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Abstract—An energy-consistent lumped element equivalent 

circuit model for chargedcircular CMUT cell is derived and 
presented. It is analytically shown and experimentally verified 
that a series dc voltage source at the electrical terminals is 
sufficient to model the charging in CMUT. A model based 
method for determining this potential from impedance 
measurements at low bias voltages is presented.The model is 
validated experimentally usingan airborne CMUT, which 
resonates at 103 kHz. Impedance measurements, reception 
measurements at resonance and off-resonance, and the transient 
response of the CMUT are compared with the model predictions. 

Index Terms—CMUT, charging, electret, lumped element 
equivalent circuit model, airborne1 
 

I. INTRODUCTION 
HARGING of CMUTs occur when the insulator layers 
between the two electrodes are polarized or accumulate 

trapped charges during production or operation. This affects 
the performance of CMUTs[1-6]. 
 Materials such as silicon oxide (SiO2), silicon nitride 
(Si3N4), aluminum oxide (Al2O3), etc. are used as insulators in 
CMUTs. These dielectrics, particularly SiO2 and Si3N4 are 
also widely used as electrets and are renowned for their 
superior properties. Charging in other MEMS devices such as 
RF switches is also scrutinized [7]. 

In this paper, we present analytical large and small signal 
equivalent circuit models for the charged CMUT cell, which 
incorporates the behavior of capacitive transducers and 
electrets. The processes which cause charging in CMUTs, 
similarity to electret formation for use in microphone 
technology, the similarity and differences of modeling of 
capacitive transducers and electret microphones are reviewed 
and discussed in this section. In Section II, charging effect 
modeling is explained and the equivalent circuit models are  
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derived. The experimental and simulation based validation 
results are in Section III. 

A. Charging in CMUTs 
CMUTs are subject to charging at various stages of 

production. Techniques used for CMUT fabrication are also 
used for electret manufacturing [8]. For example, plasma 
enhanced chemical vapor deposition (PECVD) is used in 
CMUT fabrication for insulating layer deposition (SiO2, Si3N4 
orAl2O3). This process is known to induce charging to 
dielectrics. Another such technique is thermo-electric wafer 
bonding. While charging is an undesired outcome of CMUT 
fabrication, it is essential that electret insulators be charged. 
Using dc bias voltage also causes charging in CMUTs. There 
have been efforts to measure the amount of charging [3,5], to 
mitigate the charging effect [1] or to analyze the charging in 
CMUTs[4]. Use of charged CMUTs for unbiased operation 
has also been successfully demonstrated [6,9]. 

B. The Electret Microphones 
The effect of charging on CMUT performance can be better 

understood if the available knowledge on electret microphones 
is investigated. The theory underlying the electrets and electret 
microphones has been well studied since 1962 [10-11].The 
research on electrets is guided by the needs of electret 
microphones and mainly concentrated on charge trapping 
properties of polymers. 

The work on inorganic electrets such as silicon oxide and 
nitride, which first appeared in 1983 [11], are reminiscent of 
charging effects in CMUTs. The potential of using electrets in 
micromachined microphones provided the motivation for 
extensive study of silicon based dielectrics[12-18]. It is clear 
from these studies that the methods used to convert these 
insulators into electrets are also the methods used in CMUT 
production, and the production processes inherently result in 
charging. 

C. The Analytical Modeling of Capacitive Transducers 
The first analytical model and small signal equivalent 

circuit for capacitive transducers was proposed by Mason [19]. 
The total force acting on the clamped plate and the spatial 
average displacement (or velocity) are taken as across and 
through variables, respectively. The model is not energy 
consistent since these two variables are not related through the 
energy in the structure. Although the model’s prediction 

Unbiased Charged Circular CMUT Microphone: 
Lumped Element Modeling and Performance 

Hayrettin Köymen, Senior Member, IEEE, Abdullah Atalar, Fellow, IEEE, Saadettin Güler,              
Itır Köymen, A.Sinan Taşdelen, and AslıÜnlügedik 

C 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

 

2 

performance is impaired because of this issue, it provides a 
conceptual guidance. Hunt extended the model based on the 
parallel plate assumption [20], providing insight on thesubtle 
issues of transduction and collapse. 
 Accurate modeling of capacitive and electret microphones 
gained importance in the 1980’s after the MEMS microphones 
were proposed as a contending technology in the microphone 
market against electret microphones. We confine our interest 
in this paper to those contributions where the deflection profile 
of the clamped membrane is taken into account in the 
calculation of electrostatic energy, and the force and 
displacement are related thorough this energy.  

Numerical modeling studies were carried out as early as 
1975 [21], where the static deflection profile of the membrane 
is considered in electrostatic force calculation in an energy 
based context.  

Van der Donk et al proposed the first analytical model in 
which the electrostatic force and the center displacement of 
the membrane are interrelated through the electrostatic energy 
in the microphone and the displacement profile [22]. 
 Modeling research continued after the emergence of 
CMUTs as novel ultrasonic transducers. Even though the main 
issues in CMUT modeling are similar to that of capacitive 
microphones (including MEMS and electrets microphones), it 
appears that the earlier work aside from [19] and [20] were 
overlooked. There are two critical differences in CMUTs: the 
immersion medium and the gap pressure, which affect the 
transducer performance most radically. 
1) Immersion medium 

CMUTs emerged primarily as ultrasonic transducers which 
are used in contact with or immersed in water and alike 
medium. The effect of medium loading in CMUTs is very 
significant as opposed to airborne microphones. The radiation 
impedance of air can either be ignored or modeled very simply 
for microphones, since the other losses in pressure 
compensated microphones overwhelm the radiation resistance. 
In waterborne applications, however, radiation impedance 
dominates CMUT performance.  
2) Static pressure in the gap 

All of the modeling efforts were essentially concerned with 
the performance prediction of airborne capacitive and electret 
microphones until CMUTs emerged. The gap in microphones 
is pressure compensated: the pressure inside the gap is 
maintained equal to the ambient static pressure by means of 
suitable passage of air and holes. The clamped plate is not 
deflected by static ambient pressure when the gap is pressure 
compensated. This allows the use of very low relative gap 
height in combination with very compliant membranes, even 
thin membranes made of polymers. 

CMUTs are primarily vacuum gap devices and have 
airborne or immersed ultrasonic applications, rather than audio 
or other low frequency applications. The clamped plate in the 
CMUT is depressed by the static ambient pressure even 
without any bias voltage. The collapse conditions are directly 
affected. The effects of ambient pressure on CMUTs must be 
considered in any design and optimization work. 

Another reason which helped the separation of CMUT 
modeling work from that of other capacitive transducers is the 

availability of commercial Finite Element Analysis (FEA) 
packages. CMUTs emerged around the same time as FEA 
packages. Capacitive transducers, at least single cells, can be 
very successfully analyzed with FEA. FEA is capable of 
taking into account static depression, applied mechanics of the 
plate, etc. A paradigm shift was experienced in the early 
1990’s when FEA became the preferred analysis method as 
opposed to analytical modeling. FEA is an excellent tool for 
testing designs prior to production. Analytical modeling, on 
the other hand, provides insight for design, which is more 
difficult to achieve with FEA. 

The behavior of CMUT cells [23-25] and arrays [26-29] 
have been widely studied using FEA. The differences between 
conventional and collapsed operation modes were analyzed 
in[30] and crosstalk in arrays using these modes were 
compared[31]. FEA is employed to design CMUT arrays for 
imaging[32,33] and for airborne CMUTs[34,35].Boundary 
element method (BEM) is used to reduce the processing time 
particularly in the analysis of CMUT arrays[36-38]. These are 
only a few of many contributions concerning CMUT FEA 
modeling. 

D. CMUT Lumped Element Modeling 
There had been efforts to derive more accurate analytical 

models for the CMUT by taking the deflection profile of the 
radiation plate into account[39,40], the effects of layered 
radiation plates [41,42] or effects like trapped gas in the gap 
[43].An accurate lumped element circuit model of a CMUT 
cell was proposed in [44].The model is energy consistent, 
where  
−The lumped force and displacement variablesrelated 

through the energy, where force and energy definitions 
included the ones presented in [22]; 
−The effect of ambient pressure is analytically included; 
−The collapse phenomenon is analytically considered 

through static force equilibrium;  
−The transducer variables at the acoustic port and the 

acoustic field variables are consistent if spatial rms velocity is 
chosen as the through variable in the mechanical section; 
−The acoustic port is terminated by accurate radiation 

impedance at the radiating plate; 
−Large signal and small signal equivalent circuit models are 

provided, which are readily used in circuit simulators. 
This model is extended to arrays of CMUT cells in [45], 

where the effect of the propagation medium on the 
performance is included through mutual impedances between 
the cells. 

E. The CMUT cell 
The geometry of a circular CMUT cell is depicted in Fig. 1, 

where a, tm, tg and ti are the radius, the plate thickness, the gap 
height and the insulator thickness, respectively. x(r)defines the 
plate displacement profile [44], 

𝑥 𝑟 = 𝑥! 𝑡 1 −
𝑟!

𝑎!

!

   𝑟 ≤ 𝑎 

(1) 
where xp(t)is the spatial peak displacement at the center. The 
clamped membrane assumes this profile in the frequency 
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range, where the first vibration resonance of a clamped 
circular plate is dominant. This range extends up to about 1.9 
times the first resonance frequency in water, where almost all 
of the applications are accommodated.  

The geometry for the calculation of charging effects is also 
shown in the figure. σ1 and ρmare the uniformly distributed 
surface and the volume charges in the insulator. VT is the 
voltage at the electrical terminals. ε0 and εi  are  the 
permittivity of the gap and the insulator material, respectively. 
 

II. MODELING CHARGED CMUT 
When the insulator dielectric layer is charged, both surface 

and volume charges can be induced in the material, depending 
on the production process. The insulator becomes a charged 
electret. The CMUT lumped element model is re-derived to 
include the electret effect. 

The analysis of electrostatic fields in a gap-electret-gap 
structure, with electrodes on both sides, is available in 
literature [46-48].We assume both monopolar volume charges 
with uniformly distributed volume density, ρm, and charges 
due to polarized dipoles are present in the electret. We model 
the trapped charges due to polarized dipoles as uniformly 
distributed equivalent surface charge densities σ1 and -σ1 at 
the two surfaces of the dielectric [47]. 

A. Electret Equivalent Potential 
The induced charge on the top electrode of an electret 

microphone due to monopolar trapped charges is already 
derived in [48]. When equation (28) in[48] is adopted for the 
CMUT geometry given in Fig. 1, the induced surface charge 
distribution on the top electrode due to monopolar trapped 
charges is obtained as 

𝜎!" 𝑟, 𝑡 = −𝜀!
𝑡!
2𝜀!

𝑡!𝜌!
𝑡!" − 𝑥 𝑟, 𝑡

     𝑟 ≤ 𝑎 

(2) 
when the external voltage, VT, is zero.tge in (2) is the effective 
gap height: 

𝑡!" = 𝑡! +
𝜀!
𝜀!
𝑡! 

