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Abstract

The objective of this contribution is to elaborate on the notion of “traction continuity” across an interface at finite

deformations. The term interface corresponds to a zero-thickness model representing the interphase between differ-

ent constituents in a material. Commonly accepted interface models are the cohesive interface model and the elastic

interface model. Both the cohesive and elastic interface models are the limit cases of a generalized interface model. This

contribution aims to rigorously analyze the concept of the traction jump for the general interface model. The governing

equations of the general interface model in the material as well as spatial configurations are derived and the traction jump

across the interface for each configuration is highlighted. It is clearly shown that the elastic interface model undergoes

a traction jump in both the material and spatial configurations according to a generalized Young–Laplace equation. For

the cohesive interface model, however, while the traction field remains continuous in the material configuration, it can

suffer a jump in the spatial configuration. This finding is particularly important since the cohesive interface model is based

on the assumption of traction continuity across the interface and that the term “traction” often refers to the spatial

configuration and not the material one. Thus, additional care should be taken when formulating an interface model in a

geometrically non-linear framework. The theoretical findings for various interface models are carefully illustrated via a

series of two-dimensional and three-dimensional numerical examples using the finite element method.
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1. Introduction

Interphases between various constituents in heterogeneous materials can play a crucial role on the overall
material response. A common strategy to capture the influence of interphases is to replace the finite thickness
interphase by a zero-thickness interface model via various techniques such as computational homogenization of
material layers [1, 2] or a phase-field approach [3–7]. Owing to the large area-to-volume ratio at small scales, the
importance of interfaces grows when reducing the problem dimension. The main objective of this contribution
is to elaborate on the notion of traction continuity across an interface.

Interfaces can be categorized into various models according to the continuity of the displacement or traction
across the interface. Instead of limiting the discussion here to specific interface models, we start with a general
interface model that allows for both the displacement jump as well as the traction jump across the interface. One
can readily show that both the cohesive interface model and the elastic interface model are the limit cases of the
general interface model. The majority of the contributions on the general interface model deal with small strains
and are often understood as asymptotic limits of thin interphases [8–17]. The general interface model here is
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formulated for finite deformations and the implications of this model in a geometrically non-linear framework
are discussed. The governing equations in both the material and spatial configuration are derived and the traction
jumps thereof associated with each configuration are highlighted.

In passing, it should be mentioned that the elastic interface model is geometrically coherent and the traction
jump across the interface results from the stress along the interface following the generalized Young–Laplace
equation (see [18, 19] among others). The interface elasticity theory [20–25] is a mature field based on the
surface elasticity theory of Gurtin and Murdoch [26] and has been further investigated in [27–42] among others.
The cohesive interface model accounts for the displacement jump across the interface. The cohesive interface
model dates back to the seminal works of Barenblatt [43, 44] and Dugdale [45] and has been studied extensively
in [46–59] with various applications.

1.1. Organization of the manuscript

This manuscript is organized as follows. Key contributions of this manuscript, as well as the notation and defi-
nitions are introduced next. Section 2 deals with theoretical aspects and the governing equations of continuum
mechanics at finite deformations accounting for the general interface model. Basic concepts of the differential
geometry required for this manuscript are briefly reviewed in Section 2.1. The kinematics of the problem is
explained in Section 2.2. Section 2.3 establishes the balance equations in the material configuration. The gov-
erning equations in the spatial configuration are derived in Section 2.4. Section 2.5 deals with the constitutive
aspects of material modeling in a thermodynamically consistent framework. Section 3 elucidates the theory via
a broad variety of numerical examples using the finite element method. Section 4 concludes this work.

1.2. Key contributions of this manuscript

The primary objective of this contribution is to investigate on the notion of “traction continuity” across an
interface at finite deformations. Using a geometrically exact theory, the governing equations of the general
interface model in both the material and spatial configurations are derived and the traction jump across the
interface for each configuration is highlighted. The key features and contributions of the current manuscript are
as follows:

• to derive the governing equations of the general interface model in both the material and spatial formats;
• to establish the equations entirely based on curvilinear coordinates with no limitations to the dimension;
• to provide the equations for a generic interface with arbitrary geometry and curvature;
• to present two- and three-dimensional numerical examples using finite element modeling (FEM) to

illustrate the theory.

1.3. Notation and definitions

Quantities defined on the interface are distinguished from those in the bulk by a bar placed above the quantity.
That is, {•} refers to an interface variable with its bulk counterpart being {•}. Throughout the manuscript,
surface, interface, and curve quantities are denoted as {̂•}, {•}, and {̃•}, respectively, and therefore distinguished
from the bulk quantity {•} by an accent on top of the quantity. Direct notation is adopted throughout. Bold letters
denote tensors and vectors. The average and jump of a quantity {•} over the interface are defined by {{{•}}} and
[[{•}]], respectively, as

[[{•}]] := {•}+ − {•}−, {{{•}}} := 1
2
[{•}+ + {•}−], (1)

and hold the properties

[[{•} · {◦}]] = [[{•}]] · {{{◦}}} + {{{•}}} · [[{◦}]], {{{•} · {◦}}} = {{{•}}} · {{{◦}}} + 1
4

[[{•}]] · [[{◦}]]. (2)

2. Theory

The purpose of this section is to establish the governing equations of continuum mechanics at finite deforma-
tions accounting for the general interface model. Detailed expositions on nonlinear continuum mechanics can
be found in [60–62] among others. To set the stage, the basic concepts and terminologies corresponding to the
fundamentals of differential geometry of two-dimensional manifolds in three-dimensional Euclidean space are
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Figure 1. The interface as a two-dimensional manifolds in three-dimensional embedding Euclidean space. Coordinates X can be

parameterized by two coordinates η1 and η2 as X = X(η1, η2). The covariance interface tangent vectors are denoted by G1 and G2.

