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Abstract

An element a in a ring R is very clean in case there exists an
idempotent e € R such that ae = ea and either a — e or a + e is
invertible. An element a in a ring R is very J-clean provided that there
exists an idempotent e € R such that ae = ea and either a —e € J(R)
ora+e € J(R). Let R be a local ring, and let s € C(R). We
prove that A € K (R) is very clean if and only if A € U(K(R));
I+ AcU(Ks(R)) or A€ K4(R) is very J-clean.
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1 Introduction

Throughout this paper all rings are associative with identity. Let R be a
ring. Let C(R) be the center of R and s € C'(R). The set containing all

2 X 2 matrices g g becomes a ring with usual matrix addition and

multiplication defined by



a; I ag T2 _ aiag + ST1Ya Q12 + $1bg
y1 b Y2 ba yiaz +b1ys  Sy1T2 + biby )

This ring is denoted by K (R) and the element s is called the multiplier of

Ky(R) [3].
Let A, B be rings, 4Mp and gN4 be bimodules. A Morita context is a
4-tuple A = ( ;17 Aé[ and there exist context products M x N — A and

N x M — B written multiplicatively as (w, z) — wz and (z,w) — zw, such

that ( N p ) san associative ring with the obvious matrix operations.

A Morita context ( ]13 ]\g ) with A= B =M = N = R is called a gen-
eralized matriz ring over R. Thus the ring K (R) can be viewed as a special
kind of Morita context. It was observed by Krylov [3] that the generalized
matrix rings over R are precisely these rings K (R) with s € C'(R). When
s =1, K;(R) is just the matrix ring My(R), but K (R) can be different from
Ms(R). In fact, for a local ring R and s € C(R), K,(R) = K;(R) if and only
if s is a unit see ([3], Lemma 3 and Corollary 2) and ([4], Corollary 4.10).
In [5], it is said that that an element a € R is strongly clean provided that
there exist an idempotent e € R and a unit v € R such that a = e + u and
eu = ue and a ring R is called strongly clean in case every element in R is
strongly clean. In [1], very clean rings are introduced. An element a € R is
very clean provided that either a or —a is strongly clean. A ring R is very
clean in case every element in R is very clean. It is explored the necessary
and sufficient conditions under which a triangular 2 x 2 matrix ring over local
rings is very clean. The very clean 2 x 2 matrices over commutative local
rings are completely determined. Motivated by this general setting, the aim
of this paper is to investigate the very cleanness of 2 x 2 generalized matrix
rings.

For elements a,b € R, we say that a is equivalent to b if there exist units u, v
such that b = uav; we use the notation a ~ b to mean that a is similar to b,
that is, b = u~'au for some unit w.

Throughout this paper, M,,(R) and T,,(R) denote the ring of all n x n ma-
trices and the ring of all n x n upper triangular matrices over R, respectively.
We write R[[z]], U(R) and J(R) for the power series ring R, group of units
and the Jacobson radical of R, respectively. For A € M, (R), x(A) stands for
the characteristic polynomial det(tl, — A). Let Z(p) be the localization of Z



at the prime ideal generated by the prime p.

2 Very Clean Elements

A ring R is local if it has only one maximal ideal. It is well known that,
a ring R is local if and only if a +b = 1 in R implies that either a or b is
invertible. The aim of this section is to investigate elementary properties of
very clean matrices over local rings.

Lemma 2.1 ([7], Lemma 1) Let R be a ring and let s € C(R). Then

a T b vy . .
— is an automorphism of K(R).

y b T a

Lemma 2.2 ([7], Lemma 2) Let R be a ring and s € C(R). Then the
following hold

J(R)  (s:J(R))
1) J(Ks(R)) = , where
(1) J(K(R)) (<8:J<R)) IR )
(s:J(R)) ={reR|rse J(R)}.

(2) If R is a local ring with s € J(R), then J(Ks(R)) = ( Jif) J(Zj%) )and

a x
moreover ( ; ) € U(K(R)) if and only if a,b € U(R).
Y

Lemma 2.3 ([7], Lemma 3) Let E*> = E € K,(R). If E is equivalent to a

diagonal matriz in Ks(R), then E is similar to a diagonal matriz in Ks(R).

Lemma 2.4 Let R be a local ring with s € C(R) and let E be a non-trivial
idempotent of K(R). Then we have the following.

(1) If s € U(R), thenEw((ll g)
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10 0 0
2) If s € J(R), then either £ ~ or B ~ .
(2) If (R) <00) (01>

c d
a*+ sbc=a, scb+d*=d, ab+bd =10, ca+dc=c (1)

If a,d € J(R), then b,c € J(R) and so E € J(Ms(R;s)). Hence E =0, a
contradiction. Since R is local, we have a € U(R) or d € U(R).
Assume that a € U(R). Then

R T i B R Y B

Hence E is equivalent to a diagonal matrix.
Now suppose that d € U(R). Then

<(1J _bf_l)(z Z)(—dl‘lc dgl)Z(G_Sobd_lc (1)) (3)

Hence F is equivalent to a diagonal matrix. According to Lemma 2.3, there
exist P € U(K,(R)) and idempotents f, g € R such that

PEP™ ' = ( é 2 ) (4)

To complete the proof we shall discuss four cases f =1and g=0or f =0
andg=1lor f=1andg=1or f =0and g = 0. However, F is a non-trivial
idempotent matrix, we may discard the latter two cases. Since R is local,
se€ U(R) or s € J(R). We divide the proof into some cases:

(A) Assume that s € U(R).

Case (i). f=1and g =0. Then E ~ ((1) 8)

00
0 1

Go)GG) -Gn)
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Proof. Let E = ( a b ) where a,b,c,d € R. Since E? = E, we have

Case (ii). f=0and g=1. Then E ~ < ) But since



-1
01 0 st 10 :
where ( 10 ) = ( 1 0 ), we have that E ~ ( 00 ) This

proves (1).
(B) Assume that s € J(R).

Case (iii). f=1and g =0. ThenEN((l) 8>

Case (iv). f=0and g = 1. ThenE~(8 (1))
0

To complete the proof of (B), we prove that only one of £ ~ ( (1) 0 ) or £/ ~

0 0. . : : 10 00
(O 1)18 valid. Indeed, 1fotherw1se,E~<O O)andEw(O 1).

10 0 0 . . [Ty
Then(O O)N(O 1).Thatls,thereeX1stSP—(Z t)GU(KS(R))

such that P ( (1) 8 > = ( 8 (1) > P. By direct calculation one sees that
x =t =0. But since P € U(K,(R)) and s € J(R), we get z,t € U(R) by
Lemma 2.2, a contradiction. This holds (2). O

Lemma 2.5 Let R be a ring and s € C(R). Then A € K¢ (R) is very clean
if and only if for each invertible P € K,(R), PAP™' € K,(R) is very clean.

Proof. If PAP~!is very clean in K (R), then either PAP~! or —PAP™'is
strongly clean for some P € U(K,(R)). Suppose that PAP™!is strongly clean
in K,(R). Then there exist E* = E, U € U(K,(R)) such that PAP™! =
E+Uand EU =UE. Then A= P'EP+ P7'UP, (P"'EP)?> = P7'EP,
PTUP € U(K,(R)), P"'EP and P~'UP commute; (P~'EP)(P~'UP)
= P'EUP = P 'UEP = (PflUP) (P*IEP). So A is strongly clean.
If —PAP~!is very clean in K (R), then —A is strongly clean by using the
similar argument. Hence A is very clean. Conversely assume that A € K (R)
is very clean i.e. either A or —A is strongly clean. Suppose that —A is
strongly clean. There exist F? = F € K,(R) and W € U(K,(R)) such
that —A = F + W with FW = WF. Let P € K (R) be an invertible
matrix. P~'(—A)P = P7'FP + P 'WP is strongly clean since P~'FP
is an idempotent, P7'WP € U(K (R)), P"'FP and P~'WP commute.



Similarly, strong cleanness of A implies strong cleanness of P~1AP. This
completes the proof. O

Lemma 2.6 Let R be a local ring and s € C(R). Then A € K¢ (R) is very

clean if and only if either
(1) I £ A€ U(KsR)), or

v 0

(2)A~<O ),wherevGJ(R),wEil—i—J(R) and s € U(R), or

w

0 0
(B)eitherArv(g >0rA~<w >,whe7“ev€J(R),w€

w 0 v
+1+ J(R) and s € J(R).
Proof. 7 «: 7 If I+ A € U(K,(R)), then A is obviously very clean.

It A ~ 8 3} , where v € J(R), w € +1 + J(R) and s € U(R),
v—1

0 10 v 0 v—1 0\ . . )
then( 0 w)+<00)_(0w)’( 0 w)lsmvertlble
0

and ( (1) 8 > is idempotent. Then 8 is strongly clean. Simi-
larl B 0 is strongly clean. Since either A v 0 or A
Y 0 —w &Y ' 0 w

—v 0 we have PAP~1 = ¥ 0 is very clean. By Lemma 2.5, A
0 —w 0 w

is very clean.