(3) 
We derived the surface charge distribution due to trapped 

dipoles on the top electrode in the Appendix A, following the 
approach given in [47].  For the CMUT geometry, one surface 
of the dielectric has an electrode, as depicted in Fig. 1. We 
initially assumed that there is a separation, t2, between the 
insulator and the bottom electrode [47]. We derived the 
prevailing electric fields with finite t2. Then we let the 
separation vanish, t2= 0, and calculate the surface charge 
density as: 

𝜎!" 𝑟, 𝑡 = −𝜀!
𝑡!
𝜀!

𝜎!
𝑡!" − 𝑥 𝑟, 𝑡

 

(4) 
when VT = 0. 

When (2) and (4) are added to the charge produced by VT(t), 
we can express the total charge in a ring of radius r and width 
dr as 

 

𝛿𝑄 𝑟, 𝑡 ≈ 𝜀!
𝑉! 𝑡

𝑡!" − 𝑥 𝑟, 𝑡
+ 𝜎!" 𝑟, 𝑡 + 𝜎!" 𝑟, 𝑡 2𝜋𝑟𝑑𝑟 

(5) 
This incremental charge can be written as 

 
Fig. 1 Charged CMUT cell 

𝛿𝑄 𝑟, 𝑡 ≈ 𝜀!
𝑉! − 𝑉!

𝑡!" − 𝑥 𝑟, 𝑡
2𝜋𝑟𝑑𝑟 

(6) 
by substituting (2) and (4) in (5), where 
 

𝑉! = 𝑡!
𝜎!
𝜀!
+ 𝑡!!

𝜌!
2𝜀!

 

(7) 
is the effective electret potential. 

The total charge on the top electrode is obtained upon 
integration over the surface of the CMUT cell [44], 
 

𝑄 𝑡 = 𝑉! 𝑡 − 𝑉! 𝐶!𝑔
𝑥! 𝑡
𝑡!"

 

(8) 
where𝑔 𝑢 = tanh!! 𝑢 𝑢 and 𝐶! = 𝜀! 𝜋𝑎! 𝑡!". The 
charge on the bottom electrode, which is next to the insulator, 
is the same as given in (8) but with opposite polarity.  

The instantaneous energy accumulated on the capacitance, 
W(t), when VT(t) is applied across the electrical terminals, is 
calculated as 

𝑊 𝑡 = 𝑣𝑑𝑄

! !

!

 

(9) 
where𝑑𝑄 = 𝐶!𝑔 𝑢 𝑑𝑣 and 𝑢 = 𝑥! 𝑡!" . We find 
 

𝑊 𝑡 = 𝐶!𝑔 𝑢 𝑣𝑑𝑣

!! ! !!!

!

=
1
2
𝐶!𝑔 𝑢 𝑉! 𝑡 − 𝑉! ! 

(10) 
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B. The Equivalent Circuit 
It is clear from (10) that the energy due to the charge on the 

CMUT electrode is the same as that of the uncharged CMUT 
except a fixed additional equivalent bias of VE, the equivalent 
electret potential, is imposed on the terminal voltage as part of 
the model. The large signal equivalent circuit model of the 
charged CMUT remains the same as the model of the 
uncharged CMUT discussed in [44] with a series voltage 
source as depicted in Fig. 2(a). The model parameters for 
large-signal and small-signal equivalent circuits of CMUT are 
given in Appendix B for completeness. 

 
(a) 

 
(b) 

Fig. 2. The equivalent circuit model of charged CMUT (a) large signal; (b) 
small signal 

It must be noted that the entire effect of charging on the 
lumped element model is a series equivalent dc voltage 
source, if the trapped charge distribution is uniformly 
distributed or has radial symmetry. Using measurement based 
determination of VE in the model is sufficient to consider all 
charging effect. 

The equivalent circuit models presented in Fig. 2are specific 
to CMUTs and cannot be used to model commercial electret 
microphones. Although the transduction model is the same for 
both devices, the mechanical side of electret microphones is 
very different compared to CMUTs. This paper is specifically 
concerned with charged CMUT cells. Hence the models used 
are not generalized to include the characteristics of electret 
microphones. 
C. The Biasing Chart of Charged CMUT Cells 

Following the same approach in[44], the static force 
equilibrium for charged cells under a bias voltage of VDC can 
be written as: 

5
𝐶! 𝑉! 𝑡 − 𝑉! !

2𝑡!"
𝑔!

𝑋!
𝑡!"

+ 𝐹!" =
𝑋!
𝐶!"

 

(11) 
where XP is the peak plate displacement under the bias voltage 
VDC. This yields 

𝑉!"
𝑉!

=

3 !!
!!"

− !!"
!!"

2𝑔! !!
!!"

+
𝑉!
𝑉!

   𝑓𝑜𝑟 
𝑉!"
𝑉!

≥
𝑉!
𝑉!

−
3 !!

!!"
− !!"

!!"

2𝑔! !!
!!"

+
𝑉!
𝑉!

   𝑓𝑜𝑟 
𝑉!"
𝑉!

<
𝑉!
𝑉!

 

(12) 
 

 
Fig. 3. CBC of charged CMUT for FRb/FRg= 0 and 0.5. VE/Vr varies between 
0and −0.8, plotted up to collapse threshold. Curves are labeled as 
(FRb/FRg;VE/Vr). vertical axis is flipped for positive VE/Vr. 
 

where 𝐹!" = 𝑡!" 5𝐶!".  
Equation (12) is plotted as the CMUT Biasing Chart (CBC) 

in Fig. 3 for negative VE/Vr. The CBC is plotted for ±VDC/Vr, 
because CBC is different for positive and negative bias in 
charged CMUT. CBC for uncharged CMUTs, (0;0) and 
(0.5;0),  are also depicted for ±VDC/Vr for comparison, which 
are symmetric around VDC/Vr = 0. If the normalized effective 
charging voltage VE/Vr is positive, Fig. 3 must be flipped 
vertically. 

When the polarity of the bias voltage is appropriate, VE 
reinforces the bias and larger displacement is achieved for a 
relatively low VDC/Vr. For example, collapse displacement is 
reached at VDC/Vr =1 in vacuum when VE is zero, but VDC/Vr≈ 
0.2is sufficient for collapse when VE/Vr = −0.8. 

The turns ratio can be significantly large for zero bias if 
VE/Vr is large, as(32) (Appendix B) indicates. The operating 
point for the small signal model at zero external bias is the 
same as that of 80% bias when VE/Vr = −0.8 (or +0.8). 
 

III. VALIDATION OF THE MODEL 
 
A. Materials 

The model is validated experimentally using airborne 
CMUT cells. Validation is performed in two steps. First, the 
effective electret voltage VE is determined using conductance 
peak measurements in the model based method presented in 
this paper. This method is described in III.B. Then, using the 
model with estimated VE, the CMUT cell is used as a 
microphone in III.C. The sensitivity and transient 
measurements while the CMUT cell operates at resonance and 
at lower frequencies are compared with the model predictions. 

The CMUTs, from the batch described in [50], have SiO 
insulator layers and are produced using anodic wafer 
bonding2. Because of processes involved in the production, the 
insulator layer is charged. The amount of charging cannot be 
 

2Applied Microengineering Ltd., Oxfordshire, UK 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

 

5 

measured directly but secondary measurement methods must 
be used [9] in order to estimate it. We describe a methodology 
here, where the presented model is used both to estimate the 
effective electret voltage due to charging and subsequently to 
assess the performance of the CMUT. 

 
(a)

 
(b) 

Fig. 4. The variation of conductance spectrum with respect to bias voltage 
measured in  two different CMUT cells versus frequency and bias voltage, (a) 
charged, (b) uncharged.  

A charged CMUT cell can have transduction when it is not 
biased and therefore exhibit an impedance variation. The 
electrical conductance of a charged and an uncharged airborne 
cell are depicted in Fig. 4. Although most of the cells on the 
same wafer exhibit charging right after production, we 
observed that the trapped charge is removed when the CMUT 
is driven by relatively large amplitude continuous wave ac 
voltage without any bias. Maximum drive voltage amplitudes 
were in the range 60-100 V, 10-20% of Vr, for various 
CMUTs and the frequencies were set to the half of the 
mechanical resonance frequency of the respective CMUT 
cells, as described in [50]. When driven in this mode, the plate 
vibrates at resonance frequency and its center spans the entire 
gap. The CMUT in Fig. 4(b) is uncharged most probably for 
this reason whereas the CMUT depicted in Fig. 4(a) was not 
subject to such an electrical drive. The variation of 
conductance with respect to frequency is plotted as the bias 
voltage is swept between ±40 V. The peaking conductance at 
resonance is a function of bias voltage, as well as charging. 

The electrical impedance measurements are made using an 
impedance analyzer3. 

The most prominent and direct difference between the 
charged and uncharged CMUTs is in the peak conductance 
value, as illustrated in Fig. 4. In order that any transduction 
can occur and a conductance is observed in an uncharged 
CMUT, a bias voltage of either polarity is required. Fig. 4(b) 
demonstrates that at VDC= 0 the electrical conductance peak at 
resonance is zero. This is due to the fact that at VDC = 0 the 
turns ratio in the small signal equivalent circuit is zero as well. 
However, when the cell is charged, the turns ratio given by 
(32) is not zero due to finite effective electret voltage and a 
finite conductance peak is observed. A trend can be clearly 
deduced from Fig. 4(a) that the conductance peak decreases to 
a minimum for increasing values of positive bias. 

B. Impedance Measurements and Losses in CMUT cell 
A charged CMUT cell resonating near 103.4 kHz in air is 

used in model validation. Fig. 4 (a) depicts the conductance 
graph of this CMUT, whose material properties and physical 
dimensions are given in TABLE 1. The CMUT exhibits a peak 
conductance, varying between 13.75µS at −40Vand 103.075 
kHz external bias and 2.69µS at +40Vand 103.75 kHz. As the 
bias voltage is increased, the resonance frequency increases 
very slightly whilethe turns ratio is lowered. The quality factor 
of resonance is about 160 at −40V.Both the peak conductance 
and quality factor measurements differ from the model 
prediction. 
 
TABLE 1.Nominal material properties and physical dimensions of the 

CMUT cell 
Plate radius a 1.7 mm 
Plate thickness tm 80 µm 
Effective gap height tge 6.4 µm 
Insulating layer thickness ti 1.0 µm 
Collapse voltage in vacuum Vr 810 V 
Normalized static mechanical force FRb/FRg 0.28*  
Collapse voltage for given Fb/Fg Vc 570 V 
Young’s Modulus of Silicon Y0 148 GPa 
Poisson’s Ratio of Silicon σ 0.17  
Density of Silicon ρ 2370 kg/m3 

Intrinsic impedance of air  420 Rayls 
* At standard atmospheric pressure (SAP): 101 325 Pa 
 
It is best to carry out airborne measurements to assess the 
validity of the model rather than waterborne measurements.  
The performance of the device is primarily determined by its 
own mechanical and electrical properties in air, where the 
effect of immersion medium is minimal.  Certain loss 
mechanisms which are insignificant in waterborne operation 
manifest themselves more in airborne operation. In particular, 
the loss to substrate, loss in gap due to gas compression and 
radiation plate loss have been considered below. 
  

The model presented in this work assumes that the substrate 
is rigid and that there is no energy loss it. It is shown in [52] 
that any transfer of energy to the substrate through the gap 
appears as parallel impedance at the node between −CRS and 

 
3HP 4194A, Hewlett-Packard, Palo Alto, CA 
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CRm. The energy lost to the substrate is expected to be very 
low. 

Another loss mechanism can be due to the losses that take 
place in the gap, such as the compression of the gas in the gap. 
There is nitrogen which has about 0.12 SAP partial pressure in 
the gap. The compliance of the gas in the gap is ignored in the 
model since it is in series with the plate compliance, which is 
much smaller.   

The losses that take place in the radiation plate, or by means 
of the plate, due to the internal frictional loss in the plate 
material or energy coupled to the surface or to the substrate 
bulk at the rim. This loss mechanism appears as a series term 
in lumped element model and affects both the conductance 
level and the quality factor of resonance. It has been observed 
that a single series resistance, RAin Fig. 2, adequately models 
this effect in an ad-hoc manner, in the vicinity of resonance. 

The comparison of measured quality factor with the one 
predicted by the model alleviates the ambiguity in the relation 
of VE estimation and mechanical loss. The quality factor of 
this cell is estimated as 230 in air if the radiation resistance 
were the only resistive component in the mechanical section. 
The measured quality factor is about 160. The difference can 
be accounted for if a series loss of 44% of the radiation 
resistance is assumed. This series resistance corresponds to 
−3.2 dB loss in airborne transmission and this figure is 
comparable to the loss in other cells in the same batch, which 
are reported in [50].  

The loss tangent of the dielectric reflected to the total 
capacitance was determined as 0.0077 for this wafer in [50]. 
The baseline corrections on the conductance values are made 
using the susceptance data, which had little effect at 
frequencies near resonance. The measured peak conductance 
of each CMUT is plotted against the bias voltage in Fig. 5. 

C. Model Based Characterization 
The mechanical resonance frequency, fm, and the series 

branch resonance frequency, fs, are discussed in Appendix B. 
The expressions given in (38)and (39)are accurate for the 
series branch resonance frequency of an airborne CMUT cell, 
because the radiation reactance is insignificant compared to 
the mass of the plate. 

The bias voltage and the effective gap height are also 
primarily effective on the low frequency OCRV sensitivity of 
the CMUT [53]. If the effective gap height is varied, the 
resonance frequency is affected as well as the sensitivity at a 
given bias voltage.  

The peak conductance is determined by the radiation 
resistance at resonance, the losses in the cell and the turns 
ratio. The non-dimensional frequency parameter ka, the 
product of wavenumber and radius, of this CMUT cell is 3.3 at 
resonance, where the radiation resistance is 1.3 times the plane 
wave impedance [44]. Hence, the total resistance at resonance, 
the radiation and the loss resistance discussed in III.B, 
becomes 1.87 times the plane wave impedance in air. 

The total mechanical resistance at resonance is transformed 
to the electrical port by means of the turns ratio, nR, given in 
(34). The series resonance frequency and the peak 
conductance measurements from −40V to 40V external bias, 
VDC,are used to validate the model using (38), (30) and (32). 
(28) and (29) are substituted in (32), in order to relate the turns 

ratio to the dimensions an material properties. Furthermore, 
(34) and FRb/FRg are used to determine the static bias 
conditions. The model predictions are fitted to measurement 
data of resonance frequency and the peak conductance, where 
Y0, tge and VE are considered unknowns.  The least square error 
is minimized as unknown variables are varied and other 
dimensions, a, tm, the material properties, 𝜌!, σ, and other 
parameters,ε0, P0, are kept at the nominal values in TABLE 1. 

The average rms error of model predictions were 0.1 % and 
1.94% for the frequency and the conductance, respectively.  
Y0, tge and VE are determined as 144.1 GPa, 6.53 µm and  
106.1 V,  respectively. The prediction of the small signal 
model are plotted in Fig. 5. 

Increasing the number of unknowns in the model fitting 
doesnot improve the accuracy of the fit. The dimensions, 
radius, thickness and effective gap height, and  Y0/(1-σ2) 
appear in only two different combinations in all of the 
expressions used in the calculation of the turns ratio and the 
series resonance frequency. When the number of unknowns is 
increased, the problem becomes ill posed.

 
 
Fig. 5. Measured and model based estimation of peak conductance of the 
CMUT cell versus bias voltage, with Y0 = 144.1 GPa, tge=6.53µm and VE = 
106.1 V. 
 

The peak conductance values are measured three times: first, 
two years after the production but before any measurement, 
the second, one month after the first set of experiments; and 
the third, five months later, after the final set of experiments. 
The peak conductance measurements remained within the 
measurement accuracy. The agreement between the three sets 
of measurements indicates that the charging in the cell did not 
change. Final set of measurements are depicted in Fig. 5 
together with model predictions. 
 This approach allows the measurement of effective electret 
voltage due to charging using impedance measurements at low 
external bias voltages. 
D. Receiver	Measurements	

1) Measurement set-up 
The sensitivity of the cell as a microphone is measured at 

the resonance frequency and at lower frequencies. The CMUT 
is insonified using two different wideband airborne 
transmitters, a piezoelectric tweeter4and an array of four 
capacitive elements5between 30 kHz and 110 kHz, which are 
driven by a signal generator6 anda power amplifier7.  

 
4ES105 Tweeter System, Murata Manufacturing Co. Ltd., Japan,  
5Series 600 Capacitive transducer, SensComp Inc., Livonia, MI. 
6 Agilent Technologies 33250A, Santa Clara, CA 
7Krohn-Hite 7500, Krohn-Hite Corporation, Brockton, MA  
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2) Pre-amplification 
There are two options for preamplification of received signals 
in CMUT applications: i) voltage amplification and ii) 
transimpedance amplifier. When voltage amplification is used, 
the received signal suffers the attenuation due to parasitic 
capacitance, Cp, parallel to the electrical port. The 
transimpedance amplifier with capacitive feedback, i.e. 
integrating amplifier configuration, is particularly useful to 
minimize the effect of these parasitics in lower frequency off 
resonance operation, where the CMUT impedance is 
predominantly capacitive. As the frequency is increased, the 
virtual ground effect is impaired and parasitic capacitance 
becomes more effective.   
 