The unit normal to the interface is denoted by N. The outward unit normal to the boundary of the interface and tangential to the

interface is denoted by Ñ.

briefly reviewed next. The content of Section 2.1 is fairly standard and can be found in [63–66], nevertheless,
it is required to introduce the notation and to provide a self-contained manuscript. Afterwards, the kinematics
of the problem is explained in Section 2.2. Equipped with the required definitions and operators, the balance
equations in the material configuration are derived in Section 2.3. The balance equations in the spatial configu-
ration are derived in Section 2.4 and consequences thereof are discussed. Section 2.5 deals with the constitutive
behavior of the material for both the bulk and the interface in a thermodynamically consistent manner.

2.1. Preliminaries

This section provides a brief introduction to the fundamentals of the differential geometry of two-dimensional
manifolds in a three-dimensional embedding Euclidean space. Note that the contents of this section are general
and can be applied to both the material and spatial configurations. The use of the capital letters must not imply
that the preliminaries hold only in the material configuration.

A two-dimensional (smooth) interface I in the three-dimensional embedding Euclidean space with coordi-

nates X can be parameterized by two coordinates ηα with α = 1, 2 as X = X(η1, η2). The co-variant (natural)

interface basis vectors are Gα = ∂ηαX as shown in Figure 1. The associated contra-variant interface basis vectors

Gα are obtained via δαβ = Gα · Gβ as

Gα = GαβGβ with Gαβ = Gα · Gβ = [Gαβ]−1 and Gα = GαβGβ with Gαβ = Gα · Gβ = [Gαβ]−1,
(3)

in which Gαβ and G
αβ

are the co-variant and contra-variant interface metric coefficients, respectively. The base

vectors G3 and G3, normal to TI, are defined by G3 := G1×G2 and G3 := [G33]−1G3 such that G3 ·G3 = 1 with

the associated metric coefficients [G33] and [G33] following [G33] = |G1 ×G2|
2 = Det[Gαβ] = [Det[Gαβ]]−1 =

[G33]−1. Consequently, the area element dA and the unit normal N are obtained as dA = |G1 × G2|dη
1 dη2 =

[G33]1/2dη1 dη2 and N = [G33]1/2G3 = [G33]1/2G3, respectively.
Let I denote the ordinary mixed-variant unit tensor of the three-dimensional embedding Euclidian space.

The mixed-variant interface unit tensor I is defined as

I := δαβGα ⊗ Gβ = Gα ⊗ Gα = I − G3 ⊗ G3 = I − N ⊗ N . (4)

The interface gradient and interface divergence of a vector field {•} are defined by

Grad{•} := ∂ηα {•} ⊗ Gα = Grad{•} · I , Div{•} := ∂ηα {•} · Gα = Grad{•} : I . (5)

The curvature tensor K = KαβGα ⊗ Gβ and twice the mean curvature K = K
α

α of the interface I are defined as

the negative interface gradient and interface divergence of the interface normal N , respectively,

K := −Grad N = −∂ηβN ⊗ Gβ , K := −Div N = −∂ηβN · Gβ . (6)
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Figure 2. Motion of a continuum body including an interface under finite deformations. The two sides of the body in the material

configuration intersect at the interface I0 and, thus, [[X]] = 0. Through the motion ϕ the interface opens resulting in the displacement

jump [[x]] 6= 0.

Finally, the interface determinant of a second-order tensor field {•} is defined by

Det{•} :=

∣∣[{•} · G1] × [{•} · G2]
∣∣

∣∣G1 × G2

∣∣ . (7)

2.2. Kinematics of the problem

Let B0 denote the material configuration at time t = 0 of a continuum body that takes the spatial configuration
Bt at any time t > 0, as shown in Figure 2. The analysis here is quasi-static and the time parameter t is merely a
history parameter to order the sequence of events. The interface I0 splits the material configuration B0 into two
disjoint subdomains B−

0 and B
+
0 such that I−

0 := I0 ∩ ∂B−
0 and I

+
0 := I0 ∩ ∂B+

0 . The three surfaces I0, I−
0 , and

I
+
0 coincide in the material configuration, but distance from each other due to the motion ϕ or more precisely,

the jump of the motion at the interface [[ϕ]].
In the material configuration, the placements of the particles in the bulk B0 and on the interface I0 are

denoted by X and X , respectively. The placements X− and X+ on I
−
0 and I

+
0 , respectively, coincide with X and

[[X]] = 0. The motion ϕ maps the placements of particles from the material configuration to the spatial one via
x = ϕ(X) where x denotes the placement of particles in the spatial configuration Bt. Consequently, X− and X+

are mapped onto their spatial counterparts x− and x+ on I
−
t and I

+
t , respectively, according to x− = ϕ

−(X)

and x+ = ϕ
+(X). The motion of the interface from the material configuration I0 to the spatial configuration

It is defined by ϕ as x = ϕ(X). In the spatial configuration, the two sides of the interface I
−
t and I

+
t follow

exactly the motion ϕ associated with B
−
t and B

+
t , respectively. However, this is not the case for the motion ϕ.

The common choice for the motion of the interface ϕ is to define the interface It as the mid-surface between
the two sides I−

t and I
+
t and, hence, ϕ := {{ϕ}}. The jump of the motion across the interface [[ϕ]] results in the

jump [[x]].
The surface S0 in the material configuration is the boundary ∂B0, but excluding the interface itself as S0 :=

[∂B−
0 ∪ ∂B+

0 ] \ I0. The boundary of the interface I0 in the material configuration is the curve C0 := ∂I0. The
bulk, surface, interface, and curve in the spatial configuration are denoted by Bt, St, It, and Ct, respectively.
The outward unit normal to the surface S0 is denoted by N̂ . The unit normal to the interface in the material

configuration pointing from the minus side to the plus side of the interface is denoted by N . The outward unit
normal to the boundary of the interface C0 but tangential to the interface I0 is denoted by Ñ . It is crucially
important that neither the normal nor the bi-normal to the curve C0 in the sense of the Freńet–Serret formula
must necessarily be the same as Ñ . Furthermore, Ñ is not necessarily normal to the surface S0 as depicted in
Figure 2. The unit normals in the spatial configuration are denoted by n̂, n, and ñ on St, It, and Ct, respectively.

The linear deformation maps F and F are associated with the non-linear deformation maps ϕ and ϕ,
respectively. The linear deformation maps transform the infinitesimal line elements dX and dX to their spa-

tial counterparts dx and dx, respectively. The interface deformation gradient F := Gradϕ can be related to the

deformation gradient F := Gradϕ via F = F · I in which I := I − N ⊗ N is the interface identity tensor. The

interface deformation gradient F is superficial by definition and holds the property F · N = 0. Following the
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standard non-linear continuum mechanics, the important relations on kinematics accounting for interfaces are
summarized as

x = ϕ(X) , dx = F · dX , dv = J dV , J := Det F in B0,

x = ϕ(X) , dx = F · dX , da = J dA , J := Det F on I0,
(8)

where dV and dv denote the volume elements of the bulk in the material and spatial configurations, respectively.
Analogously, dA and da denote the area elements of the interface in the material and spatial configurations,
respectively. Finally, the Nanson formula on the interface da = J F-t · dA relates the vectorial area element

dA := dA N in the material configuration to its spatial counterpart da := da n. The Nanson formula on the
surface S0 is formally identical to that on the interface I0, but the area elements are dA := dA N̂ and da := da n̂.
The line element dL tangential to the interface and normal to the boundary of the interface in the material

configuration maps to its spatial counterpart via the interface normal map Cof F = J F-t as dl = Cof F · dL
in which dL := dL Ñ and dl := dl ñ. Note, the orientations of the line elements dL and dl are somewhat
counter-intuitive since they are not parallel to the line tangents but to the normals.

2.3. Balance equations in the material configuration

The governing equations of the mechanical problem here are the balances of linear and angular momentum,
respectively. A commonly accepted strategy to derive the balance equations is via imposing invariance on phys-
ically meaningful quantities through an arbitrary rigid-body motion, also attainable from re-parametrization of
coordinates. This procedure must be carefully revised to properly incorporate the general interface model. Alter-
natively, the forthcoming balance equations could be derived in a variational framework [67]. The derivation
procedure in the material configuration bears certain similarities to the recent contribution [68]. However, a key
feature of this contribution is to cover the governing equations in both the material and spatial configurations.
The procedure to derive the balance equations consists of three main steps:

• to establish the integral form of the (external) mechanical power on an arbitrary cutout volume;
• to impose the invariance on the mechanical power with respect to superposed rigid-body motions;
• to localize the integral forms utilizing the arbitrariness of the cutout volume.

In what follows, we adopt exactly the three steps above. In particular, we derive the balance equations in the
material configuration first and then derive their spatial format via the Piola identity in the bulk and its extended
version on the interface.

First, we write the integral form of the external mechanical power W0 on an arbitrary cutout volume V0

in the material configuration. Throughout this contribution, it is assumed that the surface always remains on
the boundary and neither detaches from the bulk nor penetrates the bulk. Thus, the surface is material and the
boundaries ∂V−

0 and ∂V+
0 assume the same motion as the bulk itself. The same analogy holds for the boundary of

the interface namely, the curve ∂I0. Let the force densities in the bulk per unit reference volume, on the surface
per unit reference area, on the interface per unit reference area and on the curve per unit reference length be

denoted by b0, b̂0, b0, and b̃0, respectively. The external mechanical power in the material configuration W0

reads

W0 = W0(ϕ̇, ϕ̇) =

∫

V
−
0

ϕ̇ · b0 dV +

∫

V
+
0

ϕ̇ · b0 dV +

∫

∂V−
0

ϕ̇ · b̂0 dA

+

∫

∂V+
0

ϕ̇ · b̂0 dA +

∫

I0

ϕ̇ · b0 dA +

∫

∂I0

ϕ̇ · b̃0 dL,

(9)

in which ϕ̇ and ϕ̇ denote the material time derivatives of the bulk and interface motion ϕ and ϕ, respectively.

The surface traction b̂0 can be related to the Piola stress in the material P through the surface normal N̂ via

b̂0 = P · N̂ following the Cauchy postulate. For a two-dimensional manifold analogously, the traction b̃0 on

the boundary of the interface ∂I0 is related to the interface stress via b̃0 = P · Ñ thereby the interface stress

P is superficial possessing the property P · N = 0. It can be argued [69] that the superficiality property is the
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consequence of a first-order continuum theory. Rewriting the mechanical power (9) in terms of stress instead of
traction yields

W0 = W0(ϕ̇, ϕ̇) =

∫

V
−
0

ϕ̇ · b0 dV +

∫

V
+
0

ϕ̇ · b0 dV +

∫

∂V−
0

ϕ̇ · P · N̂ dA

+

∫

∂V+
0

ϕ̇ · P · N̂ dA +

∫

I0

ϕ̇ · b0 dA +

∫

∂I0

ϕ̇ · P · Ñ dL.

(10)

Second, we impose invariance with respect to an arbitrary superposed rigid-body motion on W0. A rigid-
body motion is composed of a translation and a rotation. The translational and rotational parts of the motion are
captured via the arbitrary (otherwise constant) linear and angular velocities v and ω, respectively, as

W0 = W0(ϕ̇, ϕ̇)
!
= W0(ϕ̇ + v + ω × x , ϕ̇ + v + ω × x) ∀v, ω. (11)

Inserting the invariance condition (11) into (10) renders

∫

V
−
0

[v + ω × x] · b0 dV +

∫

V
+
0

[v + ω × x] · b0 dV +

∫

∂V−
0

[v + ω × x] · P · N̂ dA

+

∫

∂V+
0

[v + ω × x] · P · N̂ dA +

∫

I0

[v + ω × x] · b0 dA +

∫

∂I0

[v + ω × x] · P · Ñ dL = 0 ∀v, ω,

(12)
which, due to arbitrariness of v and ω, could be understood as the integral form of the balance of linear and
angular momentum. Since (12) must hold for all arbitrary v and ω, one can set ω = 0 in order to derive the
linear momentum balance. Subsequently, the balance of angular momentum in its integral form is obtained by
setting v = 0.

Finally, through localization of the integral form (12) to an infinitesimal subdomain in the bulk the classical
balance of linear and angular momentum for the bulk in the material configuration are obtained as

DivP + b0 = 0 and ε : [F · P t] = 0 ⇔ P · F t = F · P t, (13)

with ε being the permutation tensor. Detailed derivation of the localization procedure is omitted here as it
is fairly straightforward. In a similar fashion, through localization of (12) to an infinitesimal subdomain on
the interface, the balance of linear and angular momentum for the interface in the material configuration are
obtained as

Div P + b0 + [[t0]] = 0 and ε : [ [[ϕ]] ⊗ {{t0}} + F · P t ] = 0 with t0 = P · N . (14)

It is obvious that in the limit cases of the elastic interface model and the cohesive interface model, the angular
momentum balance of the interface simplifies to

cohesive interface model: ε : [ [[ϕ]] ⊗ {{t0}} ] = 0 ⇔ [[ϕ]] × {{t0}} = {{t0}} × [[ϕ]],

elastic interface model: ε : [ F · P t ] = 0 ⇔ F · P t = F t · P.
(15)

For further details on the balance of angular momentum although only on the cohesive interface model, see e.g.
[70].

2.4. Balance equations in the spatial configuration

The balance equations (13) and (14) correspond to the balances in the material configuration for the bulk and
interface, respectively. The next goal is to establish the balance equations in the spatial configuration and to
elaborate on their consequences. In doing so, we start with defining the bulk Cauchy stress σ in the spatial
configuration. The Cauchy stress can be related to the Piola stress via the equivalence of traction in the material
and spatial configurations as

P · N dA = σ · n da ⇒ P = J σ · F-t or σ = J -1 P · F t, (16)
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in which the surface Nanson formula J F-t · N dA = n da plays a key role. Inserting the Cauchy stress σ into the
balance equations (13), yields

Div( J σ · F-t ) + b0 = 0 and ε : σ
t = 0 ⇔ σ = σ

t, (17)

indicating the familiar symmetry of Cauchy stresses due to the angular momentum balance. The linear
momentum balance (17)1, can be simplified using the identity

Div( J σ · F-t ) = σ · Div( J F-t ) + Gradσ : [J F-t] = J Gradσ : F-t = J divσ , (18)

whereby the Piola identity Div(J F-t) = 0 is utilized. Eventually, the balances of linear and angular momentum
for the bulk in the spatial configuration read

divσ + bt = 0 and σ = σ
t, (19)

in which bt = b0/J is the body force density per unit (current) volume in the spatial configuration.
Similar to the classical Nanson formula that relates the oriented surface elements in the spatial and material

configurations, the identity J F-t · Ñ dL = ñ dl can be employed to relate the interface Cauchy stress σ in the

spatial configuration to its material counterpart P as

P · Ñ dL = σ · ñ dl ⇒ P = J σ · F-t or σ = J -1 P · F t. (20)

To proceed, an interface identity analogous to the bulk Piola identity is required. The interface Piola identity
reads

Div( J F-t ) = J k n, (21)

with k indicating twice the mean curvature of the interface in the spatial configuration. To derive the spatial
balance equations on the interface, the bulk Cauchy stress σ and the interface Cauchy stress σ are inserted to
the interface balance equations (14) resulting in

Div( J σ · F-t ) + b0 + [[J σ · F-t]] · N = 0 and ε :
[

[[ϕ]] ⊗ {{J σ · F-t}} · N + F · [ J σ · F-t ] t
]

= 0, (22)

which, using the relations

[[J σ · F-t]] · N = [J σ · F-t · N]+ − [J σ · F-t · N]− = [̂J σ · n]+ − [̂J σ · n]− = [[̂J σ · n]],

{{J σ · F-t}} · N = 1
2

[
[J σ · F-t · N]+ + [J σ · F-t · N]−

]
= 1

2

[
[̂J σ · n]+ + [̂J σ · n]−

]
= {{̂J σ · n}},

(23)

can be simplified to

Div( J σ · F-t ) + b0 + [[̂J σ · n]] = 0 and ε : [ [[ϕ]] ⊗ {{̂J σ · n}} + J σ
t ] = 0, (24)

in which Ĵ = da/dA is the measure of the area change on each side of the interface. The balance of linear
and angular momentum on the interface (24) can be further simplified using the definition of the traction in the
spatial configuration tt = σ · n and the relation

Div( J σ · F-t ) = σ · Div( J F-t ) + Gradσ : [J F-t] with the interface identity (21)

= σ · [J k n] + J div σ due to the superficiality property

= J div σ ,

(25)

to
J div σ + b0 + [[̂J tt]] = 0 and ε : [ [[ϕ]] ⊗ {{̂J tt}} + J σ

t ] = 0, (26)

alternatively expressed as

div σ + bt + [[
Ĵ

J
tt ]] = 0 and ε : [ [[ϕ]] ⊗ {{

Ĵ

J
tt }} + σ

t ] = 0. (27)
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Figure 3. Motion of the general interface under finite deformations. The two sides of the interface are identical in the material

configuration but distance from each other in the spatial configuration due to the motion ϕ. Unlike the surface Jacobian Ĵ that

measures the area change from the material to the spatial configuration, the newly defined surface Jacobian ĵ measures the area

change of the interface sides with respect to the interface itself within the spatial configuration.

To better understand the balances on the general interface model in the spatial configuration (27), the non-

familiar ratio Ĵ/J is further elaborated and its role on the balance equations is explained. The surface Jacobian
Ĵ on each side of the interface is the measure of the area change; in addition, the interface Jacobian J is the
measure of the area change of the interface as

{ Ĵ }+ =
da+

dA+
, { Ĵ }− =

da−

dA−
, J =

da

dA
. (28)

Considering that all three area elements dA+, dA−, and dA are identical in the material configuration, the ratio

Ĵ/J on each side of the interface reads

{ Ĵ }+

J
=

da+

dA+

/
da

dA
=

da+

da
,

{ Ĵ }−

J
=

da−

dA−

/
da

dA
=

da−

da
, (29)

which are entirely spatial quantities and can be denoted as

{ ĵ }+ :=
{ Ĵ }+

J
=

da+

da
, { ĵ }− :=

{ Ĵ }−

J
=

da−

da
⇒ ĵ :=

Ĵ

J
. (30)

The definitions (30) clearly indicate that the non-standard ratio Ĵ/J in the balance equations of the interface (27)
is merely the measure of area change in the spatial configuration. Unlike the surface Jacobian Ĵ that measures
the area change from the material to the spatial configuration, the newly defined surface Jacobian ĵ measures
the area change of the interface sides with respect to the interface itself within the spatial configuration, as
illustrated in Figure 3. The balance equations on the general interface model in the spatial configuration (27)
can then be expressed as

div σ + bt + [[̂ j tt ]] = 0 and ε : [ [[ϕ]] ⊗ {{̂ j tt }} + σ
t ] = 0. (31)

Table 1 gathers the governing equations of the general interface model in both the material and spatial con-
figurations. The corresponding balance equations in the bulk are included for the sake of completeness and
comparison with those associated with the interface. The reduced version of the balance equations for both the
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Table 1. Summary of the governing equations of the bulk and interface in the material and spatial configurations. The reduced

version of the balance equations for both the elastic interface model and the cohesive interface model are given to better appreciate

the differences and similarities among various interface models. The interface force densities b0 and bt are omitted from the simplified

interface models for the sake of simplicity.

Bulk

Material configuration B0 DivP + b0 = 0 ε : [F · P t] = 0

Spatial configuration Bt divσ + bt = 0 ε : σ
t = 0

General interface model

Material configuration I0 Div P + b0 + [[t0]] = 0 ε : [ [[ϕ]] ⊗ {{t0}} + F · P t ] = 0

Spatial configuration It div σ + bt + [[̂ j tt ]] = 0 ε : [ [[ϕ]] ⊗ {{̂ j tt }} + σ
t ] = 0

Elastic interface model

Div P + [[t0]] = 0 ε : [ F · P t ] = 0

div σ + [[tt]] = 0 ε : σ
t = 0

Cohesive interface model

[[t0]] = 0 ε : [ [[ϕ]]⊗{{t0}} ] = 0

[[̂ j tt ]] = 0 ε :
[ [[ϕ]] ⊗ {{̂ j tt }} ] = 0

elastic interface model and the cohesive interface model are given to better appreciate the differences and simi-

larities among various interface models. The interface force densities b0 and bt are omitted from the simplified
interface models for the sake of simplicity. Nonetheless, it seems rather impossible to apply an external force
density to the cohesive interface model due to the lack of its own thermodynamic structure.

The primary objective of this contribution is to investigate on the notion of the traction jump across an
interface in both the material and spatial configurations. To do so, the linear balance equation across the cohesive
interface model in the spatial configuration shall be further expanded as

[[̂ j tt ]] = 0 ⇒ [[ ĵ ]]{{ tt }} + {{ ĵ }}[[ tt ]] = 0 ⇒ {{̂ j }}[[ tt ]] = −[[̂ j ]]{{ tt }} ⇒ [[ tt ]] = −
[[̂ j ]]

{{̂ j }}
{{ tt }},

(32)
indicating that the traction jump across the cohesive interface in the spatial configuration is obviously non-
vanishing, in general. Note, the term [[̂ j ]] indicates the area change across the interface in the spatial configura-
tion is non-zero in general. Furthermore, the average traction {{ tt }} is exactly the traction between the two sides
of the cohesive interface and, hence, not vanishing as long as there exists a bonding force across the interface. In
the context of the cohesive interface model, the interface traction is related to the displacement jump across the
interface via a traction–separation law that describes the constitutive behavior of the interface. Finally, Table 2
collects the traction jumps for both the elastic and cohesive interface models in the material as well as the spa-
tial configuration. It is clear that the traction jump across the elastic interface model does not vanish in general
and is present in both configurations. However, for the cohesive interface model the traction jump vanishes
only in the material configuration but not in the spatial configuration. This finding is extremely important when
formulating the cohesive interface model at finite deformations since often the traction continuity condition is
assumed for the cohesive interface model without specifically mentioning whether it is Piola or Cauchy traction.
This could be particularly misleading since, without an explicit indication, the notion of traction usually refers
to the Cauchy traction corresponding to the spatial configuration and not the material one.
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Table 2. Traction jumps for both the elastic and cohesive interface models in the material as well as the spatial configuration.

Material configuration I0 Spatial configuration It

Elastic interface [[t0]] = −Div P 6= 0 [[tt]] = −div σ 6= 0

Cohesive interface [[t0]] = 0 [[tt]] = −
[[̂ j ]]

{{̂ j }}
{{ tt }} 6= 0

2.5. Constitutive material behavior

The governing equations of the interface are essentially derived via imposing invariance on the mechanical
power with respect to arbitrary superposed rigid-body motions. Next, the mechanical power due to external
force fields is viewed as the external power and is incorporated into a thermodynamically consistent framework.
In doing so, the constitutive behavior of the bulk and interface must follow from the Coleman–Noll procedure.
The external power densities in the bulk and on the interface in the material configuration, respectively, read

W0 = P : Ḟ and W 0 = P : Ḟ + {{t0}} · [[ϕ̇]]. (33)

The derivations to obtain the external power densities W0 and W 0 from the global expression (10) are omitted
for the sake of brevity.

To proceed, the free energy densities in the bulk ψ0 and on the interface ψ0 are introduced as Legendre
transformations of their corresponding internal energies. The bulk free energy density ψ0 is defined per unit

reference volume and similarly, the interface free energy density ψ0 is defined per unit reference area and both
are associated with the material configuration. From the definitions of the free energies, the Clausius–Duhem
dissipation inequalities in the bulk and on the interface in the material configuration read

D0 = W0 − ψ̇0 ≥ 0 and D0 = W 0 − ψ̇0 ≥ 0. (34)

To further exploit the dissipation inequalities (34), we limit the discussion here to (reversible) hyperelastic
models in the bulk and on the interface. Inspired by the working densities (33), the bulk free energy density is
assumed to be a function of the deformation gradient F. Similarly, we allow the interface free energy to depend

on the interface deformation gradient F and the displacement jump across the interface [[ϕ]]. The free energy
densities in the bulk and on the interface thus read

ψ0 = ψ0(F) and ψ0 = ψ0(F, [[ϕ]]). (35)

Inserting working densities (33) and free energy densities (35) into the dissipation inequalities (34) yields

D0 = P : Ḟ −
∂ψ0

∂F
: Ḟ ≥ 0 in B0,

D0 = P : Ḟ + {{t0}} · [[ϕ̇]] −
∂ψ0

∂F
: Ḟ −

∂ψ0

∂[[ϕ]]
· [[ϕ̇]] ≥ 0 on I0.

(36)

Reordering the terms to better see the structure of the dissipation inequalities furnishes

D0 =

[
P −

∂ψ0

∂F

]
: Ḟ ≥ 0 in B0,

D0 =

[
P −

∂ψ0

∂F

]
: Ḟ +

[
{{t0}} −

∂ψ0

∂[[ϕ]]

]
· [[ϕ̇]] ≥ 0 on I0.

(37)
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To extract thermodynamically consistent constitutive laws within the context of equilibrium thermodynamics,
the dissipation inequalities (37) can be sufficiently satisfied through the relations

P =
∂ψ0

∂F
in B0,

P =
∂ψ0

∂F
, {{t0}} =

∂ψ0

∂[[ϕ]]
on I0,

(38)

which are indeed the constitutive laws for P, P and {{t0}}, respectively. Note that for a cohesive interface model,
{{t0}} is indeed related to the displacement jump [[ϕ]] via a traction–separation law. More precisely and somewhat
surprisingly, the constitutive law for the interface (38) reveals that a thermodynamically consistent traction–
separation law relates the Piola traction in the material configuration to the displacement jump in the spatial
configuration.

The constitutive relations (38) clearly show that free energy densities ψ0 and ψ0 in the bulk and on the
interface, respectively, must be specified to describe the material behavior. For the material response of the
bulk, a hyperelastic neo-Hookean free energy density in the material configuration

ψ0(F) = 1
2
µ [ F : F − 3 − 2 ln J ] + 1

2
λ [ 1

2
[J2 − 1] − ln J ] with J = Det F, (39)

is chosen with λ and µ being the first and second Lamé constants, respectively. This choice for the free energy
density is suitable for rubber-like materials and benefits from the original ideas of Ogden [71] to capture the
macroscopic behavior of nearly incompressible soft polymers. Alternatively, it is possible to develop physi-
cally interpretable and micro-mechanically motivated material models as discussed in [72] among others. For
the interface, the material response is additively decomposed into a tangential part along the interface and an
orthogonal part across the interface as

ψ0(F, [[ϕ]]) = ψ0
‖(F) + ψ0

⊥([[ϕ]]). (40)

Note that this decomposition is imposed only for the sake of simplicity and to better distinguish the tangential
(in-plane) resistance from the orthogonal one. In addition, this decomposition shows more clearly how both
the elastic interface model and cohesive interface model can be retrieved from the general form. In analogy
to the bulk, the elastic resistance along the interface follows from a hyperelastic neo-Hookean free energy
density. For the orthogonal behavior of the interface, the commonly accepted and intuitive cohesive response
with quadratic energy in terms of the displacement jump across the interface is assumed. The free energy density
of the interface in the material configuration is chosen as

ψ0(F, [[ϕ]]) = 1
2
µ [ F : F − 2 − 2 ln J ] + 1

2
λ [ 1

2
[J2 − 1] − ln J ] + 1

2
α [[ϕ]]2 with J = Det F,

(41)

in which µ, λ, and α are the interface material parameters. In a three-dimensional setting, the interface is a two-
dimensional manifold and in a two-dimensional setting a one-dimensional manifold or essentially a curve. For
a two-dimensional setting, it is redundant to introduce two material parameters for the in-plane elastic response

of the interface and hence, either µ or λ could vanish, without loss of generality.

3. Illustration of the theory

The main goal of this section is to elucidate the theory and, in particular, the traction jump across an interface
via numerical examples. In particular, the Piola traction jump [[t0]] is compared against the Cauchy traction
jump [[tt]]. The two-dimensional plane-strain numerical examples correspond to the deformation of the unit
square shown in Figure 4. The domain is partitioned into two disjoint subdomains B−

0 and B
+
0 by the interface

I0. The specimen is stretched by applying prescribed displacements on its edges. Lateral deformations are
prevented and, hence, the width of the specimen cannot change. The two-dimensional example is devised such
that it clearly demonstrates the interface behavior due to the resistance along the interface or orthogonal to
the interface. For the given boundary conditions, a straight interface could not properly capture the complete
interface behavior and, therefore, the interface here is assumed to be curved.

The material parameters are chosen to amplify the impact of the interface such that the influences of different
interface models are distinctly noticeable. The purpose of the examples here is to better understand the notion
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Figure 4. Unit square with interface: geometry (left), boundary conditions (center), and discretization (right). The domain is extended

via prescribed displacements at the edges. Lateral deformations are prevented in the sense that the width of the domain cannot vary

throughout the deformation process.

of the traction jump across an interface without introducing too much complexity. For the two-dimensional

problem of interest here, both parameters µ and λ serve the same purpose and resist against the change of the

length of the interface. Therefore, the interface parameter λ is set to zero and µ remains as the only parameter
to capture the elastic resistance along the interface. The orthogonal resistance of the interface is captured by the
cohesive coefficient α. The bulk materials on both sides of the interface are assumed to be identical with the
material parameters µ = 10 [N/mm2] and λ = 40 [N/mm2] associated with the free energy density (39). The
interface material parameters vary among different examples and, for each example, are given within the cor-
responding section. Obviously, the choice of material parameters depend on the specific application of interest.
Nevertheless, the main observations here hold qualitatively, in general.

3.1. Cohesive interface model

The first set of examples deal with the cohesive interface model. The significance of this model for the cur-
rent study is that the cohesive interface model relies on the traction continuity condition. As will be illustrated
shortly, the traction continuity condition holds only in the material configuration, but not in the spatial con-
figuration. More precisely, the Piola traction field remains continuous across the interface while the Cauchy
traction field suffers a jump. Furthermore, it is shown that for the example of interest here, the traction jump in
the spatial configuration increases when increasing the prescribed deformation but not proportionally. In other
words, while the traction continuity condition does not hold in the spatial configuration, the relation between the
traction jump and the deformation can be very complex and unknown, in general. For this example, the inter-

face cohesive coefficient α = 100 [N/mm3] and the interface elastic resistance along the interface is excluded
entirely.

Figure 5 illustrates the stress distribution on the domain due to the prescribed displacement on the edges.
The lines correspond to the xx-component of the stress along the upper edge of the specimen. The solid line
corresponds to the xx-component of the Piola stress and the dashed line corresponds to the xx-component of
the Cauchy stress. On the upper edge, the interface normal does not throughout the deformation. The interface
normal on the upper edge coincides with the unit basis vector along the x-direction and, therefore, the stress
jump in the xx-direction corresponds exactly to the traction jump in the same configuration. More precisely, on
the upper edge of the specimen [[t0]]x = [[P]]xx and [[tt]]x = [[σ ]]xx. This property on the upper edge allows us
to interpret the stress jump across the interface in Figure 5 as the traction jump without further implications.
Different pairs of lines correspond to different stretches prescribed on the domain. For instance, 20% means
that the unit-length domain is stretched by 20%. It is clear that the Piola traction jump vanishes regardless of
the prescribed stretch. In contrast, the Cauchy traction jump exists due to finite deformations. As expected, the
Cauchy traction jump vanishes at the reference configuration as both the Piola and Cauchy stresses coincide.
Increasing the prescribed deformation on the edges of the domain leads to a more pronounced stress jump at the
interface. Figure 6 demonstrates the Cauchy traction jump at the interface versus the prescribed deformation.
The Cauchy traction jump corresponds to the x-component of the traction on the upper edge of the specimen.
For various stretches, the stress distribution on the domain is illustrated. It can be clearly observed that at 1%
stretch, the stress jump at the interface is rather negligible. In contrast, the stress distribution at 90% stretch
shows a noticeable jump at the interface. The numerical results illustrated in Figures 5 and 6 clarify the issue
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Figure 5. Stress distribution on the domain due to the prescribed displacement on the edges for the cohesive interface model.

The lines correspond to the xx-component of the stress along the upper edge of the specimen. The solid line corresponds to the

xx-component of the Piola stress and the dashed line corresponds to the xx-component of the Cauchy stress. Different pairs of

lines correspond to different stretches prescribed on the domain. It is clear that the Piola traction jump vanishes regardless of the

prescribed stretch. In contrast, the Cauchy traction jump exists due to finite deformations. For the cohesive interface model, the

displacement jump across the interface does not vanish.

Figure 6. Cauchy traction jump versus prescribed displacement on the edges of the domain for the cohesive interface model. The

Cauchy traction jump corresponds to the x-component of the traction on the upper edge of the specimen. Obviously, increasing the

prescribed deformation on the edges of the domain leads to a more pronounced stress jump at the interface.



14 Mathematics and Mechanics of Solids 00(0)

80%

40%

20%

Piola stress distribution Cauchy stress distribution

80%

40%

20%

material configuration spatial configuration

E L A S T I C  I N T E R F A C E  M O D E L

5

10

15

20

25

30

35

40

45

Figure 7. Stress distribution on the domain due to the prescribed displacement on the edges for the elastic interface model. The lines

correspond to the xx-component of the stress along the upper edge of the specimen. The solid line corresponds to the xx-component

of the Piola stress and the dashed line corresponds to the xx-component of the Cauchy stress. Different pairs of lines correspond to

different stretches prescribed on the domain. It is clear that neither the Piola traction jump nor the Cauchy traction jump vanishes

regardless of the prescribed stretch. Unlike the cohesive interface mode, for the elastic interface model, the displacement field is

continuous across the interface and, thus, the displacement jump across the interface vanishes identically.

of the traction jump at the interface for the cohesive interface model and the significance of the Piola traction
jump versus Cauchy traction jump at finite deformations in a geometrically exact theory.

3.2. Elastic interface model

The next set of examples illustrates the importance of the elastic interface model on the domain and, in partic-
ular, the traction jump across the interface in analogy to the numerical study in Section 3.1. For this example,
the interface in-plane elastic parameter µ = 100 [N/mm] and the interface is assumed to be coherent and thus,
[[ϕ]] = 0 across the interface. The geometry and boundary conditions are in accordance with the previous exam-
ples and Figure 4. Figure 7 gathers the stress distribution on the domain due to the prescribed displacement on
the edges for the elastic interface model. The lines correspond to the xx-component of the stress along the upper
edge of the specimen. The solid line corresponds to the xx-component of the Piola stress and the dashed line
corresponds to the xx-component of the Cauchy stress. Different pairs of lines correspond to different stretches
prescribed on the domain. In contrast to the cohesive interface model, it is clear that neither the Piola traction
jump nor the Cauchy traction jump vanishes across the elastic interface model. The stress jump across the inter-

face follows from the generalized Young–Laplace equation as [[t0]] = Div P and [[tt]] = div σ in the material
and spatial configurations, respectively. Note, the stress profile varies for different prescribed deformations and
different stress measures. Furthermore, unlike the cohesive interface model, the displacement field is continuous
across the interface and suffers no jump.

3.3. General interface model

The numerical examples in Sections 3.1 and 3.2 demonstrate the influence of the cohesive and elastic interface
models, respectively. The next set of examples aims to depict the influence of the general interface model. The
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Figure 8. Stress distribution on the domain due to the prescribed displacement on the edges for the general interface model. The

lines correspond to the xx-component of the stress along the upper edge of the specimen. The solid line corresponds to the xx-

component of the Piola stress and the dashed line corresponds to the xx-component of the Cauchy stress. Different pairs of lines

correspond to different stretches prescribed on the domain. It is clear that neither the Piola traction jump nor the Cauchy traction

jump vanishes regardless of the prescribed stretch. For the general interface model, the displacement field is discontinuous across the

interface and, thus, the displacement jump does vanish, in general.

geometry and boundary conditions are similar to the previous examples and Figure 4. For this example, the

interface in-plane elastic parameter µ = 100 [N/mm] and the interface cohesive coefficient α = 100 [N/mm3].
Figure 8, in analogy to Figures 5 and 7, shows the stress distribution on the domain due to the prescribed
displacement on the edges.

Similar to the elastic interface model, the traction jump across the interface does not vanish in either con-
figuration. That is, both the Piola traction jump as well as the Cauchy traction jump suffer a jump across the
general interface model. This is in contrast to the cohesive interface model for which the Piola traction jump
across the interface vanishes. In contrast to the elastic interface model and similar to the cohesive interface
model, the displacement field suffers a jump across the interface. Therefore, it is clear that the general interface
model bears similarities as well as differences compared with both the cohesive and elastic interface models.

3.4. Three-dimensional example

So far, the numerical examples were devised to illustrate the interface behavior and to highlight the similarities
and dissimilarities among different interface models. For the sake of clarity, the numerical examples were limited
to two dimensions. Nevertheless, the established theory as well as the numerical framework is general and
not limited to any particular geometry or problem dimension. For the sake of completeness, a set of three-
dimensional numerical examples are gathered next in Figure 9.

The examples refer to a volumetric expansion of a unit cube with a spherical inclusion of radius 0.2 at
the center of the cube. The interface is between the inclusion and the matrix and behaves according to the
general interface model. To better capture the influence of the interface, both the inclusion and the matrix are

assumed to have the same material parameters µ = 10 [N/mm2] and λ = 40 [N/mm2] associated with the
free energy density (39). The interface material parameters vary among different rows and for each row, are
given on the first column. The cube is deformed according to an expansion of 10% prescribed on its facets. The
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Figure 9. Distribution of the displacement on the domain in the x-direction due to the prescribed expansion on the faces for vari-

ous interface parameters. Different columns correspond to different prescribed expansions. Different rows correspond to different

combinations of interface parameters for the general interface model. The last three rows coincide with the cohesive interface model

for different cohesive coefficient α. The cohesive coefficient α indicates the interface resistance against opening and, therefore, the

displacement jump almost vanishes in the last row.

displacement field in the cube is illustrated for different expansions on each column. For the general interface
model, the displacement field is not continuous across the interface and, therefore, a jump of the displacement is
always observed. However, the displacement jump decreases for the increasing cohesive coefficient, as expected.
More precisely, the cohesive coefficient α indicates the interface resistance against opening and at the limit of
α → ∞, the interface shall remain virtually coherent.

In the first row of Figure 9, the interface parameters are assumed to be µ = λ = 100 and α = 100 associated
with the in-plane and orthogonal behavior of the general interface model, respectively. The displacement jump
at the interface and its increase due to increasing expansion can be appreciated. On the second row, the interface

in-plane parameters are identical to the first row as µ = λ = 100, but the cohesive coefficient α = 1 indicates a
very weak resistance against opening at the interface. This can be clearly seen by comparing the first two rows.



Ali Javili 17

For the last three rows, the interface elastic constants are set to zero meaning that the interface does not possess
any in-plane resistance and, thus, the general interface model coincides with a cohesive one. The cohesive inter-
faces on the last three rows have different resistance against opening. It is obvious that increasing the cohesive
coefficient, as expected, reduces the displacement jump across the interface. