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Abstract

In this work we study the necessary and sufficient conditions for a positive random variable whose expec-
tation under the Wiener measure is one, to be represented as the Radon—Nikodym derivative of the image
of the Wiener measure under an adapted perturbation of identity with the help of the associated innovation
process. We prove that the innovation conjecture holds if and only if the original process is almost surely
invertible. We also give variational characterizations of the invertibility of the perturbations of identity and
the representability of a positive random variable whose total mass is equal to unity. We prove in particular
that an adapted perturbation of identity U = Iy + u satisfying the Girsanov theorem, is invertible if and
only if the kinetic energy of u is equal to the entropy of the measure induced with the action of U on the
Wiener measure u, in other words U is invertible iff

dU u dU u
/IulHdu f—l og == dp.

The relations with the Monge—Kantorovitch measure transportation are also studied. An application of these
results to a variational problem related to large deviations is also given.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

This paper is devoted to the study of the following question: assume that (W, H, ) is the
classical Wiener space, i.e., W = Cy([0, 1], R4 ), H is the corresponding Cameron—Martin space
consisting of the absolutely continuous, R¢-valued functions on [0, 1] with square integrable
derivatives. Assume that L is a strictly positive random variable whose expectation with respect
to u is one. We suppose that there exits a map U : W — W of the form U = Iy + u, with
u: W — H such that u is adapted to the filtration of the Wiener space and that L is represented
by U, i.e.

dUp

L.
du

We suppose also that

E[p(=sw)] =1,

where

1 1
p<—6u>=exp[—/<as,dws>— %/msﬁds}.
0 0

Then U p is equivalent to p and the corresponding Radon—Nikodym derivative L can be rep-
resented as an exponential martingale p(—8§v) where v: W — H satisfies similar properties as
those satisfied by u. The question we address is: what are the relations satisfied by the couple
(u, v)? For instance, if U and V = Iy + v are inverse to each other then the situation described
above happens. However, due to the celebrated example of Tsirelson (cf. [11]), we know that this
is not the only case. We concentrate ourselves particularly to this case with the help of associ-
ated innovation processes, in terms of which we give necessary and sufficient conditions for the
representability (cf. [6]) of a strictly positive density and for the invertibility of the associated
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perturbation of identity. The innovation approach leads to a nice result which characterizes the
invertibility of an adapted shift in terms of the relative entropy of the measure which it induces.
Namely, assume that U = Iy 4 u as above, then it is invertible if and only if the relative entropy
H (U p | 1) is equal to the kinetic energy of u, i.e.,

1
1
H(U,u | /"L) = EE/ |I/.ts|2ds-
0

In Physics the notion of entropy is an indication for the number of accessible states; here it is a
remarkable fact that the relative entropy behaves as the physical entropy in the sense that if the
system has just enough kinetic energy to fulfill the accessible states, i.e., if this energy is equal to
the relative entropy of the probability distribution that it creates then the mapping is invertible.
Besides, in general it is always larger or equal to the latter.

We apply this considerations to the innovation problem of the filtering. Namely it is a cele-
brated question whether the sigma algebra generated by the observation process is equal to that
of the innovation process. The case where the signal is independent of the noise has been solved
in [1], here we solve the innovation problem in full generality in terms of the entropy of the
observed system.

If we represent a density of the form L = p(—4év) by U = Iy + u, then, modulo some integra-
bility hypothesis, the Girsanov theorem implies that (I +v) o U =V o U is a Wiener process.
We study then the properties of U o V using similar techniques. The relations with the Monge
transportation are also exhibited.

In the final part we use the variational methods to characterize the invertibility and repre-
sentability of densities. As an application we give some new results for a particular case studied
in [2]. Namely we give an explicit characterization of the solution of the minimization problem

. L5
1nf(E|:foU+ §|”|H:|>’

with the help of the entropic characterization of the invertibility explained above, where the inf
is taken in the space of adapted, H-valued Wiener functionals with finite energy and f is a
I-convex Wiener functional in the Sobolev space D, 1 (H).

2. Preliminaries and notation

Let W be the classical Wiener space with the Wiener measure w. The corresponding
Cameron—Martin space is denoted by H. Recall that the injection H < W is compact and its
adjoint is the natural injection W* < H* C L?(u). A subspace F of H is called regular if the
corresponding orthogonal projection has a continuous extension to W, denoted again by the same
letter. It is well known that there exists an increasing sequence of regular subspaces (F,, n > 1),
called total, such that |_J,, F;, is dense in H and in W. Let U(JTFn)l be the o -algebra generated by
7F,, then for any f € L?(u), the martingale sequence (E[f | o (rf,)], n > 1) converges to f
(strongly if p < 00) in L?(u). Observe that the function f, = E[f | o (;rf,)] can be identified
with a function on the finite dimensional abstract Wiener space (F},, u,, Fy), where u,, = m, 1.

' For the notational simplicity, in the sequel we shall denote it by ;.
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Since the translations of p© with the elements of H induce measures equivalent to u, the
Gateaux derivative in H direction of the random variables is a closable operator on L”(u)-
spaces and this closure will be denoted by V cf., for example [3,12,13]. The corresponding
Sobolev spaces (the equivalence classes) of the real random variables will be denoted as D, «,
where k € N is the order of differentiability and p > 1 is the order of integrability. If the random
variables are with values in some separable Hilbert space, say @, then we shall define similarly
the corresponding Sobolev spaces and they are denoted as D, x(®), p > 1, k € N. Since V :
Dpx — Dpr—1(H) is a continuous and linear operator its adjoint is a well-defined operator
which we represent by §. § coincides with the It6 integral of the Lebesgue density of the adapted
elements of D,  (H) (cf. [12,13]).

For any t > 0 and measurable f : W — R, we note by

P = [ (4T ey) ta),

w

it is well known that (P;, ¢t € R;) is a hypercontractive semigroup on L” (), p > 1, which is
called the Ornstein—Uhlenbeck semigroup (cf. [3,12,13]). Its infinitesimal generator is denoted
by —L and we call £ the Ornstein—Uhlenbeck operator (sometimes called the number operator
by the physicists). The norms defined by

lollpae= [T+ L0 o, @D

are equivalent to the norms defined by the iterates of the Sobolev derivative V. This observa-
tion permits us to identify the duals of the space D, x(®); p > 1, k € N by D, _(®’), with
g~ ' =1— p~!, where the latter space is defined by replacing k in (2.1) by —k, this gives us
the distribution spaces on the Wiener space W (in fact we can take as k any real number).
An easy calculation shows that, formally, § o V = L, and this permits us to extend the diver-
gence and the derivative operators to the distributions as linear, continuous operators. In fact
§: Dy x(HR®P)— Dy —1(P)and V : Dy 1 (D) — Dy k1 (H @ @) continuously, for any g > 1
and k € R, where H ® @ denotes the completed Hilbert—Schmidt tensor product (cf., for instance
[8,12,13]). Finally, in the case of classical Wiener space, we denote by DZ,  (H) the subspace de-
fined by

D;k(H) = {S eD,«(H): £ is adapted}
forp>1,kelR.
Let us recall some facts from the convex analysis. Let K be a Hilbert space, a subset S of

K x K is called cyclically monotone if any finite subset {(x1, y1), ..., (xn, yn)} of S satisfies
the following algebraic condition:

Vi, x2 —x1) + (y2, x3 —x2) + -+ (yn_1, XN —xXN—1) + (YN, X1 —xn) <O,

where (-,-) denotes the inner product of K. It turns out that § is cyclically monotone if and only
if

N
> s Xo ) —xi) <0,
i=1
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for any permutation o of {1, ..., N} and for any finite subset {(x;, y;): i =1,..., N} of S. Note
that S is cyclically monotone if and only if any translate of it is cyclically monotone. By a theo-
rem of Rockafellar, any cyclically monotone set is contained in the graph of the subdifferential of
a convex function in the sense of convex analysis [9] and even if the function may not be unique
its subdifferential is unique.

Let now (W, u, H) be an abstract Wiener space; a measurable function f : W — R U {oo} is
called 1-convex if the map

1
hef@+m+§wé=nmm

is convex on the Cameron—Martin space H with values in L(;1). Note that this notion is compat-
ible with the p-equivalence classes of random variables thanks to the Cameron—Martin theorem.
It is proven in [4] that this definition is equivalent the following condition: Let (7, n > 1) be
a sequence of regular, finite dimensional, orthogonal projections of H, increasing to the identity
map /g . Denote also by 7, its continuous extension to W and define nnL =ly—m,.Forx e W,
let x, = m,x and x;- = 7;-x. Then f is 1-convex if and only if

1
xmeiuuz+f@w+ﬁﬁ

is 7.1 u-almost surely convex.
2.1. Preliminaries about the Monge—Kantorovitch measure transportation problem

Definition 1. Let £ and n be two probabilities on (W, B(W)). We say that a probability y on
(W x W, B(W x W)) is a solution of the Monge—Kantorovitch problem associated to the couple
(&, n) if the first marginal of y is &, the second one is 7 and if

J(y) = / Ix—)’|%1d)/(x,y)=inf{‘/ Ix—ylzdﬂ(x,y)IﬂGE(S,n)},

WxW WxW

where X' (&, n) denotes the set of all the probability measures on W x W whose first and second
marginals are respectively & and n. We shall denote the Wasserstein distance between & and 7,
which is the positive square-root of this infimum, with dg (&, n).

Remark. By the weak compactness of probability measures on W x W and the lower semi-
continuity of the strictly convex cost function, the infimum in the definition is attained even if
the functional J is identically infinity. In this latter case we say that the solution is degenerate.

The next result, which is the extension of the finite dimensional version of an inequality due
to Talagrand [10], gives a sufficient condition for the finiteness of the Wasserstein distance in the
case one of the measures is the Wiener measure p and the second one is absolutely continuous
with respect to it. We give a short proof for the sake of completeness:



3660 A.S. Ustiinel / Journal of Functional Analysis 257 (2009) 3655-3689

Theorem 1. Let L € Llog L() be a positive random variable with E[L] = 12 and let v be the
measure dv = L d . We then have

d% (v, ) <2E[LlogL]. (2.2)

Proof. Let us remark first that we can take W as the classical Wiener space W = Cy([0, 1])
and, using the stopping techniques of the martingale theory, we may assume that L is upper and
lower bounded almost surely. Then a classical result of the 1td calculus implies that L can be
represented as an exponential martingale

t t
1
0

0

with L = L1, where (i;, t € [0, 1]) is a measurable process adapted to the filtration of the canon-
ical Wiener process (¢, x) — W;(x) = x(t). Letus defineu : W — H as u(t,x) = fot ur(x)dr
andU : W — W as U(x) = x +u(x). The Girsanov theorem implies that x — U (x) is a Browian
motion under v, hence the image of the measure v under the map U x Iy : W — W x W denoted
by B = (U x I)v belongs to X' (i, v). Let y be any optimal measure, then

I =di < [ 1x =yl dpeen
WxW
= E[lul7 L]
=2FE[LlogL],

where the last equality follows also from the Girsanov theorem and the Itd stochastic calcu-
lus. O

The next two theorems, which explain the existence and several properties of the solutions of
Monge—Kantorovitch problem and the transport maps have been proven in [5].

Theorem 2 (General case). Suppose that p and v are two probability measures on W such that
du(p,v) < oo.

Let (my,, n > 1) be a total increasing sequence of regular projections (of H, converging to
the identity map of H). Suppose that, for any n > 1, the regular conditional probabilities
,0(-|7'rnL = x1) vanish y'rnL p-almost surely on the subsets of (ﬂ,f‘)_l(W) with Hausdorff dimen-
sion n — 1. Then there exists a unique solution of the Monge—Kantorovitch problem, denoted
by y € X (p,v) and y is supported by the graph of a Borel map T which is the solution of the
Monge problem. T : W — W is of the form T = Iy + &, where & € H almost surely. Besides we
have

2 Inthe sequel we denote the expectation w.r. to the Wiener measure by E.
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&2 (. v) = / IT@) — x|y dy (x, y)
Wx W

=/{T(x>—x}i,dp<x>,

w

1

and for J'ran-almost almost all x;-, the map u — &§(u + an) is cyclically monotone on

(JrnL)_1 {an}, in the sense that

N
> (E(uy +ui) ui —ui) , <O
i=1

nan-almost surely, for any cyclic sequence {u1, ..., un,un+1 = u1} from w,(W). Finally, if, for
anyn > 1, J'rnLv-almost surely, v(-|7'rnL = y1) also vanishes on the n — 1-Hausdorff dimensional
subsets of (n,})_l(W), then T is invertible, i.e, there exists S : W — W of the form S = Iy +n
such that n € H satisfies a similar cyclic monotononicity property as & and that

1=)/{(x,y)€WxW: ToS(y):y}
zy{(x,y)EWx W: SoT(x):x}.

In particular we have

3 (p.v) = / 1SG) — |3, dy (x. )
WxW

=/}S(y) — [} dv(y).
w

Remark 1. In particular, for all the measures p which are absolutely continuous with respect
to the Wiener measure w, the second hypothesis is satisfied, i.e., the measure ,o(-|7tnl = an)
vanishes on the sets of Hausdorff dimension n — 1.

The case where one of the measures is the Wiener measure and the other is absolutely contin-
uous with respect to u is the most important one for the applications. Consequently we give the
related results separately in the following theorem where the tools of the Malliavin calculus give
more information about the maps & and n of Theorem 2:

Theorem 3 (Gaussian case). Let v be the measure dv = Ldu, where L is a positive random
variable, with E[L] = 1. Assume that dg(u,v) < oo (for instance L € LlogL). Then there
exists a 1-convex function ¢ € Dy 1, unique up to a constant, such that the map T = Iy + V¢ is
the unique solution of the original problem of Monge. Moreover, its graph supports the unique
solution of the Monge—Kantorovitch problem y. Consequently

(Iw xT)p=y.
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In particular T maps p to v and T is almost surely invertible, i.e., there exists some T~ such
that T~'v = u and that

lz,u{x: T7'o T(x) :x}
:v{y e W: ToT_](y) =y}.

Remark 2. Assume that the operator V is closable with respect to v, then we have n = V. In
particular, if v and p are equivalent, then we have

T-'=1Iy + Vy,

where is ¥ is a 1-convex function. 1 is called the dual potential of the MKP(u, v) and we have
the following relations:

1
PO+ Y () +5lx = y[3 >0,

for any x, y € W, and

1
S+ Y ) + 5l =yl =0
y -almost surely.

Remark 3. Let (e,, n € N) be a complete, orthonormal in H, denote by V,, the sigma algebra
generated by {dey,...,de,} and let L, = E[L|V,]. If ¢, € D, 1 is the function constructed in
Theorem 3, corresponding to L, then, using the inequality (2.2) we can prove that the sequence
(¢n, n € N) converges to ¢ in D ;.

3. Characterization of the invertible shifts
Let us begin with some results of general interest. Let us first define:

Definition 2. A measurable map 7 : W — W is called (u-) almost surely right invertible if there
exists a measurable map S : W — W such that Sy < pwand 7' o § = Iy p-a.s. Similarly, we say
that it is left invertible, if 7u < u and if there exists a measurable map S : W — W such that
SoT = Iwyp-a.s.

The following proposition some parts of which are proven in [15], shows that, whenever an
adapted shift has a left inverse almost surely, then it is almost surely invertible and its inverse is
also an adapted perturbation of identity and it relates this concept to the existence and uniqueness
of strong solutions of stochastic differential equations.

Proposition 1. Assume A = Iy +a, a € L%*(u, H), a is adapted, E[p(—éa)] = 1. Suppose that
there exists amap B : W — W such that B o A = Iy a.s. Then the following assertions are true:

(1) Bu is equivalent to u and A o B = Iy a.s., i.e., B is also a right inverse.
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() B=Ilw+b,b:W —> H, b is also adapted.
(ii1) (¢, w) = By (w) is the strong solution of

dBt = —C.l[ o Bdt +dW[,

By =0. (3.1)

(iv) We have
ar+b,0A=0, (3.2)
by +a; 0o B=0, (3.3)

dt x du-a.s.
(v) In particular either the property Au ~  and the relation (3.2) together or B ~ u and the
relation (3.3) together imply that Bo A= Ao B = Iy a.s.

Proof. For any f € Cp(W), it follows from the Girsanov theorem

E[foBl=E[foBoAp(—éa)]
= E[fp(—da)],
hence Bpu is equivalent to u and the corresponding Radon—Nikodym density is p(—3da). Let
D={weW: BoA(w)=w}.
Since D c A~ (A(D)) and by the hypothesis (D) =1 we get
E[lampyoAl=1.

Since Ap is equivalent to u we have also u(A(D)) = 1. If w € A(D), then w = A(d), for
some d € D, hence Ao B(w) =Ao BoA(d)=A(d) = w, consequently A o B = [y p-almost
surely and B is the two-sided inverse of A. Evidently, together with the absolute continuity
of B, this implies that B is of the form B = Iy + b, with b: W — H. Moreover, a = —bo A,
hence the right-hand side is adapted. We can assume that all these processes are uni-dimensional
(otherwise we proceed component wise). Let p" = max(—n, min(b, n)). Then "o Ais adapted.
Let H € L?(dt x d ) be an adapted process. Using the Girsanov theorem:

- 1

/ b? H; ds:|

0
- 1
0

1
E[p(—aa)/bf; o A H, oAdsi| =E
0

=E| | E[B" \]—"S]Hsdsi|

= 1
—E p(—sa)fE[bg |]—"s]oAHsoAds:|.
- 0
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Consequently
E[b's1 ‘fs]oAzb’;oA,
almost surely. Since A is equivalent to w, it follows that
E[b] | Fi] =5}

almost surely, hence b" and consequently b are adapted. It is now clear that (B(z), t € [0, 1]) is
a strong solution of (3.1). The uniqueness follows from the fact that, any strong solution of (3.1)
would be a right inverse to A, since A is invertible, then this solution is equal to B.

The proof of (v) is quite similar to that of the first part: let D = {w € W: Ao B(w) = w}, then

M(B_l'(B(D)) =1, hence Bo A = Iwyu-as. Moreover B can be written as B = Iy + b, with
a = —bo A, proceeding as above, we show that b is adapted and the rest of the proof follows. O

The invertibility of A is characterized in terms of the corresponding Wick exponentials as
below:

Theorem 4. Let A=1Iy +a, a € L2 (w, H). Assume that E[p(—=8a)] = 13 and that

dAu

oAp(—da)=1

almost surely. Then A is (almost surely) invertible.

Proof. Since E[p(—d8a)] =1, Au is equivalent to u, hence the corresponding Radon—Nikodym
derivative can be expressed as an exponential martingale:

dA 1
[ = bl =exp| —6b — —|b|12q ,
du 2

where b(t, w) = fot by (w) ds, with b adapted, fol |l§s|2ds < oo almost surely and b is defined in
L%(w). The hypothesis implies that

1
5(a+boA)+§|a+boA|%,=O (3.4)

almost surely. Define the local martingale (M;) as
t 1 t
M, :exp(—/(ds +bsoA)dW, — 3 / las + by o A|2ds).
0 0

3 Here we denote by da the stochastic integral of the adapted process a in LO(M).
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The relation (3.4) implies in fact that (M;) is a uniformly integrable martingale with its final
value (at = 1) M; = 1. Consequently M; = 1 almost surely for any ¢ € [0, 1] and this implies
that

as+bo0A=0

ds x dpu-almost surely. Hence (Iw + b) o A = I almost surely and the proof is fully completed
thanks to Proposition 1. O

Proposition 2. Assume that (A,,n > 1) is a sequence of mappings of the form A, = Iy + ay,
with a, : W — H, a, is adapted for any n and (a,, n > 1) converges to some a in Lo, H)
such that E[p(—68a)] = 1. Suppose that, for any n > 1, E[p(—da,)] =1 and A,, is invertible. If

. dAyp
lim =

n— 00 d,u

l

exists in the norm topology of L' (1), then A = Iw + a is also invertible.

Proof. Letus denote by /,, the Radon—Nikodym derivative of A, u with respect to . The hypoth-
esis implies that (/,,, n > 1) is uniformly integrable. Since (a,, n > 1) converges in probability,
the uniform integrability, combined with the Lusin theorem implies that ([, o A,;, n > 1) con-
verges in probability to / o A. Since (p(—da,), n > 1) converges to p(—da) in probability and
since, by the invertibility of A,, we have

InoAyp(—day) =1
almost surely for any n > 1, we have also
loAp(—da)=1

almost surely. The conclusion follows then from Theorem 4. O

The following lemma gives an important information about the Radon—Nikodym density of
the measure A with respect to u:

Lemma 1. Assume that A = Iy + a with a € L%(u, H) with & adapted. Then

dAn AE[p(=sa) | A] < 1
7

almost surely. If we have also E[p(—8a)] = 1, then the above inequality becomes an equality:

dAM“ o AE[p(—8a) | A] =1

almost surely.
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Proof. For any positive function f € C, (W), using the Girsanov theorem and the Fatou Lemma,
we have
[ dA
ElfoAl=E f—“]
" du

dAp
>E|foA
i du

o Ap(—aa)]

dAu

=E|foA » oAE[p(—Sa)\A]],

which proves the first part of the lemma. For the second part, due to the integrability hypothesis,
we can replace the inequality above by the equality and the proof follows. O

4. Properties of non-invertible adapted perturbation of identity
In this section we study the following concept:

Definition 3. A positive random variable whose expectation is equal to one with respect to
Wiener measure is said to be representable with a mapping U : W — W if

dUp
du

L.

We begin with the following

Proposition 3. Assume that L = p(—6v), where v € Lg(,u,H), i.e., v is adapted and

fol |0s|2 ds < 00 a.s. Then there exists U = Iy +u, withu : W — H adapted such that U = L
and E[p(—déu)] = 1 if and only if the following condition is satisfied:

l=L,oUE[p(—éu") | U] 4.1)
=L o UE[p(—=du) | U] 4.2)

almost surely for any t € [0, 1], where u' is defined as u'(t) = (;M usds and U; is the sigma

algebra generated by (w(t) +u(t), v <1).

Proof. Let U, be defined as Iy + u’, then for any f € C;,(W) which is F;-measurable, we have

E[foUL oUp(—du")]=E[fL]
= E[f o Ul

Since, for any JF;-measurable function G, G o U; is U; measurable, we get

LioUE[p(=éu") | U] =1.
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Conversely, it follows from the relation (4.1) and from the Girsanov theorem that
E[foUl=E[foULoUp(—du)|=E[fL],
a similar relation holds when we replace U by U;. 0O

Let us calculate E[p(—8u’) |U;] = E[p(—3u) | U;] in terms of the innovation process asso-
ciated to U. Recall that the term innovation, which originates from the filtering theory is defined
as (cf. [7] and [14])

t

Z=U; —fE[ﬂs |Us]d5
0

and it is a u-Brownian motion with respect to the filtration (U, t € [0, 1]). A similar proof as
the one in [7] shows that any martingale with respect to the filtration of U can be represented as
a stochastic integral with respect to Z. Hence, by the positivity assumption, E[p(—du) | U;] can
be written as an exponential martingale

t ‘ | t -
E[p(—=8u) |Us] = exp _/(Ss’dzs)_iflésl ds .
0 0

Below we give a more detailed result:

Proposition 4. We have the following explicit result

1

) 1 ) 2
(Eliis | Us), dZs) — §/|E[us | U] ds), 4.3)
0

E[p(—éu) |U] =exp (—

St—_ _

hence
t t
. 1 . 2
E[p(—bu) \ul]=exp(— / (Elis | Us1, dZ) = 5 / |Eliis | Us]| ds), (44)
0 0

almost surely.

Proof. The proof follows from the double utilization of the Girsanov theorem. Let us denote by
l; the Girsanov exponential

t

t
l; =exp(—/(E[L'ts | Us), dZs) — %f\E[us |z,[s]|2ds>.
0

0
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On the first hand, we have, for any f € Cp(W),

E[foUp(=8u)] = E[f],
and on the other hand, applying the Girsanov theorem to the decomposition

t
U, :Zt+/E[ds | Uslds,
0

we get
E[f o UL < E[f1=E[f o Up(-bu)]
for any positive, measurable f on W. Taking f to be F; measurable, we conclude that
I, < E[p(=du) | U]

a.s. for any ¢ € [0, 1]. Consequently (/;, t € [0, 1]) is a uniformly integrable martingale and in
particular E[/;] = 1. Hence we have

E[foUll=E[f1=E[foUp(=sw],

for any f € Cp(W) which implies that /1 = E[p(—48u)|U] and the proof of (4.3) follows. The
relation (4.4) is obvious since U; C F;. O

Theorem 5. A necessary and sufficient condition for the relation (4.1), that is to say for the
representability of L = p(—év) by U = Iw + u is that

Elu; | U] =—v; 0 U
dt x du-almost surely.

Proof. We have
1 2
LZ OU:eXp —81)[ OUZ — Ell)[ OUtlH .
Moreover using the identity

t t
dv; o Uy =/(1')s oU,dWS)+f(bsoU, ug)ds,
0 0

we get

t
1
LtoU:exp|:—/(i)soU,dWS+L'tsds+§1)SoUds>:|.
0
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Substituting all these relations in (4.1) and using the representation (4.3), we obtain

1=L,oUE[p(—du) |U;]

t
:exp[—f(bsoU,dWs +I;lsds+%f)s0UdS>i|
0
t
exp( /(E[ug | Us], dZ /}E[u; |Z/l]| ds)

0

But
t
/(E[as | U1, d Z) f Elitg | Us], dWy + (iiy — Eliis | Us]) dss).
0 0
Consequently we get
t
f(bs oU + Elus | U], dWs) =0,
0

almost surely for any ¢ € [0, 1] and this implies that
Elus |Us]=—v50U
ds x du-almost surely. The sufficiency is obvious. O
Corollary 1. A necessary and sufficient condition for the relation (4.1) is that
VoU=/Z,

in other words

t
U[:Z[—/bSOUdS
0

almost surely, where Z is the innovation process associated to U.
Proof. The condition in Theorem 5 reads as

almost surely. Hence
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(Vol)®)=U()+ wol)()

t t

=Z(t)—|—/E[L'¢S |L{S]ds—|—/ijsoUds
0 0
:Z[9

by the relation (4.5). O

Corollary 2. Suppose that the innovation process Z is an (F;, t € [0, 1])-local martingale, then
U is almost surely invertible and its inverse is V.

Proof. We have

t t
Ut:Wt+/usds:Zt+/E[ﬂs | U ds,
0 0

hence (W; — Z;, t € [0, 1]) is a continuous local martingale of finite variation. This implies that
Z and W are equal hence

l'.tt :E[I’.lt |Z/lt]9

dt x d p-almost surely. From Theorem 5, it follows that u +v o U = 0 almost surely, i.e., Vo U =
Iw almost surely. It follows from Proposition 1 that

UoV =1y
also p-almost surely. O
We can give a complete characterization of the representable random variables as follows:

Theorem 6. Assume that L = p(—d6v), V=Iy 4+ v, v € L(a)(,u, H). Assume that U = Iy + u
is also an adapted perturbation of identity with E[p(—du)] = 1. Assume that V o U = B is a
Brownian motion with respect to its own filtration. We have Un = L - u if and only if B is a
local martingale with respect to the filtration generated by U and in this case B is equal to the
innovation associated to U.

Proof. The necessity has already been proven, for the sufficiency, note that, we have U =
B — v o U. On the other hand we can always represent U by its innovation process as

t t
Ut:Zt+/E[L2s|us]dS:Bt—/i)s0UdS
0 0

where Z is the innovation process associated to U, which is a Brownian motion with respect to
(U, t €10, 1]). Consequently

—vs 0 U = Elug |us]’

ds x dp-almost surely and the proof follows from Theorem 5. O
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5. Relations with entropy

Assume that u € ]D)‘Zl’O(H) with E[p(—du)] =1 and let L € LloglL(x) be the Radon-
Nikodym density of U = (Iw + u) e with respect to w. Let us represent L as p(—4§v). Denote
E[p(—8u)|U] by p. Then, due to the Girsanov theorem, we have

PPN B, 2
E[plogp] = EE[plvoUIH]

1
— 5E[p(—<su)|u oUly]

1

= EE[|U|%1]

In particular, the Jensen inequality implies that

E[|v[}] < 2E[p(=8u)log p(—su)]
= E[p(=8u)ulz].
Proposition 5. Let P, denote the Ornstein—Uhlenbeck semigroup and denote by v, the regular-
ization P;v and denote by u. the H-valued mapping which is defined as Iy +u, = (Iwy + vg)_l

whose existence follows from [15). The set (uy, & > 0) has a unique weak accumulation point
u €Dy o0(H). If the relation (4.1) holds then u satisfies the following relation:

d
d—ﬁ(S)OZZ—E[i)SOU | Zs1 = Eluy | Z5]
S

ds x du-almost surely, where Z denotes the sigma algebra generated by the innovation Z asso-
ciated to U.