Similarly, if either A ~ ( 8 3 ) or A ~ ( 15 2 ) , where v € J(R),
w € +1+ J(R) and s € J(R), then A is very clean.
7 =7 Assume that A is very clean and £A, I + A ¢ U(K(R)). Then either
A—FEor A+ Eis in U(K4(R)) where E* = E € K (R).
Case 1. f A—Fisin U(K(R)), then A— E =V and EV = VE, where V €

U(K,(R)).1f s € U(R), then E ~ ( 10

00 by Lemma 2.4. Then there exists



P € U(K,(R)) such that PEP™! = ( é 8 ) From Lemma 2.5, PAP~! —

PEP™' = PV P! is very clean. Let W = [w;;] = PV P! and PEP™! = F.

Since WF = i W Lo = L0 it = FW we
Wo1 W22 00 0 0 Wa1 W22

wip+1 0 _ B
0 W

Note that A € U(K,(R)) if and only if PAP™' € U(K,(R)). This gives

that B ¢ U(Ks(R)) and I £ B ¢ U(Ks(R)). Since R is local, we have

was € £1+J(R) and £14w1, € J(R).If s € J(R), then cither E ~ ( (1) 8 )
or i/ ~ 8 (1) by Lemma 2.4. Using the previous argument, one can
easily show that either A ~ ( v 0 ) or ( v 2 ) where v € £1 4+ J(R)

0 w 0
and w € J(R).
Case 2. If A+ FE isin U(K(R)), then A+ E =V and EV = VE, where
V € U(K,(R)).
10

If s € U(R), then E ~ ( 00 ) by Lemma 2.5. Then there exists P €

U(K,(R)) such that PAP~! + PEP' = PVP~". Let W = [w,;;] = PV P!
and PEP~! = F.Since WF = 10 12 R Y Wi Wz
W21 W22 0 0 0 0 W21 W22
FW, we find wis = wy; = 0 and wy1, wye € U(R). Thus A ~ ( wno— 1 wO =
22
B. Note that A € U(K(R)) if and only if PAP™' € U(K4(R)). This
gives that B ¢ U(K4(R)) and I £ B ¢ U(K(R)). Since R is local, we
have wyy € £1 + J(R) and 1 4+ wyy € J(R). If s € J(R), then either

E ~ ( Lo ) or /' ~ ( 00 ) by Lemma 2.5. In this case, using the

find W12 — W1 = 0 and w11, W2 € U(R) Hence A ~

00 01

0 W22

w11 0
orAw( 0 w22—1>' O

. . . -1 0
previous argument, one can easily show that either A ~ ( “n )



3 Very J-clean element

Let R be a ring. In [2], an element a € R is said to be strongly J-clean
provided that there exists an idempotent e € R such that a — e € J(R) and
ae = ea. A ring R is strongly J-clean in case every element in R is strongly
J-clean. We say that an element a € R is very J-clean if there exists an
idempotent e € R such that ae = ea and either a—e € J(R) or a+e € J(R).
A ring R is very J-clean in case every element in R is very J-clean. A very
J-clean ring need not be strongly J-clean. For example Zs) is very J-clean
but not strongly J-clean.

Lemma 3.1 Fvery very J-clean element is very clean.

Proof. ILete*=e€ Rand w € J(R). If z —e = w,then z — (1 —¢) =
2¢ — 1+ w € U(R) since (2¢ — 1)? = 1. Similarly if z + e = w, then
z+(l—e)=1—2e+w € U(R) since (1 —2¢)* =1. O

The converse statement of Lemma 3.1 need not hold in general.

Example 3.2 Let S be a commutative local ring and A =

11 .
be in
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R = M,(S). A is an invertible matrix and it is very clean. Since R is a

2-projective-free ring, by [6, Proposition 2.1], it is easily checked that any

idempotent F in R is one of the following :

3 A T O

where x € S. But A is not very J-clean since neither of the above mentioned
idempotents E does not satisfy A— E & J(R) or A+ E & J(R).

Lemma 3.3 Let R be a ring and s € C(R). Then A € K (R) is very J-clean
if and only if PAP™! € K (R) is very J-clean for some P € U(K,(R)).



Proof. 7 := 7 Assume that A € K (R) is very J-clean. Then there
exists B> = F € K (R) such that A — F =W € J(Ky(R)) or A+ E =
W € J(K,(R)) and EW = WE. Let F = PEP~" and V = PWP~". Then
F?=F, Ve JK(R)and FV = VE. If A— E = W € J(K,(R)), then
PAP'—F =V € J(K,(R)). Thus PAP~! is very J-clean. The same result
is obtained when A+ F € J(K(R)).

” &7 Assume that PAP~! is very J-clean for some P € U(K,(R)). Then
by using a similar argument, A is very J-clean. 0

Lemma 3.4 Let R be a local ring and s € C(R). Then A € K (R) is very
J-clean if and only if either

(1) I £ A€ J(Ks(R)),

(1)
i

(8) either A ~
w e J(R) and s € J(R

, where v € £1 + J(R), w € J(R) and s € U(R), or

0
>07’A~<1;) ),whereveil—l—J(R),
v

Proof. 7 «:” Ifeither I+ A € J(K(R)), then A is obviously very J-clean.
v 0

If A~ (0 w ) , where v € £1 + J(R), w € J(R) and s € U(R), then

v+l 0 10\ (v 0
( 0 w>_(0 O) = (O w) € J(Ks(R)). Then by Lemma 3.3,

0 w 0 v
where v € £1 4+ J(R), w € J(R) and s € J(R), then A is very J-clean.
7 =: 7 Assume that A is very J-clean and I £ A ¢ J(K (R)). Then either
A—FE or A+ E is in J(K((R)) where E?> = E € K,(R) is a non-trivial
idempotent.
Case 1.If A — F isin J(K4(R)), then A — F' = M and EM = ME, where

M € J(K4(R)). If s € U(R), then £ ~ ( (1) 8 ) by Lemma 2.4. Then there

A is very J-clean. Similarly, if either A ~ ( v 0 ) or A ~ ( w0 ) ,



exists P € U(K,(R)) such that PEP™! = ( é 8 ) = F. From Lemma
3.3, PAP™' — PEP™!' = PM P! is very J-clean. Let v = [v;;] = PMP~".
Since VF = FV, we find vis = vy; = 0 and vq1,v90 € J(R). Hence A ~

vpp+1 0 : 10 0 0
0 v22>.IfseJ(R),theneltherErv(O O)OIEN<O 1

by Lemma 2.4. Using the previous argument, one can easily show that either
A~ ? 0 or (¥ X where v € £1 4+ J(R) and w € J(R).
0 w 0 v
Case 2. If A+ F is in J(Ks(R)), then A+ E = M and EM = ME,
where M € J(K(R)).
10

If s € UCR), then E ~ 00

U(K4(R)) such that PAP™! + PEP™! = PVP™'. Let V = [v;] = PV P!
and PEP™! = F. Since VF = FV, we find vjs = v3; = 0 and v11,v9 € J(R).

Thus A ~ (U 0 , where v = vy — 1 € £1 + J(R),w = vy € J(R).

by Lemma 2.4. Then there exists P &

0
. . : 10 0 0

Similarly, if s € J(R), then either £ ~ 00 )" E ~ 0 1 by

Lemma 2.4. In this case, using the previous argument, one can easily show

that either A ~ m—1 0 or A~ 11 0 ) O
0 V922 0 V22 — 1

Theorem 3.5 Let R be a local ring, and let s € C(R). Then A € K (R) is
very clean if and only if A € U(Ks(R)),I £ A€ U(Ks(R)) or A € K¢(R) is

very J-clean.

Proof. The proof is clear by combining Lemma 2.6 and Lemma 3.4. U

Lemma 3.6 Let R be a local ring with s € C(R) N J(R), and A € K (R)

1
be very J-clean.Then either I £ A € J(Ks(R)) or A ~ ( v ) or A ~
vou

u 1
< ),whereuej:1+J(R),v€U(R) and w € J(R).
vow

10



Proof.  Assume that ] + A ¢ J(K(R)). By Lemma 2.6 either A ~

vyE1 0 () 0
( 0 w1>orA~( 0 wlil),Wherevl,wlEJ(R)andSEJ(R).

Case 1 : Let B = 8 2 ) where a = vy € J(R),b=w, £1 € £1+ J(R).
Clearly b —a € +1 + J(R) = U(R).

(o) (5 5) (G ) =00
“(532) (6" (oo o)

a—+ sb 1
(b—a)b(b—a)'b—ba—sb*> (b—a)b(b—a)™t —sb
sb e J(R),v = (b—a)b(b—a)"'b—ba — sb*> € U(R) and w = (b — a)b(b —

a)™t —sbe +1+ J(R). Thus A ~ ( Z 3} ) where u € J(R),v € U(R) and
we +1+ J(R).

, where u = a+

Case 2. Let (g 2), where ¢ = 14+ v, € £+ J(R),d = wy € J(R).
Similarly, we show that A ~ < Z i} ) where u € 1+ J(R),v € U(R) and
w e J(R).
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