one of the factors of G, its fixed point set is F; and sign(g, W)
is a multiple of [F;]%. By Proposition 3.4, [F;,dF;] = 0 € H,(N*, 0N*) for x =/ or /7; hence,
[F;] = 0 and sign(g, W) = 0.

If g € Cy; x Cg; lies in the product of two factors (but not in either of them), the
fixed point set is F; N F; and sign(g, W) is a multiple of ([F;], [F;]) = O (since, as above,
[Fi] = [F;] = 0).

In all other cases, the fixed point set is empty (there are no triple intersections);
hence, sign(g, W) = 0. Summarizing, sign(g, W) = 0 whenever g # 1; in view of (3.2), this

implies that sign”(W, F) = sign W and concludes the proof. [ |

3.3 Proof of Proposition 3.4

Consider an integral surgery presentation for S given by a framed oriented link T =
T,U...UT; in S3 Since S is a homology sphere, we may assume that T is algebraically
split and that the surgery coefficients of each of its components are +1 [18, Theorem A].
The link I can be represented by a collection of curves in S® \ T.

Let N be the four-manifold obtained by attaching two-handles to B* along the
components of T according to their framings. Since the linking matrix of T is diagonal
with +1 entries, we may slide the knots in L over the attached handles in order to obtain

a presentation of L in S such that ¢ks(L;, Tj) =0 foralli=1,...,pandj=1,...,k. Since
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all L; are disjoint from the attaching tori of the handles, we can consider a surface F
in B*, the 0-handle of N, such that F is a union of compact connected oriented smooth
surfaces Fy,...,F,, and each F; is smoothly embedded with dF; = L,.

We have the following commutative diagram:

0=H'(\N) — H'W~F) — H*N,N~F) — H2(N)

l l

Hy(F,0F) —"— H,(N,0N),

where, by Alexander and Lefschetz duality, the two vertical arrows are isomorphisms
and the inclusion homomorphism i, is trivial, as €ks(L;, T;) = 0 and thus [F;,dF;] = 0 €
H,(N,dN) for all i = 1,...,u. It follows that H'(V \ F) is canonically isomorphic to
H,(F,0F) = 7", and the latter group is freely generated by the fundamental classes
[F;, 0F;]. Repeating the same computation over the finite field F,, we get H'(F \ F;F,) =
H,(F,dF;F,) and, since the dimension of this vector space does not depend on p, we
conclude that the homology group H,(F \ F) = Hom(H, (F \ F), Z) is freely generated by

the elements of the dual basis, that is, the meridians m; of the components F; c N. N

4 Proof of Theorem 2.2
4.1 The auxiliary Hopf link

In the proof of Theorem 2.2, it will be useful to have some control over the surface F
used to compute the colored signatures; namely, sometimes we want the distinguished
component K to bound a disk. The proof of the following lemma is a straightforward

adaptation of the proof of Proposition 3.4.

Lemma 4.1. Let KUL be a (1, u)-colored link in S. Then, the pair (IV, F) in Proposition
3.4 can be chosen of the form (N, D U F), where D is a disk, K = 9D, and L; = 0F;. O

Proof. Asexplained in the proof of Proposition 3.4, we can consider an integral surgery
presentation for S given by a framed oriented link T = T, U ... U T} in S3, where T
is algebraically split and the surgery coefficients of each of its components are +1.
Moreover, the link K UL can be represented by a collection of curves in S® \ T such that
tk(K,T;) = tk(L;, T;) = O for all i,j.

Notice that we can obtain K UL C S by starting with U UL c S® \. T, where U
is the unknot, and performing surgery on unknotted curves C,...,C; in S\ (TUU UL)

with framings ¢; = £+1 to do some crossing changes on U to obtain K. It is clear that
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we might assume ¢k(U, T;) = O for all i and that the curves C; may be chosen such that
€k(C;, Cj) = 0if i # j and ¢k(C;, T)) = £k(C;, U) = tk(C;, L;) = 0 for all i and j.
The link UUL in S® bounds a properly immersed surface DUF, U...in B* Indeed,

one has

(1) L;=dF,=F,NdB*and U = D = DN 9B%;
(2) D and each surface F; are transversal to dB*, and
(3) distinct surfaces intersect transversally, at double points, and away

from 9B*.