 
(a) 

 
(b) 

Fig. 6. (a) ). The integrating amplifier and CMUT cell model; (b) The gain of 
the preamplifier when CMUT is connected to the input, Vout/VOC (dB) (gain 
16.2 dB. 

A low noise OPAMP preamplifier is designed and mounted 
next to the CMUT to avoid cable losses and any interference. 
Preamplifier is build using an OPAMP8 with 2.2pF and 1G in 
parallel as feedback impedance and the CMUT is connected 
directly to the inverting input, as shown in Fig. 6.(a). The non- 
inverting input of the OPAMP is connected to common. The 
input voltage, VOC; is the ideal open circuit received voltage 
(OCRV) of the CMUT. The input impedance, Zin, is 
essentially the input capacitance of the CMUT, 

𝐶!! + 𝑛!!
𝐶!"𝐶!"
𝐶!"−𝐶!"

 

(13) 
in the off resonance frequency range, which is estimated as 
14.3pF. Hence the preamplifier provides a fixed voltage gain 
of 16.2 dB to VOC, which is equivalent to the ratio of this input 
capacitance and the feedback capacitance, 2.2 pF. For the 
given OPAMP, the effect of parasitics is decreased by about 
60 dB at 10 kHz and 40dB at 100kHz.  

 
8MAX4475ASA,Maxim Integrated, San Jose, CA 

This constant gain is not applicable near resonance since Zin 
is no longer purely capacitive but approaches to the parallel 
combination of radiation resistance and clamp capacitance.The 
circuit depicted in Fig. 6. (a) is simulated using the employed 
OPAMP and the model in a circuit simulator9 to calculate the 
gain imposed on VOC at every frequency, and plotted in Fig. 
6.(b). 
 The equivalent circuit component values are obtained using 
the data given in TABLE 1 on a, tm, σ and the impedance of 
air. The values of Y0, tge and VE are as obtained in III.C, and 
FRb/FRg, VC and Vr are recalculated. These variables are used   
in the expressions provided in Appendix B, to determine the   
following equivalent circuit parameter values: 𝐶! = 12.31 pF, 
𝐶!! = 13.74pF, 𝐶!" = 149.6 µm/Nt, 𝐶!" =1.362 µm/Nt, 
𝐿!" = 1.721 mg and 𝑛! = 222.9 µNt/V. Radiation resistance 
and reactance are functions of frequency and calculated as 
𝑅!! 𝑓 = 0.0038𝑅! 𝑘𝑎  kg/s and 𝑋!! 𝑓 = 0.0038𝑋! 𝑘𝑎  
kg/s, where 𝑅! 𝑘𝑎  and 𝑋! 𝑘𝑎  are given in [44].The 
wavenumber, 𝑘, is 2𝜋𝑓/𝑐! where 𝑐! is the velocity of sound in 
air, 340 m/s. 

The incident acoustic pressure level is monitored using a 
pressure-field microphone10 mounted on a preamplifier11 using 
an adaptor12.The microphone is polarized by a power supply13. 
The sensitivity of the microphone sub system is −66.9 
dB//(V/Pa). The tolerance in the sensitivity of the 
measurement microphone is specified as ±2 dB. 

The CMUT cell, which is on the un-diced 4” wafer, and the 
measurement microphone (protection grid removed) are 
mounted on a planar rigid hardboard baffle. This is the 
recommended configuration for the measurement microphone 
to be used as pressure microphone [51]. The separation 
between the microphone and CMUT cell was about 10 cm. 

Both continuous wave (CW) and pitch-catch measurements 
are made. CW measurements are made using a spectrum 
analyzer14. The pitch-catch mode measurements are performed 
with a pulse of about 3ms duration. The steady state response 
is ensured with this pulse duration at all frequencies.More than 
1.15m separation is maintained between the projector and the 
receivers during measurements, which provided more than the 
range required by 3ms travel time. Apart from eliminating the 
interference, this separation also provided a reasonably 
uniform acoustic field on the measurement plane. Both the 
CMUT signal at preamplifier and the B&K microphone 
outputs are measured and recorded using an oscilloscope15, at 
every measurement frequency. 

 
3) Sensitivity at resonance 

The amplified output voltage is corrected for the gain of the 
preamplifier, depicted in Fig. 6.(b),and normalized to the 
incident pressure amplitude to estimate the OCRV sensitivity. 
The incident pressure amplitude is estimated by the 
measurements obtained from BK4138. For example, the CW 
measurement is normalized by the output of the spectrum 
 

9Advanced Design Systems, Keysight Technologies, Santa Rosa, CA. 
10B&K 4138,Bruel and Kjær, Nærum,Denmark 
11B&K 2633, Bruel and Kjær 
12 B&K UA 160, Bruel and Kjær 
13B&K2807, Bruel and Kjær 
14HP8590L, Agilent Technologies, Santa Clara, CA 
15DSO1002A, Agilent Technologies, Santa Clara, CA 

+

-

MAX4475

2.2 pF

1GW

+
Vout

Cp

Zin

+
VOC

CMUT cell
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analyzer measurements obtained from the measurement 
microphone.  Measured sensitivity is plotted against frequency 
in Fig. 7, where the piezoelectric tweeter is used for 
insonification. The prediction of the model is also shown in 
the figure as the solid line for VE =106 V. Model predictions 
for VE =90 V and VE =120 V are also plotted for comparison. 

Prior to every measurement, we aligned the projector, 
receivers, CMUT and the measurement microphone by 
maximizing the received amplitude, so that the separation 
between the two receivers did not impair the measurement. It 
was observed, however, that the non uniformity of the 
insonification on the surface of measurement caused a finite 
variance in measured values.  It should be noted that the non 
uniformity is also dependent on the frequency.  

 
 
Fig. 7. OCRV sensitivity measurements of charged CMUT at resonance and 
off resonance using piezoelectric tweeteras projector and three different 
receiving schemes: (i) pulse amplitude (oscilloscope), (ii) pulse amplitude 
using lock-in amplifier, (iii) CW using spectrum analyzer; together with 
model prediction. 
 
 The same set of measurements is also repeated using 
projector made of an array of four capacitive transmitter 
elements. Similar sensitivity variation is obtained except with 
a sensitivity difference of ±2 to ±4 dB at different frequencies. 

The model predicts higher sensitivity at the frequency range 
above 50 kHz. Model predictions are lower at lower 
frequencies. We first note that acoustic measurements reported 
in this paper are absolute measurements and not relative 
measurements. This kind of difference is also observed in 
transmitted pressure measurements of the CMUTs at the 
mechanical resonance frequency in the same batch [50]. It is 
an established fact that absolute pressure measurements in air 
are always prone to measurement errors compared to 
waterborne measurements. The wideband measurements in 
air, as in this case, are affected by the measurement 
environment differently at different frequencies.  

The diffraction effects due to the large aperture size of the 
projectors and the separation between the measurement 
microphone and the CMUT cell are liable to cause 
measurement errors. The separation between the receivers 
cannot be decreased to a fraction of a wavelength, because of 
the size of the wafer. The diffraction effects are very 
pronounced due to the small wavelength (1cm at 34 kHz and 
3.4 mm at 100kHz).  
 

 
(a) 

 
(b) 

Fig. 8 CMUT cell response to a long pulse: measured response and simulation 
prediction at and near the resonance frequency, (a) 103.4 kHz; (b) 100 kHz.  

 
4) Time-domain response 

The wafer is completely shielded with copper foil such that 
only CMUT cell aperture is exposed during the measurements 
and any interference is avoided. 

The CMUT cell is modeled using ADS and the received 
voltage pulse is estimated. The series loss calculated in 
Section III.B.2 is included in the model. The input signal to 
the model is a pressure pulse, the amplitude of which is 
obtained from the measurement microphone. The model 
prediction at resonance and the measured signal are depicted 
in Fig. 8(a). 

The temporal response of the model displays a perfect 
match to the measured signal. The exponential rise and the 
decaying tail are estimated accurately by the model. The effect 
of very high quality of resonance is clearly visible in Fig. 8(b), 
where slightly off-resonance performance of the model is 
depicted at 105 kHz. The transient response during the 
pressure pulse and the tail is very accurately predicted by the 
model. 

IV. CONCLUSION 
The existing equivalent circuit model of a CMUT presented 

in [43] is extended to derive a model for a charged CMUT. In 
the charged CMUT model, the effective electret voltage 
appears as a series dc voltage at the device terminals. 

The model is validated experimentally. Firstly, the peak 
conductance of a charged CMUT at resonance frequency is 
estimated using the model. The conductance of the charged 
CMUT is correctly estimated only when the correct effective 
equivalent electret voltage is assumed in the model. Fig. 5 
demonstrates that this model based approach is a reliable 
method for estimating the equivalent electret voltage from 
impedance measurements using low bias voltage. 
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The sensitivity of the CMUT as a microphone is measured 
and compared to the model estimate as the second step.  The 
effective electret voltage determined in the first step is 
employed in the model for this estimate.  

Finally, the transient response of the CMUT is measured 
and it is observed that the temporal variation is accurately 
predicted by the model. 

APPENDIXA 
 We model the trapped dipole charges as surface charge 

distributions on two surfaces of the insulator [46], [47]. The 
generated electric field is related to the charge distributions as  

 
+𝜀!𝐸! − 𝜀!𝐸! = 𝜎! 
+𝜀!𝐸! − 𝜀!𝐸! = −𝜎! 

(14) 
at the surface of the insulator. Also the Kirchhoff’’s voltage 
law can be written as  

𝑉! + 𝑡! − 𝑥 𝑟 𝐸! + 𝑡!𝐸! + 𝑡!𝐸! = 0 
(15) 

The electric fields in the CMUT are determined by solving 
these three equations simultaneously: 

𝐸! = −
𝑉!

𝑡!" − 𝑥 𝑟
+

1
𝑡!" − 𝑥 𝑟

𝑡!
𝜀!
𝜎! 

𝐸! = −
𝜀!
𝜀!

𝑉!
𝑡!" − 𝑥 𝑟

−
𝜎!
𝜀!
+

1
𝑡!" − 𝑥 𝑟

𝑡!
𝜀!
𝜀!
𝜀!
𝜎! 

𝐸! = −
𝑉!

𝑡!" − 𝑥 𝑟
+

1
𝑡!" − 𝑥 𝑟

𝑡!
𝜀!
𝜎! 

(16) 
where 

𝑡!" = 𝑡! + 𝑡!
𝜀!
𝜀!
+ 𝑡! 

(17) 
Surface charge density on membrane electrode (top) is 
determined using Eg, 

−𝜀!𝐸! = 𝜎!" 𝑟  
(18) 

𝜎!" 𝑟 = 𝜀!
𝑉!

𝑡!" − 𝑥 𝑟
− 𝜀!

1
𝑡!" − 𝑥 𝑟

𝑡!
𝜎!
𝜀!

= 𝜀!
𝑉! − 𝑡!

!!
!!

𝑡!" − 𝑥 𝑟
𝑡! = 0 

(19) 
Letting 

𝑉! = 𝑡!
𝜎!
𝜀!

 

(20) 
we find 

𝜎!" 𝑟 = 𝜀!
𝑉! − 𝑉!
𝑡!" − 𝑥 𝑟

 

(21) 
The surface charge on the bottom electrode is found as 

𝜀!𝐸! = 𝜎!" 𝑟  
(22) 

𝜎!" 𝑟 = −𝜀!
𝑉!

𝑡!" − 𝑥 𝑟
+ 𝜀!

1
𝑡!" − 𝑥 𝑟

𝑡!
𝜀!
𝜎! = −𝜎!" 𝑟  

(23) 

when we let t2 = 0. 

APPENDIX B 
A. Large signal Equivalent Circuit 
 Referring toFig. 2(a), the two controlled current sources at 
the electrical side are 
 

𝑖! 𝑡 = 𝐶! 𝑔
𝑥! 𝑡
𝑡!"

− 1
𝑑𝑉! 𝑡
𝑑𝑡

 

(24) 
and 
 

𝑖!(𝑡) = 5
𝐶!
𝑡!"

𝑉! 𝑡 − 𝑉! 𝑔′
𝑥! 𝑡
𝑡!"

𝑣! 𝑡  

(25) 
where 

𝐶! = �!
𝜋𝑎!

𝑡!"
 

(26) 
is the clamped capacitance, 𝑣! 𝑡 = (1 5) 𝑑𝑥! 𝑡 𝑑𝑡  is the 
rms dynamic plate velocity[44] and 𝑔! 𝑢 = 1 1 − 𝑢 −
𝑔 𝑢 /(2𝑢).The rms transduction force, fR(t),  is controlled by 
VT(t)-VE: 
 

𝑓! 𝑡 = 5
𝐶! 𝑉! 𝑡 − 𝑉! !

2𝑡!"
𝑔!

𝑥! 𝑡
𝑡!"

 

(27) 
In the rms model, the loss, compliance and mass of the 

clamped plate are shown as a series RLC-section on the 
mechanical side: 
 

𝐶!" =
9
5
1 − 𝜎!

16𝜋𝑌!
𝑎!

𝑡!!
 

(28) 
𝐿!" = 𝜋𝑎!𝜌!𝑡! 

(29) 
where Y0, σ and ρ are, respectively, the Young’s modulus, 
Poisson ratio, and density of the plate material. The frequency 
of fundamental mode resonance of clamped plate is referred to 
as mechanical resonance frequency, fm, and given as 

𝑓! =
1

2𝜋 𝐿!"𝐶!"
=

1
2𝜋

4
3
𝑡!
𝑎!

5𝑌!
1 − 𝜎! 𝜌!

 

(30) 
The difference between the static ambient pressure and the 

pressure in the gap causes a net static rms force FRb, given as 

𝐹!" =
5
3
𝜋𝑎!𝑃! 

(31) 
where P0 represents the pressure difference. fRI(t)=2πa2 pin(t) is 
the incident force due to dynamic pressure pin(t), for a CMUT 
cell in rigid baffle. 
 
B. The Small Signal Equivalent Circuit 

The circuit parameters for small-signal charged CMUT rms 
model shown in Fig. 2(b) are given as [44]: 
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𝑛! = 5
𝐶! 𝑉!" − 𝑉!

𝑡!"
𝑔!

𝑋!
𝑡!"

=
4
3
𝐶!
𝐶!"

𝑉!" − 𝑉!
𝑉!

𝑔!
𝑋!
𝑡!"

 

(32) 
and the spring softening capacitance is 
 

𝐶!" =
2𝑡!"!

5𝐶! 𝑉!" − 𝑉! !𝑔′′ 𝑋! 𝑡!"

= 𝐶!"
2
3
𝑉!" − 𝑉! !

𝑉!!
𝑔′′

𝑋!
𝑡!"

!!

 

(33) 
where 𝑔!! 𝑢 = 1 1 − 𝑢 ! − 3𝑔! 𝑢 /(2𝑢)and the 
reference voltage Vr is defined as the voltage that causes 
collapse in the absence of ambient static pressure: 
 

𝑉! =
4𝑡!"!

3𝐶!"𝐶!
=

4𝑡!"!

15𝐶!"𝐶!
= 8𝑡!"

𝑡!!

𝑎!
𝑡!"
𝑡!

𝑌!
27𝜀! 1 − 𝜎!

 

(34) 
and C0d is the depressed capacitance of the CMUT cell: 

𝐶!! = 𝐶!𝑔
𝑋!
𝑡!"

 

(35) 
FRg is the reference rms force required to deflect the plate 

until the central displacement reaches the effective gap height 
[44] 

𝐹!" =
𝑡!"
5𝐶!"

 

(36) 
FRb/FRg=Fb/Fg is the normalized static mechanical rms force 
acting on the plate [44]. v(t) is the received small-signal ac 
voltage. 
 The collapse voltage, VC, is equal to Vr in vacuum and 
decreases with increasing static ambient pressure. This 
dependence is approximated as [44]: 

𝑉!
𝑉!
≈ 0.9961 − 1.0468

𝐹!
𝐹!
+ 0.06972

𝐹!
𝐹!
− 0.25

!

+ 0.01148
𝐹!
𝐹!

!

 

(37) 
 

The resonance frequency of the series branch, fs, is an 
important parameter and given as, 

𝑓! =
1

2𝜋 𝐿!"
!

!!"
+ !

!!!"

!!
 

(38) 
in absence of the radiation reactance. The series resonance 
frequency can be expressed as 

𝑓! = 𝑓! 1 −
2
3
𝑉!"!

𝑉!!
𝑔!!

𝑋!
𝑡!"

 

(39) 
in terms of the mechanical resonance frequency. 
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