Proof. From [15], V, = Iy + v, is almost surely invertible and its inverse can be written as
U, = Iw + u,. Moreover u, = —v, o U,. Hence (u., & > 0) is bounded in Lz(u, H). Conse-
quently, there exists a subnet which converges weakly to some u. Let £ be an H-valued, bounded
continuous function on W. Denoting by (-,-) the duality bracket of L?(u, H), we get

(ue, §) = (Ms oVe,§0 Ve p(—8v5)>
= _<U8a50 Vap(_avs»
— —(v,& o Vp(=8v)).

Hence

(it, §) = —(v. & 0 Vp(=8v)).

Consequently « is unique, i.e., the net (u., € > 0) has only one accumulation point in the weak
topology of D o(H) = L?(w, H). From the last hypothesis

dU u

dn = p(—dv).
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Hence

<L~l,§> = _<U,§° V/O(_(SU»
=—(voU,E0VoU)

=—(volU,§07Z)
1

=—E/E[1}soU | Z51&5 0 Z ds.
0

Since Z is a Brownian motion, we also have
(u,6)=(uoZz,&02),
hence the proof is completed. O

Remark 4. We draw the attention of the reader to the fact that in general the weak convergence
does not imply the strong convergence. The situation illustrated above is a typical example for
this; in fact if there were also a strong convergence, then I + v would have been invertible and
we would have Iy + i = Iy +u = (Iy + v) ! (cf. [15]).

Remark 5. Similarly, suppose that v is bounded and that
E[la|3] =2E[LlogL]. (5.1)

Then V = Iy + v is invertible and its inverse is U = Iy + u with u = u. In fact this follows from
the hypothesis (5.1), which implies that

lim E[Juel}; ] = lim E[Jvel} L]

= E[vly L]
=2FE[LlogL]
= E[Jiil3].
Since D, o(H) is a Hilbert space, the convergence of the norms implies that lim,_,ou, = & in

the norm topology of D, o(H). Therefore V is invertible as proven in [15]. Consequently, in the
case where the mapping V is not invertible, this equality cannot take place.

The remark above suggests the following claim:
Theorem 7. Assume that u € ]D)‘io(H), Elp(—déu)] =1 and

dUu
TR p(—sv =L,
du
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such that v € Lg (u, H). U = Iw + u is then almost surely invertible with its inverse V = Iy + v
if and only if

2E[Llog L] = E[|ul}].

In other words, U is invertible if and only if

1
HWUp | ) = S 1l o)
where H(U | 1) denotes the entropy of U . with respect to .

Proof. Since U represents Ldu, we have E[us|Us] + vs 0 U =0 ds x du-almost surely. Hence,
from the Jensen inequality E[|v o U |%1] <E [|u|%1]. Moreover the Girsanov theorem gives

2E[Llog L] = E[|v|}; L] = E[lvo Ul}] = [/|E[us|u1\ ds:|

Hence the hypothesis implies that

Efjul}] = [f}E[us ] ds}

From which we deduce that uy = Elus | Us] ds x dp-almost surely. Finally we get
us + vs o U =0 ds x du, which is a necessary and sufficient condition for the claim. The
necessity is obvious. [

Remark 6. This theorem says that U is invertible if and only if the “kinetic energy” of U is equal
to the entropy of the measure that it induces. Moreover U is non-invertible if and only if we have

1
HWU | ) < 51l o)

The above relation between the entropy and the (kinetic) energy can be generalized to the
maps Iy + u, where u € L°(j, H) which do not fulfill necessarily the integrability condition
E[p(—du)] =1 as follows:

Theorem 8. Assume that u € Lg (u, H), let U = Iy + u and define L as to be

dU

L= .
du

We then have

HUp|p) =E[LlogL] <

E[ulf]

N =
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Proof. If |u|y € L°°(w), the claim is obvious from above. For the general case, let (7,,, n > 1)
be a sequence of stopping times increasing to infinity such that |u" |y is bounded, where u" (t) =
f(; Lio,7,1(s)ts ds. Denote by L, the Radon—Nikodym derivative of (Iw + u")u w.r.t. n. From
Remark 6, it follows that the sequence (L,, n > 1) is uniformly integrable, hence it converges
to L in the weak topology of L!(u). From the lower semi-continuity of the entropy w.r.t. this
topology, we get

E[Llog L] < liminf E[L,log L,] < lim%EHu”ﬁi] = %E[lul%l]. O
n

6. Relations with the innovation conjecture of the filtering

Let us briefly explain the question (cf. [16,1,7] for further details): Assume that we are given
a process of the form

t

ymmmzwwm+/%mmmm,

0

called the observation, where S is independent of the Wiener path w, s — hy(w,B) €
L?([0, 1], ds) almost surely and adapted to some filtration in which the filtration of (W;) can
be injected. The question is whether the filtration of y = (y;, ¢ € [0, 1]) is equal to the filtration
of the innovation process defined as before:

t

w=n—/Emu%ws 6.1)
0

where (), s € [0, 1]) is the filtration of y, called the observation process. The following result
gives a complete answer to the innovation conjecture in the general case to which the above
problem can be translated:

Theorem 9. Assume that U = Iw + u is an adapted perturbation of identity such that
u €Dy o(H) and that E[p(—d6u)] = 1. Define L as the Radon—Nikodym density

_dUp
=i

L

and define v € Lg (u, H) as L = p(—dv). Let U = (Uy, t € [0, 1]) be its filtration eventually
completed with w-null sets. Let Z be the innovation process associated to U as defined above,
denote by Z = (Z;, t € [0, 1)) its filtration. Then U = Z if and only if there exists some Ui €
Lg (u, H) such that U= Iw + u is almost surely invertible with inverse V = Iy + v and U =

A

U o Z almost surely.

Proof. Sufficiency: We have Z C U by the construction of Z, on the other hand the relation
U = U o Z implies that i/ C Z, hence the sufficiency is proved.
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Necessity: Suppose now that Z = U, let L be the Radon—Nikodym derivative
dU
L=20
du

Since L > 0 almost surely, there exists some v : W — H such that v is adapted and that L can
be represented as L = p(—4&v). Hence the random variable L is represented by U, this implies
that V o U = Z almost surely, where V = Iy + v. Since Y = Z, we can write U as a function
of Z,i.e., U=U(Z). Then

l=w{VoU=2Z)=p{Vol(Z)=2}
=M{Vol7(w):w},

since Zu = u. Consequently, Uisa right inverse of V. Moreover U nw= UoZ u=Upu~n
hence it follows from Proposition 1 that Vo U = U o V = Iy p-almost surely. 0O

Corollary 3. Assume that we are in the situation described by the relation (6.1). Let us denote
by H : W — H defined by

t

ﬁUJ0=/EWHyﬂM-
0

Denote by V the mapping defined by V = Iy — H. Then the filtration generated by the innovation
v is equal to the filtration of the observation y if and only if

av dVu 1 A
E| —log = —E[|H[%]
du du 2

Proof. It follows from Theorem 9, that the invertibility of V is a necessary and sufficient condi-
tion, then we apply Theorem 7. O

Remark 7. In [1], the authors treat the case where the noise is independent of the signal, this
amounts to say that u is independent of w, here on the contrary we are in a situation where the
things are correlated.

7. The properties of U o V

Assume that L, U = Iw + u and V = Iy + v be as in Section 4. We know then that the
mapping V o U preserves the Wiener measure . On the other hand we have, from the Girsanov
theorem

E[foUoVL]=E[foUoVp(—v)]
=E[foU]
=E[fL],
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for any f € Cp(W). In other words U o V preserves the measure v which is defined by dv =
Ldu. Let us denote U o V with M. This mapping is of the form M = Iy + m, where m =
v+ u oV is an adapted, H -valued mapping.

Proposition 6. Assume that m satisfies the following hypothesis:
E[p(=sm)] =1,

where §m denotes the Ito integral of (mg,s € [0, 1]) in LO(w)-sense.* Then the mapping M =
U o V satisfies the following probabilistic Monge—Ampere equation:

LoME[p(—8m) | M]=E[L | M], (7.1)
almost surely, where M denotes the sigma-algebra generated by M.

Proof. Let us note that the hypothesis E[p(—8m)] =1 is satisfied as soon as E[p(—du)] =1
and E[p(—év)] = 1. Now, from the Girsanov theorem, for any f € C,(W), we get

E[fL1=E[f oML oMp(—3m)].
On the other hand M preserves the measure dv = L dut, hence
E[foML]=E[fL].
Therefore
E[foMLoMp(—sm)]|=E[f oMLY,
for any f € Cp(W) and this proves the claim. O

Let us denote by (M;, ¢ € [0, 1]) the filtration generated by M and let us suppose that m =
v+uoV isin L'(u, H). This last hypothesis is amply sufficient to ensure the existence of
the dual predictable projection m of m with respect to the filtration (M,, ¢ € [0, 1]). It can be
calculated as in Proposition 4

Besides, the innovation process (R;, t € [0, 1]) associated to M, defined by

t
Rl:Ml —/E[ms |Ms]ds
0

4 This is an abuse of notation since the divergence coincides with the Itd integral only for the adapted elements of
LP(u, H) with p > 1.
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is an (M;, t € [0, 1])-Brownian motion and again from [7], any martingale of this filtration can
be represented as a stochastic integral with respect to this innovation process. Consequently, the
martingale E[p(—d&m) | M;] can be represented as in Proposition 4:

t

t
1
E[p(—=8m) | M,] :exp<—/(E[ms | M1, dRy) — §/|E[ms |_/\/ls]|2ds>.
0

0

From the It6 representation theorem, there exists an (M;, t € [0, 1])-adapted process (yr,
t € [0, 1]) such that fol |)},|2dt < oo almost surely and that

t t
1
E[L|M;]=exp(—f(y's,d1es>— §]|y's|2ds>.
0 0

Let us calculate the terms at the right of the relation (7.1):
1 2
LoM =exp| —6voM — §|voM|H .

Using the identity
SvoM=6woM)+ (wvoM,m)y
and taking into account the exponents of the relation (7.1), we get

1 1
1 1
5(voM)+(voM,m)H+§|voM|%,+f(E[ms |/\/ls],dRs)+§/|E[n'15 |/\/ls]|2ds
0 0

1
| .
= | (¥s,dR;) + §|V|H,
0

where the letters without “dot” denote the primitives of those with “dot”. If we restrict all these
calculations to the time interval [0, 7], for any 7 € [0, 1], similar relation holds, consequently we
have proven

Theorem 10. If Un =v =L - u and if L = p(—4&v), where u and v are adapted and if
Elp(—=ém)l=1andifm=v+uoV e L' (u, H), then we have the following relation between
v and m:

vy oM = E\,[V; —n; | M;] (7.2)

dt x dp-almost surely, where the conditional expectation is taken w.r.t. the measure v.



3678 A.S. Ustiinel / Journal of Functional Analysis 257 (2009) 3655-3689

Proof. Let us calculate the conditional expectation E[L | M]: by a stopping argument, it suffices
to suppose that L is bounded. Let £ be a bounded, (M;, ¢ € [0, 1])-adapted process. Then

E|:Lb/1§sts:|
:E_<b/i)SLSdWS)(O/§SdRS)i|
-

=

Consequently

1
E[—VsLs + Ly (s — Elns | M;]) | My] d&) ( f 2 d&ﬂ
0

St O —~— _

1
{Ev[_i)s +ms - E[ms | Ms] ‘ Ms]}E[Ls | Ms]dRs> (/Ss dRs)i|-
0

1
E[L|M]= exp(—fEu[i)s — (s — Elntg | M) | M| dRg
0
1

_ %f‘Ev[bs — (it — Elnits | M;]) | Ms]\zds)
0

and the proof follows from the relation 7.1 of Proposition 6. O
8. Relations with the Monge’s transport map

Assume that the density L is in the class Llog L(w). It follows from [5] that there exists an
H — 1-convex element ¢ of D 1 such that the perturbation of identity 7" defined as

T'(w) =w+ Vo(w)

maps the Wiener measure p to v = L - u and also there is another map S = Iy + V¢, ¥y € Dy §
also H — 1-convex such that

u({w: SoT(w)= w}) =1
and
v({w: ToS(w)= w}) = 1.

In particular, whenever u and v are equivalent, then 7 and § are inverse to each other p-almost
surely. Let us remark that neither 7 nor S are adapted to the filtration (F;). We shall assume in



A.S. Ustiinel / Journal of Functional Analysis 257 (2009) 3655-3689 3679

the sequel that L is p-almost surely strictly positive and represented as before as an exponential
density L = p(—4v). Let us denote by (7;, t € [0, 1]) the filtration generated by (73, ¢ € [0, 1]),
where T; is defined as T; (w) = w(t) + Ve(t) with Vo(t) = fé D@ ds. We have

Theorem 11. Assume further that L € L't () for some ¢ > 0, then T is a p-semimartingale
with respect to (I;) and it has the following decomposition:

t

B E[D,L|F,]
T, =B, +/(—E[L - )o T ds, (8.1)
0

where B = (B;) is a (1;)-Brownian motion. Moreover (8.1) can be also expressed as

t
Tt:Bt—/l.)sOTdS, (82)
0

where v is defined as L = p(—3v).

Proof. Since (W;, t € [0, 1]) is the canonical Brownian motion, the equality 7; = T‘l(]-",)
i1s immediate. Consequently, for any positive, measurable function f, we have the following
identity:

ElfoT|T1=Ef|FiloT.

This relation implies that (7, ¢ € [0, 1]) is a (u, (7;))- quasimartingale if and only if (W;,
t € [0,1]) is a (v, (F;))-quasimartingale. This latter property is immediate since V = W + v
is a (v, (F;))-Brownian motion and Ev[lvli,] = 2E[LlogL] < oo. Let us calculate the drift
of (T;, t €[0,1]): if 6 is a bounded, F;-measurable cylindrical function, we have, using the
integration by parts formula

1 1
EE[(Tt+h —T1)bo T] = ZE[(WH_h - Wt)QL]

1 t+h
= _E|:9-/DSLdS:|
h
t

— E[6D,L]
= E[0E[D,L | F]]

= E[QE[D,L |]—",]L£]
t

:E[%TM()T],

t

as h — 0, where Ly = E[L|F;]. Moreover, the local martingale part is a continuous process
with (B', B/), = §; jt, hence it is a Brownian motion and (7;) has the decomposition given
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by the formula (8.1) which is equivalent to the decomposition given by (8.2). In fact L can be
represented as

1
L=1+ / E[D,L | F1dW;.
0

On the other hand from the It6’s formula, we have

1
L:l—fbsLdes
0

hence Lyvy = —E[DsL | F5] ds x dj-almost surely. O

Remark 8. We could have guessed this theorem by observing simply that the mapping B =
V o T preserves the Wiener measure due to the Girsanov theorem. Therefore the process
(t, w) — B(w)(t) is a Brownian motion with respect to its own filtration. However the theorem
says that it is also a Brownian motion with respect to the larger filtration (7;, ¢ € [0, 1]).

Theorem 12. Assume that L = p(—48v) satisfies the hypothesis of Theorem 11, let V = Iy + v.
The map V is not invertible, i.e., the equation

t
Ut:Wt—/l.)SOUdS (83)
0

has no strong solution if and only if the equation

t
T[:B[—/l.)SOTdS (84)
0

has no strong solution.

Proof. Assume that T is a strong solution, then by definition 7" should be adapted to the filtration
of the Brownian motion B = (B;), hence it is of the form 7= T o B. Then

1=M{B=foB+vofoB}
:u{w:f(w)—kvof’(w)}
= pu{w: VoT(w)=w}=wD),
hence T is a right inverse to V. Moreover, for any f € Cp(W),

E[foT]|=E[foT oBl=E[foT]=E[fL].



A.S. Ustiinel / Journal of Functional Analysis 257 (2009) 3655-3689 3681

Therefore fu is equivalent to . Since

1 oT >1p,

7(D)

we obtain u(f(D)) — 1 which means that 7 is almost surely surjective, consequently it is also
a left inverse and it follows from Proposition 1 that Tisa strong solution to Eq. (8.3), which is
a contradiction. To show the sufficiency suppose that Eq. (8.3) has a strong solution U, then U
and V are inverse to each other almost surely. moreover B =V o T is also invertible hence U =
ToB lis (F;)-adapted and this implies that 7 is (B_l(}}))—adapted, consequently Eq. (8.4)
has a strong solution which is a contradiction. 0O

9. Variational techniques for representability and invertibility

In this section we shall derive a necessary and sufficient condition for a large class of adapted
perturbation of identity. We begin with some technical results:

Lemma 2. Assume that f € D1 and n € ]DS’O(H) such that |\n|g € L°° (). Then we have

1

F(w+nw) = £w) + f Vi f (w + n(w)) d

0

w-almost surely.

Proof. If f is Fréchet differentiable or ifitis H — C I then the identity is obvious. Assume that
(fn, n=1) is a sequence of such functions converging to f in D, | and denote Iw + n by T;,.
Then we have on the one hand

dT,
E['fnoTn—fmoTnl]=E[|fn—fm|—m
e LA
<E[lfn— ful?] E[( o ) ] |

From Lemma 1, we have

|:< , )2:| _( n )O n]
du |\ du

_ o —1 i|
=

| E[p(=dn) | T})]

<]
| p(—6m)

[ 1
=F exp(&n + Elnﬁ,)] < 00
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since |n|y € L°° (). Hence we get that

lim E[|fy,oT,— fmoTyl]=0.

n,m— 00
Similarly

1

1
dTiu
E |V77fn - anm|H © Ttr; dt = E |V77fn - Vr;fm|H dt
0

du
0
1 12
dTm it 2
< ||fn—fm||2,1(E/( ) )
n
0
1 2 12
< ”fn_fm||2,1<E/eXp<t577+§|77|12L1> dt)
0
-0

asn,m— o0. O

Corollary 4. Assume that f € Dy 1 is Fy,-measurable for some fixed to < 1. Then the conclusion
of Lemma 2 holds for any u € D3 ,(H).

Proof. Let (7,) be a sequence of stopping times increasing to infinity such that |z ™| is essentially
bounded where u™ is defined as

t

ut"(l):fl[(),,n](s)lftsds.

0
From Lemma 2, it follows trivially that

1

Pl a @) = F)+ [[(97(w -+ e @)t ),y dr,

0

moreover, on the set {7, >y}, we have f(w + u™(w)) = f(w + u(w)) and

(Vf(w +tu™ (w)), u™ (w))H = (Vf(w + tu(w)), u(w))H
almost surely. O

Theorem 13. Assume that v € DS,Z(H) such that |v|g € L°° () and that

E[exp5||Vv||gp] <00
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for some ¢ > 0, where || Vv||op denotes the operator norm of V. If the following infimum

1
mf( [|€+vo(lw+$)} ] SEDg’O(H)),

is attained for some u, then its value is zero and U = Iy + u is inverse of the shift Iy + v.

Proof. The main point is to show the validity of the variational formula:
1
v(w+u(w) +n(w)) =v(w+u(w)) + / Vou(w + u(w) + tn(w)) dt 9.1)
0

almost surely where n € ]Dg’ o(H) with ||y € L* () and that these terms are properly integrable
in such a way that the Gateaux derivative at u of F(u) is well defined. Let us denote by v, the
regularization of v defined as P;/,v, where Py, is the Ornstein—Uhlenbeck semigroup. Since
v, 1s H-differentiable, we get trivially the identity:

1
vn(w + u(w) + n(w)) = vy (w + u(w)) +fV,,vn (w +u(w) +1n(w))dt. (9.2)
0
By the Jensen inequality we have

supE[expsHanHOp] < Q. (9.3)

Let us denote by 7; the shift Iy + u + tn. Then

E/W,,vn o Tyly dt < ||n||Loow)E/ 1V 0allopls dt

where /; is the Radon—Nikodym derivative of 7; u with respect to p. Using the Young inequality
for the dual convex functions exp and x log x we obtain, for any « > 0,

1
IVUnllopls < expre(Vonllop + i logls. 9.4)

It is clear that, from the hypothesis and the Jensen lemma, the sequence (exp« ||Vv,|, n > 1) is
uniformly integrable for small ¥ > 0. From Lemma 1

o TE[p(=8+m) |T]<1

hence
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Ell;logl;] = E[logl; o T;]
< E[—log E[p(—8(u + tn)) ‘ Tt]]
< E[—logp(—S(u —I—Zn))]

1
= EE[W + “7|12L1]
< E[lu%]+ E[In%]-

Hence (I;, t € [0, 1]) is uniformly integrable, but we also need to prove the uniform integrability
of (I;1logl;, t € [0, 1]). For this, let A be any measurable subset of W, we have, again from
Lemma 1,

E[lAlt loglt] = E[IA o Tl‘ lOglt o] Tt]
— E[1yo Ty (—log E[p(—su +m) | )]

1
< E[leTt<8(u—|—t77)+ §|u+tn|%_1>i|
1 2
<E[laoTi8(u+tn)]+E Lao Ty lu+ iy |

The last two terms are equivalent, hence it suffices to show that the second terms can be chosen
arbitrarily small by choosing i« (A) small enough. However this is obvious from the integrability
of |u|%1 and from the uniform integrability of (/;, ¢ € [0, 1]). From this and from the inequal-
ity (9.3), we see that the left-hand side of (9.4) is uniformly integrable. Consequently we can
pass to the limit in the relation (9.2) in L'(w) and obtain the relation (9.1). We can now calculate
the Gateaux derivative of F at u in any direction 7 € ]D)‘iO(H ) with |n|g € L°°(u) (instead of
n o U) as follows:

F(u+Ain)— F(u)
A

= E/(u +tn+vo(Iw+u—+tn),Ig+Vv)o(Uw +u —|—tn)[r]])Hdt. 9.5)
0

Let us remark that

E[lulu | Voo (w +u+tm)|, ]

< E[lul},] P E[|Vvo tw +u+m]2]"

1/2
1/2 1
< E[ul%]” E[expsnwuip+ glm,uloglm,u] , (9.6)
where

dlly +u+tn)u
du

ltn,u =
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and from Lemma 1, we know that

1 2
E[ltr),u logltn,u] g EE[W + “7|H]-

Hence we can commute the expectation with the Lebesgue integral in the formula (9.5). Let us
denote the expectation of the integrand of (9.5) by F’(u + tn)[n]. Since v € DS,Z(H ), using the
formula (9.1) for Vv instead of v and the inequality (9.6), we see that the map t — F'(u +tn)[n]
is continuous on [0, 1]. Since u is minimal, we should have F’(u)[n] > 0 for any n as above.
Writing the things explicitly:

F'a)n=E[(u+voU, Uy +VvolUn),]
=E[(Ug +VvoU) (u+voU),n),]
0.

WV

By the invertibility of Iy + Vv, we get
u+volU=0

almost surely and this is equivalent to the fact that U = Iy 4+ u and V = Iy 4 v are inverse to
each other. In particular F(u) =0. O

As an application of these kind of variational calculations in relation with the representability,
consider the problem of calculation of

inf(EBmﬁ, + fo(ly —|—oz):|: o€ ]Dgyo(H)>,

where f : W — R is a fixed Wiener functional. In fact, as it is shown in [2], this infimum is equal
to —log E[exp — f] which is also equal to

: dy . dy
inf fdy + | —log—du 9.7)
du du
w w

where the infimum is taken w.r.to all the probability measures on (W, B(W)) and the latter is
uniquely attained at

In the next theorem we shall give sufficient conditions under which it is attained:
Theorem 14. Assume that f € D, | is a 1-convex, bounded Wiener functional such that

E[exp8|Vf|H] < 00,
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for some ¢ > 0. Then the infimum

hﬁ(E[%mﬁr+fo(hv+aﬂ:aelﬁpUD)

is attained at some u € ]D%O(H ) and this adapted vector field satisfies the following relation:
uy+ E[D;foU|F]1=0
dt x dp-almost surely, where U = Iy + u. Besides we have

1 1
dUu 1
(D) d'uu“ :exp(—/EUu[Drf | Fr1dW; — §/|EU/,L[th | ft]}zdt),
0 0

where Ey, denotes the expectation with respect to the measure U, i.e., the image of |
under U.

(2) Let vy = EyulD; f | F1], denote by Z the innovation process associated to U, i.e., Z; =
U, — f(; Elug |Uslds, and define | as

1 1

1
l:exp(—/E[ﬂt |ut]dzt_§/}E[’/-‘t |Uz]|2dt),

0 0
where U, is the sigma algebra U~V (F;) = o (Wy +u(s), s <t). Then E[l] = 1 and we have

dU n
du

/

oU =1p(=8v)oU =1

almost surely.

Proof. Let J(a) the expectation above without inf. For A > 0, let Dy = {a € Dj ,(H):
J () < A}. Then, for sufficiently large A, D, is a non-empty, convex set. Moreover, if (o,
n = 1) C D, converges to some « in D5 (H), then, writing A, = Iw + a,, we have

dA dA
E|: nit log ni

du du

1

Hence the sequence of Radon—Nikodym densities (ddA”“, n > 1) is uniformly integrable. This

property, combined with Lusin theorem implies that (f o A,, n > 1) converges to f o A in
L?(w) for any p > 0, where A = Iw + «. Therefore D), is closed, since it is convex, it is also
weakly closed in ngo(H ). This implies that « — J () is weakly lower semi continuous (l.s.c.).
Since D, is weakly compact, J attains its infimum on D, and the convexity of J implies that
this infimum is a global one. The scalar version of Proposition 13 implies that

0=E[@. o)y +(VfolU.a)y]
= E[, )+ (T(VfoU),a),],
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for any bounded o € Dg’O(H ), where 7t denotes the dual predictable projection. Hence we get
I/.l["-E[D[fOUlf[]:O

dt x dp-almost surely. Taking the conditional expectation of this relation with respect to U;, we
obtain immediately

Elu; |Us]+ EyplDs f | FrloU =0 (9.8)

dt x dp-almost surely and the expression for dU p/dp follows from Theorem 5. It is a simple
calculation to see that Eq. (9.8) implies

lp(=év)oU =1
almost surely. From the Girsanov theorem, we get
1 =E[lp(—8v) o U] < E[p(—5v)],
therefore E[p(—d&v)] = 1. Similarly, for any positive, measurable g on W, we have
E[goU]=E[goUlp(—8v) o U| < E[gp(—8v)],

therefore

dU
P p(—=8v),
dp
since both are probability densities, they are equal p-almost surely. To prove E[/] =1 it suffices
to write / = 1/p(—8v) o U, then
1
E |: oU i|
p(=dv)

1
- E[p(_(sv)'p(—%)]

Ell]

=1
and this completes the proof. O

Remark 9. Suppose that || V2 f lop < ¢ < 1 almost surely, where ¢ > 0 is a fixed constant and the
norm is the operator norm on H. Then the map @ : DS ,(H) — D ,(H) defined by

@) =—n(Vfolw+8),

where 7t denotes the dual predictable projection, is a strict contraction, hence there exists a unique
ue ID)‘Zl o(H) which satisfies the equation

l/lt+E[thOU|ft]:O

dt x dp-almost surely.
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Corollary 5. Let u € DY ,(H) be a minimizer whose existence is assured by Theorem 14. Define
U=1Iw+u. Then

dUp e f _z
du — Ele” f]

if and only if U is a.s. invertible.

Proof. Since
Jw)=E[fLl+ E[LlogL]=E[foU]+ %E[lul%]]
and since by the hypothesis we have E[ fL] = E[ f o U], we obtain
E[LlogL]= %E[|u|§{].
On the other hand, from Theorem 14,

E[LlogL]= E[logL o U]
= E[—log!]

1 1 ) 2
:§E|:f‘E[us | U] dsi|.
0

Consequently, uy = Elug | Us] ds x du-almost surely. This implies that E[p(—du)] = 1, hence
the hypothesis of Theorem 7 is satisfied and the invertibility of U follows. Conversely, suppose
that U is invertible, let M be the Radon—Nikodym density of U w.r.t. . Then we have

J(u):/fMdu+/M10gMd,u,
w w

hence Mdu = Ldu by the uniqueness of the solution of the minimization problem (9.7). O
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