Consider the four-manifold N obtained by attaching two-handles to B* along the
components of T U C; U ... U C; according to their framings. By construction we obtain
the link K U L sitting in S = dN and bounding F. Moreover, the above conditions on the
linking numbers guarantee that the proof of Proposition 3.4 follows word by word with

the manifold N and the surface F considered in this proof. [

Let (W, DUF) be the pair constructed in Lemma 4.1 and fix a tubular neighborhood
B=D xB?of Din N, see Figure 3. Without loss of generality, by taking B small enough,
we may assume that, up to orientation of the components, the pair (B, (D U F) N B)
has boundary (S3, H, ,,), where m is the number of points in D N F. The components of
H,,, =VUU;, U...UU, inherit an orientation from D UF, and we color them according
to the decomposition DUF, U...UF,.

ALEX DEGTYAREV, VINCENT FLORENS, AND ANA G. LECUONA

L L
M,y
M,
w e,
\ \ B\ \ Ny \_\
N B Ny

Fig.3. This diagram represents the pairs (N, DUF) and (N, D UF). The gray band is the four ball
N, =B =D x B%.
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Assume that the original link is given a character (v, u). This character extends
to DUF and restricts to a character, also denoted by (v, u), on H, ,,,. Occasionally, we will
replace D with several parallel copies, obtaining a link H, ,,, and change the character
on the V-part of H,,,, while keeping u on the U-part. We always assume that linked
components are given distinct colors, but we allow a nonstandard orientation of the V

part, describing it by a linking vector v, cf. the paragraph prior to (2.2).

Lemma4.2. Considerthelink H,,, = VUU equipped with the coloring, orientation, and
character u on the U-part as explained above. Then, for any character v on the V-part

and any linking vector v, one has
Oty m (V, U) = =8,(V)8, (),
where  := ¢k(K, L). (]

Proof. The U-part of the link can be described as follows: for each i = 1,..., u, there
is a number of components, all carrying the same color and character w;, oriented in a
random way but so that the entries of the linking vector (with respect to a fixed positive
component of the VV-part) sum up to A;. (These components correspond to the geometric
intersection points, and their orientation reflects the sign of the intersection.) Hence,
the statement is an immediate consequence of (2.2) and the definition of §, as the copies

of + Log u; would sum up to A; Log u;. |

4.2 A special case

The next lemma is straightforward; it is stated for references. We will use it to apply
Wall's Theorem 3.2. Certainly, the statement on H}(X) extends to any topological

space X, whereas that on H{ (X) extends to any space with abelian fundamental group.

Lemma 4.3. Let X = T? be a two-torus and y: H,(X) — C* a multiplicative character.
Then H} (X) = H,(X; C), H} (X) = Ho(X; C) if x = 1 and H{(X) = H}(X) = 0 otherwise. [J

We start by proving a special case of Theorem 2.2, which will be useful later
on and whose proof contains the key ingredients used to establish the general formula.
In the following lemma we study the effect on the colored signatures of changing the
component K of a (1, u)-colored link K UL C S to a collection of v parallel curves, that
is, of performing a (v, 0)-cabling. This operation is equivalent to the splice of KUL C S
and H,, C S°.
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Let K UL be the resulting (v + p)-colored link. Denote A := (k(K,L) and, for a

character w € 7#, let v := »*. For a character ¢ € 7%, let = :=[]._, ¢.
Lemma 4.4. In the notation above, assuming that (v, ) # (1, 1), one has
oxur(¢, w) = oxur (T, ) — §(8)d,(w). O

Proof. The diagram in Figure 3 might help one follow the construction. Let (INV,D U F)
be the pair constructed in Lemma 4.1 for the link K UL Cc S = 0N and fix a tubular
neighborhood B = D x B? of D in N. The pair (N, D U F) can be written as the union

(N ~B,FN (N~ B))U (B, (DUF)NB)

glued along (D x S!, F N dB). As explained in Section 4.1, the boundary of (B, (D UF) N B)
is (S%, H, ), where H, ,, inherits orientations of the components and coloring with the
associated character (7, w).

We use Wall's Theorem 3.2 to relate the twisted and non-twisted signatures of
(N,DUF) and (N ~. B,F N (N ~ B)). To this end, define N, = N < B, M, = S~ T(K), N, = B,
M, = T(K) and M, = D x S*, where T stands for a small tubular neighborhood and T is
its interior. One has dN; = M; UM, and 0N, = M, U —M,, and in both cases the manifolds
are glued along X := 9D x S! = K x S!. Let m and ¢ be the meridian and longitude of
K, which generate H; (X). Following the notation of Theorem 3.2, we have Ay = A; = (£)
and A, = (m), which implies that K(4, A;,4,) = 0 and thus

sign(lV) = sign(lV; U N,) = sign(lV;) + sign(lN,) = sign(lV,) (4.1)

since N, is contractible.

We now make the corresponding computation with twisted coefficients.

Let p := (7, w); we will use the same notation for the extensions of p to the other
spaces involved. We need to study the relationship between sign”(N; U N,, D U F) and
the twisted signatures of N; and N,. The group H,;(X) is generated by m, ¢ and, since
p(m) = v and p(¢) = = are not both trivial, we have H/(X) = 0, see Lemma 4.3. This
trivially implies K(Aj, A7, A5) = 0, and Wall's Theorem 3.2 yields

sign”(N, UN,,D U F) = sign’ (N, F N N;) + sign”(N,, (D U F) N Ny). (4.2)
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Since the boundary of (IV,, (D U F) N Ny) is (S%, H, ,,), by Lemmas 4.2 and 2.11(1)

we have
sign’ (, ) (N3, (D UF) N N) — sign(lVy) = o, ,, (7, ) = §(1)8,(w) = O.
Combining equations (4.1) and (4.2) with Definition 3.5 of signature, we get
oxur(p) = sign’ (N, DU F) — sign(\) = sign” (N, F N N;) — sign(lV,). (4.3)

Now, consider the link JCUL. We can assume that K lies in the tubular neighbor-
hood M, = 9D x B? of K in S. The link K bounds a collection of v parallel disks D c N, = B
and the pair (NN, (DUF)NN,) has boundary (S3, H, ), with the generalized Hopf link H, ,,

carrying the character (¢, w) and corresponding orientations. Similar to (4.2), one has
sign““ (N, UN,, D UF) = sign”(N;,F N N;) 4 sign“* (N, (D U F) N V). (4.4)

Moreover, we can compute the signature of H, ,, from the pair (B, (DUF)NB); thus, since

N, is contractible,
sign®” (N, (D UF) N Np) = —58(£)8,(w), (4.5)
see Lemma 4.2. Using the pair (N, D U F) to compute the signature of X UL, we have

oxur(¢,w) = sign®” (N, DUF) — sign(lV)

o sign’ (N, F N N;) + sign““ (N,, (F U D) N N,) — sign(N;)
4.1),4.4

= oxur(p) — 8(8)d (). u

(4.3),(4.5)

4.3 Proof of Theorem 2.2

The diagram in Figure 4 might be useful to follow the details. Let (N’, D’ UF’) be the pair
constructed in Lemma 4.1 for the link K’ UL’ C §' and fix a small tubular neighborhood
B =D xB?of D' in N'. Since (v/,v") # (1,1), we can repeat the arguments in the proof

of Lemma 4.4 involving Wall's theorem to obtain
oxon (U, @) = sign” (W'~ B,F' N (W' ~. B) — sign(N" . B). (4.6)

By construction, the surface (D'UF’) N B’ consists of the disk D’ and a union of m’

parallel disks transversal to D’ (those coming from F’). Consider now a pair (N”,D" UF")

9T0Z ‘¢TI aunc uo (M119) AriqiT AsAIUN U3 |1 T /610°'S[euIno pio jxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

The Signature of a Splice 25

THE SIGNATURE OF A SPLICE
(N'\B',F'n(N'~B) (N", D" UF") (N, F)

A [ A
U U

-

|

Fig.4. The third diagram represents the pair (V, F) used to compute the signature of the splice of
K'UL and K”UL". This pair is obtained identifying parts of the boundary of (N'\B', F'N (N’ \ B’))
and (N”, D" UF").

given by Lemma 4.1 for K" UL” C §". Replace K” with m’ parallel copies (with the
orientations coherent with the signs of the intersection points of D’ and F’) to obtain a
(m/+ p")-colored link K" UL” C S”, to which we assign the character (o', ®"): H; (S~ (K"U
L")) — C*. In a similar way, replace the disk D” with m' parallel copies to obtain a pair
(N”, D" UF"). We may assume that the disks constituting D" lie in a small neighborhood
B’ = D" x B?, and we color the components of D” in accordance with the colors of the
m’ parallel disks coming from the surface F' in (D' UF') N B'.

In the boundary of B”, we obtain a generalized Hopf link H,, ,,» (up to orientation
of the components, cf. Section 4.1) carrying the character (o', ”). Lemma 4.4 applied to
the (m’, 0)-cabling of K” UL" along K" yields

oo (@, ") = sign® " (N", D" UF") — sign(N")

= oxruy (U, @) — 8 ()8 (). (4.7)

(For the last term, Lemma 4.2 is applied twice, first to ', then to »”.) Now, let us look at

the pair (IV, F) obtained as the gluing
(N'\B,FFN(N'\B))UNN",D"UF"), (4.8)

with the solid torus T’ = D’ x 9B? in the boundary of B’ identified with the solid torus
T” = dD” x B?, which is a tubular neighborhood T(K”) of K” in S”. The identification
is made in such a way that the disk D' ¢ T’ is glued to B> C T”. Moreover, the m’

disks removed from the surfaces F’ in the intersection F’' N (N’ \ B) are filled with the
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corresponding m’ disks constituting D”. Notice that the boundary of (I, F) is nothing
but (S, L), that is, the splice in question. Furthermore, by the construction, the pair (V, F)

can be used to compute the colored signature of (S, L), that is,
op(@,0") = sign(“’/""”)(N,F) — sign(lV).

To complete the proof, we shall study the behavior of the twisted and classical signa-
tures of N with respect to the decomposition (4.8). By Theorem 3.2, the signatures will be
additive with respect to this decomposition if at least two of the kernels Ay, A, A, coin-
cide in the classical and in the twisted version. In the classical version, we are dealing
with the group H;(dT"), generated by myg = £x» and £xs = mg», the meridian and longi-
tude of K’ and K” which are identified in (4.8). It is clear that the kernels of the inclusion
of H,(dT") into both H;(S'\int T(K")) and H; (T (K")) are generated by {x = mg», and thus,

by Wall’s theorem we have
sign(V) = sign(N'’ \. B') + sign(N"). (4.9)

In the twisted version, the space Hl(“’/’“’”)(aT/) = Hl(”/’””)(aT/) vanishes due to Lemma 4.3

and the assumption (v’,v”) # (1,1). Hence, Theorem 3.2 yields
sign“" (N, F) = sign®"“" (W' . B,F' N (N’ <. B)) + sign“"“" (", D" UF"). (4.10)
Putting these equations together, we obtain

o (@, ") o sign®“" (W' B,F'N (N’ ~ B)) + sign“"“" (", D" UF")
4.9),(4.10
— sign(N’ \. B') — sign(N")

.6)47) oxy (W', @) + oxroy (V' @) — 8 ()83 (@), [ |
4.6),(4.7

4.4 Proof of Addendum 2.7

Applying Theorem 2.2 to the splice of K’ and K” U L”, we obtain
op(w) = ox' (V") + ogrupr (1, ") = 8(1)8 (") = o (V") + oy ().

Thus, it suffices to justify that, in this particular case, Theorem 2.2 holds even if v” = 1.
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Let p := (v',v”). In the proof of Theorem 2.2, the assumption p # (1,1) was only
used to establish that the twisted homology group H; (dT") is trivial, yielding (4.10). If
p = (1,1), this group is no longer trivial, but we shall see that (4.10) still holds if L’ is
empty.

By Remark 3.3, we only need to show that two among the three groups A}, A7,
and A) are equal. We are dealing with the kernels of the inclusions H{ (dT") — H?(M;),
where My = §' \intT(K'), M; = §” \ intT(K"), and M, = T(K"). Since p = (1,1), the
restriction of the covering to a7’ is trivial and the group H;(9T') is generated by the
lifts My and ¢x of the meridian and longitude of K’, which are identified, respectively,
with the longitude and meridian of K”. While the generators of A{ are not evident, the
groups A5 and A) are easily seen to be equal. Indeed, since L' is empty and v’ = 1, the
group HIU” (8" \ int T(K")) is the homology group of the trivial covering of My; therefore,
Uy = Mgr generates Aj. On the other hand, since L' is empty, |A'| = 0 and we do not need
to work with parallel copies of K”. It follows that the group H!" (T(K")) is the homology
group of the trivial covering of M, and g~ = {5 generates Aj. We conclude that A} = A},

completing the proof. |

5 The Generalized Hopf Link

In this section, we compute the signature of a generalized Hopf link using the C-complex
approach of [6]. This approach works only for characters with all components distinct
from one. Thus, we define the open character torus 7+, obtained from 7" by removing

all “coordinate planes” of the form w; =1,i=1,..., 1.

5.1 C-complexes and Seifert forms

We recall briefly the notion of C-complex of a u-colored link and its application to the
computation of the signature. To avoid excessive indexation, we consider the special
case of the bivariate signature of a bicolored link; for the general case and further details,
see [6].

