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1. Introduction

We define, for a natural number k, and a prime p, ϑ = ϑ(p, k) to be the largest natural 
number such that pϑ | k, and define γ(p, k) by

γ = γ(p, k) =
{

ϑ + 2, if p = 2 and 2 | k,
ϑ + 1, otherwise.

We then put K(k) =
∏

(p−1)|k p
γ .

Let Hc(k) denote the smallest number of variables s such that every sufficiently large 
integer n ≡ s (mod K(k)) can be written in the form

n = pk1 + · · · + pks , with p1, . . . , ps ∈ Ac, (1.1)

where p1, . . . , ps are primes that lie in the set

Ac = {�mc� : m ∈ N}.

This set is named after I.I. Piatetski-Shapiro, since he was the first to prove an analog 
of the Prime Number Theorem (cf. [10]) for primes in Ac for c ∈ (1, 12/11).

An asymptotic formula for the number of representations of n as in (1.1) was given 
by the authors in [1]. In this paper, we intend to give an upper bound for Hc(k) using 
the recent result of Kumchev and Wooley (cf. [8]). Before we state our result, we shall 
give some definitions from their paper.

Put θ = 1 − 1/k, σ−1
k = k(k − 1), t =

⌈ 1
2k log k

⌉
and u =

⌈
k log(k2/2)

⌉
− t. Then, 

define

λi =
(
θ + σk−1/k

)i−1 (1 � i � u + 1),

λu+2 = k2 − θt−3

k2 + k − kθt−3λu+1,

λu+j = k2 − k − 1
k2 + k − kθt−3 θ

j−3λu+1 (3 � j � t).

Finally, set Λ =
∑

i�u+t λi, v = �(k − Λ)/2σk� and λ = λu+t. Note that λ is the 
minimum of the λi’s.

Theorem 1.1. For sufficiently large k,

Hc(k) � (4k − 2) log k − (2 log 2 − 1)k − 1,

whenever

1 < c < 1 + λ

152(Λ + v) + 13λ.
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Remark 1.2. It is computed in [8] that

k − Λ
2σk

= k

2
+ log(

√
2/k) − 3 − γ + O(k−1/2),

where γ is the fractional part of u + t. We can also estimate λ easily to see that k2λ ∈
[1.9, 2.1]. Thus, the length of the interval that c lies in is of order k−3.

2. Preliminaries and notation

2.1. Notation

Throughout the paper, the letters k, m and n are natural numbers with k � 4, and p
always denotes a prime number. The notation x ∼ X means that X < x � 2X for any 
real number X. Furthermore, c > 1 is a fixed real number and we put δ = 1/c.

Given a real number x, we write e(x) = e2πix, {x} for the fractional part of x, �x� for 
the greatest integer not exceeding x. We write L = logN .

For any function f , we put

Δf(x) = f
(
−(x + 1)δ

)
− f(−xδ), (x > 0).

We recall that for functions F and real nonnegative G the notations F 
 G and 
F = O(G) are equivalent to the statement that the inequality |F | � αG holds for some 
constant α > 0. If F � 0 also, then F � G is equivalent to G 
 F . We also write F � G

to indicate that F 
 G and G 
 F . In what follows, any implied constants in the 
symbols 
 and O may depend on the parameters c, ε, k, s, but are absolute otherwise. 
We shall frequently use ε with a slight abuse of notation to mean a small positive number, 
possibly a different one each time.

2.2. Preliminaries

Lemma 2.1 (Vaaler [3, Appendix]). Put ψ(x) = x − �x� − 1/2. Then, there exists a 
trigonometric polynomial

ψ∗(x) =
∑

1�|h|�H

ahe(hx), (ah 
 |h|−1)

such that for any real x,

|ψ(x) − ψ∗(x)| �
∑

|h|<H

bhe(hx), (bh 
 H−1).

Lemma 2.2 (Vaughan’s Identity [4, Prop. 13.4]). Let u, v � 1 be real numbers. If n > v

then,
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Λ(n) =
∑
rs=n
r�u

μ(r) log s−
∑
rs=n
r>v
s>u

Λ(r)
∑
d|s
d�u

μ(d) −
∑

rst=n
r�u
s�v

μ(r)Λ(s),

where Λ is von Mangoldt’s function.

Definition 2.3. We put

gk(α, x) =
∑
p∼x

e(αpk), fk(α, x) =
∑
p∼x
p∈Ac

cp1−δe(αpk).

Lemma 2.4. Assume that c > 1, and there are coprime integers a and q with 0 � a �
q � P such that |qα− a| � Px−k. Then,

fk(α, x) = gk(α, x) + O(x(44−14δ)/31P 7/31)

for sufficiently large x.

Proof. We shall assume below that c ∈ (1, 14/13) and P � x(18−17δ)/7, since otherwise 
the given error is worse than the trivial estimate.

The function 
⌊
−nδ

⌋
−
⌊
−(n + 1)δ

⌋
serves as the characteristic function of the set Ac, 

and it can be rewritten as

⌊
−nδ

⌋
−
⌊
−(n + 1)δ

⌋
= δnδ−1 + Δψ(n) + O(nδ−2).

Thus,

fk(α, x) = gk(α, x) +
∑
p∼x

cp1−δe(αpk)Δψ(p) + O
(
1/ log x

)
.

By Lemma 2.1

∑
p∼x

cp1−δe(αpk)Δ(ψ − ψ∗)(p) 
 H−1x2−δ + H−1
∑

1�h<H

∣∣∣∣∑
n∼x

n1−δe(hnδ)
∣∣∣∣.

Partial integration yields

∑
n∼x

n1−δe(hnδ) 
 x1−δ sup
t∼x

∣∣∣∣ ∑
x<n�t

e(hnδ)
∣∣∣∣.

Using the exponent pair (1/2, 1/2) (cf. [3, eqn. 3.3.4]) we obtain the estimate

∑
e(hnδ) 
 h1/2xδ/2 + h−1x1−δ (h > 0, t ∼ x).
x<n�t
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Thus, assuming 1 � H � x, we conclude that

∑
p∼x

cp1−δe(αpk)Δ(ψ − ψ∗)(p) 
 H−1x2−δ + H1/2x1−δ/2. (2.1)

Next, we observe that the sum

∑
p∼x

cp1−δe(αpk)Δψ∗(p)

is


 1
log x sup

t∼x

∣∣∣∣ ∑
x<n�t

cn1−δe(αnk)Λ(n)Δψ∗(n)
∣∣∣∣ + O

(
x3/2−δ

)
,

where Λ is von Mangoldt’s function. Recalling the definition of ψ∗, noting that ah 

|h|−1 and that φh(t) = e 

(
h(t + 1)δ − htδ

)
− 1 satisfies

φh(t) 
 |h|tδ−1, φ′
h(t) 
 |h|tδ−2,

we derive by partial integration that

∑
x<n�t

cn1−δe(αnk)Λ(n)Δψ∗(n) 
 sup
x<z�t

∑
1�|h|�H

|Fh(z)|

where

Fh(z) =
∑

x<n�z

Λ(n)e(αnk + hnδ).

We have shown so far

∑
p∼x

cp1−δe(αpk)Δψ∗(p) 
 1
log x sup

z∼x

∑
1�|h|�H

|Fh(z)| + O
(
x3/2−δ

)
. (2.2)

Assume that there exist coprime integers a, q with 0 � a � q � P such that |qα−a| �
Px−k. Then,

Fh(z) = q−1
∑

−q/2<b�q/2

S(a, b; q)
∑

x<n�z

Λ(n)e(Gb(n)), (2.3)

where Gb(t) = βtk + htδ − bt/q, β = α− a/q and

S(a, b; q) =
q∑

e
(
amk + mb

q

)
.

m=1
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We shall apply Lemma 2.2 with u, v � 1 and 1 � uv � x to write

∑
x<n�z

Λ(n)e(Gb(n)) = Σ1 + Σ2 + Σ3,

where

Σ1 =
∑
r�u

μ(r)
∑

x/r<s�z/r

e(Gb(rs)) log s

−
∑
r�u

( ∑
r=wt
w�u
t�v

μ(w)Λ(t)
) ∑

x/r<s�z/r

e(Gb(rs)),

and

Σ2 = −
∑

x<rs�z
s>v
r>u

Λ(s)
∑
d|r
d�u

μ(d)e(Gb(rs)),

Σ3 = −
∑

x<rs�z
u<r�uv

(∑
r=wt
w�u
t�v

μ(w)Λ(t)
)
e(Gb(rs)).

By partial summation

Σ1 
 log x
∑
r�u

sup
z∼x

∣∣∣∣ ∑
x/r<s�z/r

e(Gb(rs))
∣∣∣∣.

We have

∂2Gb(rs)
∂s2 = k(k − 1)βrksk−2 + hδ(δ − 1)sδ−2rδ.

Note that since P � x(18−17δ)/7 and c < 4/3, it follows that P = o(xδ). Furthermore, 
|β| � Px−k. Thus, the second term above dominates the first for sufficiently large x when 
s ∼ x/r; that is, f ′′(s) � r2xδ−2|h|, where f(s) = Gb(rs). Applying van der Corput’s 
estimate in [4, Cor. 8.13] to f(s) on (x/r, z/r], we conclude that

Σ1 
 log2 x
(
u|h|1/2xδ/2 + x1−δ/2|h|−1/2

)
. (2.4)

Next, using dyadic division we can write

Σ2 
 xε
∑

|T (R,S)|

R,S
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where

T (R,S) =
∑
r∼R

γr
∑
s∼S

x<rs�z

λse(Gb(rs))

with R > u, S > v, RS � x, and |λs|, |γr| � 1. We note that Σ3 
 log x 
∑

R,S |T (R, S)|, 
where T (R, S) is a similar bilinear sum with different coefficients and R, S satisfy u <
R � uv, RS � x. To estimate T (R, S), we apply Weyl–van der Corput inequality (cf. 
[3, Lemma 2.5]) to get

T (R,S)2 
 (RS)2

L
+ RS2

L

∑
1�|�|�L

max
S<s,s+��2S

|Γ(�, s, R)|, (2.5)

where 1 � L � S is to be chosen optimally, and

Γ(�, s, R) =
∑
r∈I

e (Gb(r(s + �)) −Gb(rs)) .

Here, I ⊆ (R, 2R] is an interval determined by the conditions r ∼ R, x < sr, (s +�)r � z. 
We have

Gb(r(s + �)) −Gb(rs) = βrk
(
(s + �)k − sk

)
+ hrδ

(
(s + �))δ − sδ

)
− br�/q.

Thus, we conclude that when r ∼ R and for sufficiently large x,

∣∣∣∂2 (Gb(r(s + �)) −Gb(rs))
∂s2

∣∣∣ � xδ−1|h�|R−1.

Applying [4, Cor. 8.13] once again, we obtain

Γ(�, s, R) 
 R1/2((|h�|xδ−1)1/2 + (x1−δ|h�|−1)1/2
)
.

Inserting this bound in (2.5) and using [3, Lemma 2.4] to choose L ∈ [1, S] optimally we 
obtain

T (R,S) 
 R−1/6x(δ+5)/6|h|1/6 + x1−δ/4|h|−1/4

+ R1/2x1/2 + R−1/4x(δ+3)/4|h|1/4 + xR−1/4.

This leads to the estimate

x−ε(Σ2 + Σ3) 
 xv−1/2 + (uv)1/2x1/2 + x1−δ/4|h|−1/4 + xu−1/4

+ u−1/6x(δ+5)/6|h|1/6 + u−1/4x(δ+3)/4|h|1/4.
(2.6)
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Combining estimates in (2.4) and (2.6) and choosing v = (x/u)1/2 yields the bound

x−ε
∑

x<n�z

Λ(n)e(Gb(n)) 
 x1−δ/4|h|−1/4 + u1/4x3/4

+ u−1/4x + u−1/6x(δ+5)/6|h|1/6

+ u−1/4x(δ+3)/4|h|1/4 + uxδ/2|h|1/2.

Inserting this estimate in (2.3) and then applying the bounds (cf. [11, Lemma 4.1 and 
Theorem 4.2])

S(a, b; q) 
 q1/2+ε gcd(b, q) for b �= 0, S(a, 0; q) 
 q1−1/k,

which hold for (a, q) = 1, we deduce that

Fh(z) 
 xεq1/2+2ε(x1−δ/4|h|−1/4 + u1/4x3/4 + uxδ/2|h|1/2

+ u−1/6x(δ+5)/6|h|1/6 + u−1/4x(δ+3)/4|h|1/4 + u−1/4x
)
.

Going back to (2.2) and applying [3, Lemma 2.4] to choose 1 � u � x optimally, we 
obtain

∑
p∼x

cp1−δe(αpk)Δψ∗(p) 
 x3/2−δ + xεq1/2+2ε(x1−δ/4H3/4

+ x(δ+6)/8H9/8 + x(3δ+10)/14H17/14 + x7/8H + xδ/2H3/2

+ x(3δ+6)/10H13/10 + x(δ+8)/10H11/10 + x3/4H

+ x(δ+4)/6H7/6 + x(δ+2)/4H5/4 + x(δ+8)/10H11/10).
(2.7)

Combining (2.1) and (2.7) we see that x−ε(fk(α, x) − gk(α, x)) is


 H−1x2−δ + H1/2x1−δ/2 + x3/2−δ + P 1/2
(
x1−δ/4H3/4 + xδ/2H3/2

+ x(δ+6)/8H9/8 + x7/8H + x(3δ+10)/14H17/14 + x(3δ+6)/10H13/10

+ x(δ+8)/10H11/10 + x(δ+4)/6H7/6 + x(δ+2)/4H5/4
)
.

Using [3, Lemma 2.4] to choose H ∈ [1, x] optimally yields the bound

x(4−2δ)/3 + x(10−4δ)/7P 2/7 + x(30−10δ)/21P 5/21 + x(24−8δ)/17P 4/17

+ x(23−8δ)/16P 1/4 + x(44−14δ)/31P 7/31 + x(32−10δ)/23P 5/23

+ x(6−2δ)/5P 1/5 + x(18−6δ)/13P 3/13 + x(12−4δ)/9P 2/9

1/2( (δ+8)/10 7/8 (3δ+10)/14)
+ P x + x + x .
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The result follows by noting that for P � x(18−17δ)/7 and c ∈ (1, 4/3), which we assumed 
above, the term x(44−14δ)/31P 7/31 dominates the other terms. �
3. Proof of Theorem 1.1

Given n ∈ N, we put N = 1
2n

1/k, and define the integral

Ik,c(n) =
1∫

0

fk(α,N)F(α)2e(−αn)dα,

where

F(α) = fk(α,N)v
u+t∏
j=1

fk(α,Nλj ).

Definition 3.1 (Major and minor arcs). For 1 � P � Nk/2, we define the set of major 
arcs M = M(P ) as the union of the intervals

M(a, q;P ) = {α ∈ [0, 1) : |qα− a| � PN−k}

with 0 � a � q � P and (a, q) = 1. We define the corresponding set of minor arcs by 
putting m = m(P ) = [0, 1) \M.

Lemma 3.2. For s = 2(u + t + v) + 1, P � N (14δ−13)λ/38−sε, and any A > 0,∫
M

fk(α,N)F(α)2e(−αn)dα = Ss,k(n)Jk,s(n) + OA

(
XN−kL−s−A

)
,

where X = N2Λ+2v+1, Ss,k(n) is the singular series

Ss,k(n) =
∑
q�1

∑
1�a�q
(a,q)=1

(
ϕ(q)−1

∑
1�x�q
(x,q)=1

e
(
axk/q

))s

e(−na/q),

and Jk,s(n) is the singular integral

Jk,s(n) =
∞∫

−∞

V (β;N)
u+t+v∏
i=1

V (β;Nλi)2e(−βn)dβ,

in which

V (β;Z) =
2Z∫ e(βγk)

log γ dγ.
Z
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Remark 3.3. As noted in [7, eqn. (4.3)], for all sufficiently large integers n with n ≡
s (mod K(k)),

Ss,k(n)Jk,s(n) � XL−s,

and the conditions s � 3k + 1 and n ≡ s (mod K(k)) ensure that the singular series is 
positive.

Proof. Let

G(α) = gk(α,N)v
u+t∏
j=1

gk(α,Nλj ).

For α ∈ M(a, q; P ) with coprime a, q satisfying 0 � a � q � P , we have |qα − a| �
PN−k � PN−λik. Thus, Lemma 2.4 yields

fk(α,Nλi) = gk(α,Nλi) + O(Nλi(44−14δ)/31P 7/31) (3.1)

for sufficiently large N . Furthermore, by [5, Theorem 2] we have

gk(α,Nλi) 
 P 1/2N11λi/20+ε + qεNλi(logN)C

(q + Nkλi |qα− a|)1/2

for some absolute constant C > 0. Here, the second term dominates for each i with 
1 � i � u + t, provided that

P � N9λ/20, (3.2)

in which case, we have

gk(α,Nλi) 
 q−1/2Nλi+ε.

We rewrite Ik,c(n) in the form

1∫
0

s∏
i=1

fk(α, xi)e(−αn)dα, (3.3)

where each xi stands for Nλji for some appropriate index 1 � ji � u + t. Note in this 
notation, 

∏s
i=1 xi = X. It follows from (3.1) and (3.3) that

∫
M

(
fk(α,N)F(α)2 − gk(α,N)G(α)2

)
e(−αn)dα (3.4)

is
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∑

1�q�P

∑
0�a�q
(a,q)=1

Pq−1N−k

(
X(44−14δ)/31P 7s/31

+
s−1∑
�=1

∑
1�i1<...<i��s

(xi1 · · ·xi�)
(13−14δ)/31

P 7�/31q−(s−1−�)/2X1+ε

)


 PN−k

(
X(44−14δ)/31P 1+7s/31

+ X1+ε
∑

1�q�P

q−(s−1)/2
s−1∑
�=1

(
Nλ(13−14δ)/31P 7/31q1/2

)�
)
.

In the last sum over � above, we need Nλ(13−14δ)/31P 7/31q1/2 < 1, since otherwise the 
estimate above is worse than the trivial estimate. Thus, with this assumption and the 
fact that s > 5, the above estimate is


 PN−k
(
X(44−14δ)/31P 1+7s/31 + X1+εNλ(13−14δ)/31P 7/31

)
.

It follows that (3.4) is 
A XN−kL−s−A if we further impose the condition that

P � N (14δ−13)λ/38−sε. (3.5)

Note that if we assume (3.5), then (3.2) also holds. Finally, it follows from [9, Theorem 3]
that for any positive A,

∫
M

s∏
i=1

gk(α, xi)e(−nα)dα = Ss,k(n)Jk,s(n) + OA

(
XN−kL−s−A

)
.

Therefore, the result follows. �
Next, we deal with minor arc contribution. We choose P = N (14δ−13)λ/38−sε. Given 

α ∈ m, use Diophantine approximation to find coprime integers a, q with 1 � a � q �
Nk/P such that |qα − a| � PN−k. Since α ∈ m, q > P . Using [6, Theorem 1.2] with 
(θ = 1, k � 4 and ρ = ρ(k)) together with [8, Lemma 2.1] we derive that for any ε > 0,

gk(α,N) 
 N1−σk/3+ε + N1+εP−1/2


 N1+sε
(
N−σk/3 + N−(14δ−13)λ/76).

Note that Theorem 1.2 in [6] can be used with the improved exponent σk as is mentioned 
in the proof of [8, Lemma 2.2] due to the recent developments in Vinogradov’s mean value 
theorem.
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It follows from [2, Lemma 2.11] that for c ∈ (1, 2) and any ε > 0,

fk(α,N) − gk(α,N) 
 N1−(δ(1−A)−A)+ε,

where A = (ν − 1)/(2ν − 1) and

ν =

⎧⎪⎨
⎪⎩

k(k + 1)2, if 4 � k � 11,
2 �3k/2� (�3k/2�2 − 1)

�3k/2� − k
, if k � 12.

Note that

δ(1 −A) −A < 1 − 2A = 1
2ν − 1 <

1
3k(k − 1) = σk/3.

Therefore, combining above estimates, we can write

sup
α∈m

|fk(α,N)| 
 N1+ε
(
N−η1 + N−η2

)
,

where η1 = (14δ − 13)λ/76, and η2 = δ(1 −A) −A. Thus,

∫
m

∣∣fk(α,N)F(α)2
∣∣dα � N1+ε

(
N−η1 + N−η2

) 1∫
0

|F(α)|2dα


 N1+ε
(
N−η1 + N−η2

)
(X/N)1−δ

1∫
0

|G(α)|2dα,

where the passage from the integrand |F|2 to |G|2 is justified by interpreting the inte-
gral as a weighted sum over the solution set of a system of Diophantine equations. By 
[8, Lemma 2.3],

1∫
0

∣∣G(α)
∣∣2dα 
 XN−1−k+ε.

Hence, we conclude

∫
m

∣∣fk(α,N)F(α)2
∣∣dα 


(
N−η1 + N−η2

)
N2(1−δ)(Λ+v)+2εXN−k

= o(XL−sN−k),

provided that
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c− 1 < min
{ 1

(4ν − 2)(Λ + v) + ν − 1 ,
λ

152(Λ + v) + 13λ

}
. (3.6)

It follows from Remark 1.2 that for sufficiently large k, Λ + v > 7k
6 . We can also see that 

ν < 27k2/2 and λ < 2.1/k2. Then,

λ
(
4ν − 2 + ν − 14

Λ + v

)
<

2.1
k2

(
54k2 + 81k2

7k

)
< 152.

This shows that the second term on the right side in (3.6) is the minimum. Finally, 
the proof of Theorem 1.1 follows by combining the results in this section and using 
[8, Theorem 1].
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