Thus, let K UL be a bicolored link, with the coloring K + 1, L + 2. (We do not
assume K or L connected.) A C-complex is a pair of Seifert surfaces E for K and F for L,
possibly disconnected, which intersect each other transversally (in the stratified sense)
and only at clasps, that is, smooth simple arcs, each connecting a point of K to a point
of L. (In the general case of more than two colors, the only additional requirement is

that all triple intersections of Seifert surfaces involved must be empty.) Let S := EUF.
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Then, for each pair ¢, = +1, one can consider the Seifert form
0% : Hy(S) ® H,(S) — Z,

defined as follows. Pick a class o« € H;(S) and represent it by a simple closed curve
a C S satisfying the following condition: each clasp ¢ C ENF is either disjoint from a
or entirely contained in a. It is immediate that such a curve a can be pushed off E in the
direction ¢ (with respect to the coorientation of E, which is part of the structure) and
off F in the direction §, so that the resulting curve a’ is disjoint from S. Then, for another
class B € H,(S), the value 6% (a ® B) is the linking coefficient of the shift a’ and a cycle
representing f.

Now, given a pair of complex units (,¢) € ’Zo'z, consider the form
H@,0) =1 -DA =0 —¢0" 0o~ + g7 1), (5.1)

The extensions of 6%° to H;(S) ® C are chosen sesquilinear; hence, this form is Hermitian

and it has a well-defined signature. It computes the signature of K U L.

Theorem 5.1 (see [6]). The restriction to the open torus 72 of the bivariate signature of

a bicolored link K U L is given by

GKUL: (nr é‘) = SignH(n/ C)- D

Remark 5.2. Strictly speaking, the statement of Theorem 5.1 is the definition
of signature in [6]. This definition is equivalent to the conventional one, see
[6, Section 6.2]. O

In general, for a w-colored link L, one should consider a p-component C-
complex S and all 2* possible shift directions, arriving at a Hermitian form H(w), ® € 70’“,
computing the signature o;(w). The nullity null;(w) := null H(w) is also an invariant of L;

it is given by the following theorem.

Theorem 5.3 (see [6, Theorem 6.1]). For any character w € 7" in the open character

torus, one has null;(w) = dim H?(S® \ L). O
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Proposition 5.4. LetH := H,,, be a generalized Hopf link. Then, for any (,¢) € Fmx i,

one has

m+n—3, ifLogn € Z and Log¢ € Z,

m-—1, if Lo Z,Log¢ €7,

nully(n, £) = gn ¢ Lo Logs 0
n-—1, if Logn € Z, Log¢ ¢ Z,
0, otherwise.

Proof. The generalized Hopf link H,,, can be thought of as the splice of the links H; ,,
and H, ,. Since obviously S® \ H, ,, = S! x D,,,, where D,, is an m-punctured disk, for any

pair (v,n) € T! x 7™ we have

. W) rad m-1, ifv=1,
dim H,""(S° N\ Hym) =
0, if v # 1.

A similarrelation holds for H; ,; in view of Theorem 5.3, the statement of the proposition

follows from the Mayer-Vietoris exact sequence, with Lemma 4.3 taken into account. H

5.2 Proof of Theorem 2.10

Due to Remark 3.6, we have

Otimn i Ly ) = 0wy o 1,0 O (e 1) =0y (1, 1,0,

These formulas agree with the statement of the theorem, see Lemma 2.11(4), and it
suffices to compute the restriction of oy, , to the open character torus Fmtn,

Consider the group G := Z/m x Z/n. We will use the cyclic indexing for the
components of the link and other related objects. Let K;, i € Z/m be the first m parallel
components and L;, j € Z/n, the last n parallel components.

By an obvious semicontinuity argument, for any w-colored link L, the mul-
tivariate signature o;(w) is constant on each connected component of each stratum
{w € 7" | null;(w) = const}. If L = H,, ., the strata are given by Proposition 5.4: they
are the hyperplanes P, x Tm and 7™ x Q4, where

P,:={necT™| Logn=p), Qu:=1{cT"|Logl=q}, p.qecZ,

and all pairwise intersections thereof. It is immediate that the bi-diagonal n; = ... = n,,

{1 = ... = ¢, meets each component of each stratum; hence, it suffices to compute the
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restriction of the signature function to this bi-diagonal. Due to Corollary 3.8, this is
equivalent to computing the bivariate signature 6 : 72 — Z, of the bicolored generalized
Hopf link (with the coloring K; — 1, L;j — 2, (i,j) € G), and the formula to be established

takes the form

G(0,8) = 88w () = (ind(mLogn) — m)(ind(nLog¢) —n),  (n,0) € T2

Consider m disjoint parallel disks E; and n disjoint parallel disks F;, so that
dE; =K;,i € Z/m,and 0F; = L;,j € Z/n. We can assume that each component L; intersects
each disk E; at a single point e;;, so that these points appear in L; in the cyclic order given
by the orientation. These points cut L; into segments 1;; := [e;;, e;11;], | € Z/m. Likewise,
each component K; intersects each disk F; at a single point f;;, the points appearing
in K; in the cyclic order given by the orientation, and we will speak about the segments
ki = [f;j, fij+1] C K;, J € Z/n. Finally, assume that the intersection E; N F; is a segment
c; = ley, fi;] (a clasp). Then, letting E := [, E; and F := [, F;, the union S := EUF is a

bicolored C-complex for H,, ,, and we can apply Theorem 5.1.

Remark 5.5. If m < 1 orn < 1, then H;(S) = 0 and the signature is trivially zero.
Hence, from now on we can assume that m,n > 2. Note though that formally this case

does agree with the statement of the theorem, as § =0 on 7° and 7. O

In each disk E;, consider a collection of segments (simple arcs) e;; := [e;;, €111,
J € Z/n, disjoint except the common boundary points and such that their union is a
circle C; parallel to dE; = K; (and the points appear in this circle in accordance with
their cyclic order). Consider similar segments f; := [fjj, fi+1,1 C Fj, i € Z/m, forming
circles D; C F; parallel to dF; = L;. Then, the group H;(S) is generated by the classes «;;
of the loops

® — PRI PR 71 . . . . . . 71 . 71 . 71
a;; .= Cj; fl] Ci+1,j €15 Cit1+1 fiJ+1 Ci,j+1 eij '

(i,j) € G, connecting the points
ej —> fij = firj = €ir1j = @it — firnjn = fijr1 = €ij1 — €

(in the order of appearance). The construction is illustrated in Figure 5. We do not assert
that these elements form a basis: they are linearly dependent. However, we will do the
computations in the free abelian group H := @i'j Zayj, (1,J) € G; this change will increase

the kernel of the form, but it will not affect the signature.
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THE SIGNATURE OF A SPLICE

( A A
1 2 3 E
b (0
+
Ko en | 2
+ 2 Ca2
K i [ ey |2 By
4 C11 C12
+
Ll P L2 Y L3

Fig.5. This diagram represents a generalized Hopflink of type H3 3. The link is depicted bounding
a bicolored oriented C-complex S, which is the union of the disks E; and F;. The red loop is a;;,
whose homology class «;; is an element of H;(S).

The proof of the following lemma is postponed till Section 5.3.

Lemma 5.6. Given ¢,8 = %1, the only nontrivial values taken by the Seifert form 0 on

the pairs of generators «;; are as follows:

oy Qo> —&8, o Qa_oj > &8, o Qayjis > &8, oy @ oi_gjys H> —E6,

where (i,j) € G. O

Consider the Hermitian inner product (-, -) on H ® C with respect to which «;; is
an orthonormal basis, and use this inner product to identify operators A: H®C — HQC
and sesquilinear forms o ® 8 — (¢4, B). (In accordance with the contemporary right
group action conventions, our matrices act on row vectors by the right multiplication.)
Then, in order to complete the proof, we need to find the eigenvalues of the self-adjoint
operator H(n,¢) as in (5.1). To this end, consider the unitary representation p: G —
U(H ® C) given by the index shifts of the basis elements, viz.

PP, Q: oy = Aigp g . 9.G,J) €G.
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This is the regular representation of G, and its equitypical summands are all of dimen-

sion 1; letting & := exp(27i/k), the summands are generated by the bi-eigenvectors

1 s .
Vii=—— Y 6 s (L)) €6,

(r,s)eG

so that v; is an eigenvector of p(p, q) with the eigenvalue £2/6%, (p,q) € G. It is imme-
diate from Lemma 5.6 that all forms 0 are G-invariant; hence, they all have the same

eigenvectors v;;. In fact, we have more: using Lemma 5.6, one easily concludes that
0% = —£8(p(0,0) — p(—¢,0) — p(0,8) + p(—¢,8)).

Combining this with (5.1) and simplifying, we see that the spectrum of H(1, ¢) consists
of the mn real numbers A(y, &) (¢, &), (i,)) € G, where

2, y) = i(1 = (1 - 7)(1 - xp).

(Note that A(x,y) € R whenever |x| = |y| = 1, which we always assume.) Thus, the signa-
ture of H(n, ¢) equals 0y,(1)0,(¢), where or(x) stands for the “signature” of the sequence
of real numbers A(x,&}), i € Z/k.

To compute ox(x), we make the following simple observations (where x,y € C

are complex units, x| = |y| = 1):

(1) Ax,1)=a(1,x) =r(x,X) =0;
(2) Ax,—1)=A(—1,x) = —4Imx; and
(3) with y # 1 fixed, the function A(x, y), x # 1, changes sign only at x = y.

Combining Items (2) and (3), we see that sgA(x,y) = sg(Logx + Logy — 1) for all x,y #
1. Consider the function ¢: (0,1) — Z, t — ox(exp(2nit)). It follows that ¢ is locally
constant at each pointt € (0, 1) such that kt ¢ Z, whereas ¢ (t+0)—¢(t) = ¢(t)—¢(t—0) =1
for kt € Z. Together with the normalization ¢(%) = or(—1) = 0 given by Items (1) and (2)
above, we have ¢(t) = ind(kt) — k. In other words, ox(x) = ind(kLogx) — k, which

concludes the proof of the theorem. |

5.3 Proof of Lemma 5.6

We keep the notation introduced in Section 5.2.
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The cycles a; do satisfy the conditions imposed in the definition of 6°?, see
Section 5.1. To compute the linking coefficients, we consider the IT-shaped Seifert surface

I1; for a;; composed of three “squares”:

* onein E;, bounded by the loop ¢; - ky; - ¢, - €',
+ one in E;;,, bounded by the loop €;,1; - €11, 'ki_+11,j . ci‘le, and
* one bounded by f; - ki, - f;}, - k', disjoint from S except the boundary.

Shift this surface together with the cycle, first off S in the direction (g, §), and then
“toward the reader,” in the direction of the clasp c;;, that is, from e;; to fi;. Then, the inter-
section index of the shift IT); and another cycle a,q, (p, g) € G is easily seen geometrically;
below, we give a simple visual description of the result.

Observe that all cycles a;; lie in the graph S" := (J, C;U|J; D; U, ; ¢;;. Contracting
each clasp to a point, we project S’ to an (m x n)-grid in the torus T?, identified with
Dy x Cy. The cycle a;; projects to the boundary ds;; of the (i, j)-th cell s;; of the grid. (This
cell can be visualized as the projection of the third square, the one not contained in E, in
the description of IT;; the two other squares collapse to the two horizontal edges of s;;.)
Let sgj C T? be a small shift of s; off the grid in the direction (¢, §). Then one has

’ _ /
IT}; og3 @pg = — Vert spq op2 horsj,

where vert s stands for the sum of the two “vertical” edges in ds, hor s stands for the sum
of the two “horizontal” edges in the boundary of a (shifted) cell s (with their boundary
orientation), and the second intersection index is in the torus T?, oriented so that the
projection of each cycle a;; is the positive boundary of the respective cell s;;. From here,

the statement of the lemma is immediate. [ |
Funding

This work was partially supported by the Japan Society for the Promotion of Science
[L-15517] and the Scientific and Technological Research Council of Turkey (TUBITAK)
[114F325] to A.D.; the ANR Project Interlow JCJC-0097-01 to V.F.; and Spanish GEOR
MTM2011-22435 to A.G.L.

Acknowledgments

We would like to thank S. Orevkov, who brought the problem to our attention. We are
also grateful to the anonymous referees of this paper who corrected a mistake in the

original version of Corollary 2.6 and a sign in Theorems 2.2 and 2.10; Example 2.5 was

9T0Z ‘¥T 8unC uo (M119) Arigi AseAIUN e |1g e /BIo's[euinolpaoxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

34 A. Degtyarev et al.

also suggested by a referee. This work was partially completed during the A.D.’s and
A.G.L.'s visits to the University of Pau, supported by the CNRS, and the A.D.'s visit to

the Abdus Salam International Centre for Theoretical Physics.

References

(1]

(2]

[3]

(4]

(5]

(6]

(7]

(8l

(9l

[10]

[11]

[12]

[13]

[14]

[15]

Arnol'd, V. I., S. M. Gusein-Zade, and A. N. Varchenko. Singularities of Differentiable Maps,
vol. II. Monographs in Mathematics 83. Boston, MA: Birkhduser Boston Inc., 1988. Mon-
odromy and asymptotics of integrals, Translated from the Russian by Hugh Porteous,
Translation revised by the authors and James Montaldi.

Atiyah, M. F. and I. M. Singer. “The index of elliptic operators. II1.” Annals of Mathematics
87, no. 2 (1968): 546-604.

Brieskorn, E. “Beispiele zur Differentialtopologie von Singularitaten.” Inventiones Mathe-
maticae 2 (1966): 1-14.

Casson, A. J. and C. McA. Gordon, On Slice Knots in Dimension Three. 39-53. Algebraic
and geometric topology (Proc. Sympos. Pure Math., Stanford Univ., Stanford, Calif., 1976),
Part 2, Proc. Sympos. Pure Math., XXXII, Providence, R.I: American Mathematical Society,
1978.

Cimasoni, D. “The Conway function of a splice.” Proceeding of the Edinburgh Mathematical
Society (2) 48, no. 1 (2005): 61-73.

Cimasoni, D. and V. Florens. “Generalized Seifert surfaces and signatures of colored links.”
Transaction of the American Mathematical Society 360, no. 3 (2008): 1223-64 (electronic).
Degtyarev, A., V. Florens, and A. G. Lecuona. Signature of a Splice II. In preparation.
Eisenbud, D. and W. Neumann. Three-Dimensional Link Theory and Invariants of Plane
Curve Singularities. Annals of Mathematics Studies 110. Princeton, NJ: Princeton University
Press, 1985.

Florens, V. “Signatures of colored links with application to real algebraic curves.” Journal
of Knot theory and its Ramifications 14, no. 7 (2005): 883-918.

Gilmer, P. M. “Configurations of surfaces in 4-manifolds.” Transaction of the American
Mathematical Society 264, no. 2 (1981): 353-80.

C. McA. Gordon, On the G-Signature Theorem in Dimension Four. A la recherche de
la topologie perdue, Progress in Mathematics 62, Boston, MA: Birkhduser Boston, 1986,
159-80.

Gordon, C. McA., R. A. Litherland, and K. Murasugi. “Signatures of covering links.” Canadian
Journal of Mathematics 33, no. 2 (1981): 381-94.

Hedden, M. and A. S. Levine. Splicing Knot Complements and Bordered Floer Homology:
preprint arXiv:1210.7055v1.

Levine, J. “Invariants of knot cobordism.” Inventiones Mathematicae 8 (1969): 98-110;
addendum, ibid. 8 (1969): 355.

Levine, J. P. Signature Invariants of Homology Bordism with Applications to Links, 395-406.
Knots 90 (Osaka, 1990). Berlin: de Gruyter, 1992.

9T0Z ‘¥T 8unC uo (M119) Arigi AseAIUN e |1g e /BIo's[euinolpaoxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

The Signature of a Splice 35

Litherland, R. A. Signatures of iterated torus knots, Topology of low-dimensional manifolds
(Proc. Second Sussex Conf., Chelwood Gate, 1977), Lecture Notes in Mathematics, 722. Berlin:
Springer, 1979, 71-84.

Litherland, R. A. Cobordism of Satellite Knots, Four-manifold theory (Durham, N.H., 1982),
Contemporary Mathematics, vol. 35, Providence, RI: American Mathematical Society, 1984,
327-62.

Matveev, S. V. “Generalized surgeries of three-dimensional manifolds and representations
of homology spheres.” Matematicheskie Zametki 42, no. 2 (1987): 268-78, 345.

Murasugi, K. “On the signature of links.” Topology 9 (1970): 283-98.

Neumann, W. D. “Splicing algebraic links.” In Complex analytic singularities, 349-61.
Advanced Studies in Pure Mathematics, 8. Amsterdam: North-Holland, 1987.

Rohlin, V. A. “Two-dimensional submanifolds of four-dimensional manifolds.” Funkcional.
Anal. i PriloZen. 5, no. 1 (1971): 48-60.

Smolinsky, L. “A generalization of the Levine-Tristram link invariant.” Transaction of the
American Mathematical Society 315, no. 1 (1989): 205-17.

Tristram, A. G. “Some cobordism invariants for links.” Proceedings of Cambridge Philosoph-
ical Society 66 (1969): 251-64.

Trotter, H. F. “Homology of group systems with applications to knot theory.” Annals of
Mathematics (2) 76 (1962): 464-98.

Viro, O. “Branched coverings of manifolds with boundary, and invariants of links. I.”
Izvestiya Rossiiskoi Akademii Nauk. Seriya Matematicheskaya 37 (1973): 1241-58.

Viro, O. “Twisted acyclicity of a circle and signatures of a link.” Journal of Knot theory and
its Ramifications 18, no. 6 (2009): 729-55.

Wall, C. T. C. “Non-additivity of the signature.” Inventiones Mathematicae 7 (1969): 269-74.

9T0Z ‘¥T 8unC uo (M119) Arigi AseAIUN e |1g e /BIo's[euinolpaoxo-uiwi//:dny wouy pepeojumoq


http://imrn.oxfordjournals.org/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [535.500 697.000]
>> setpagedevice


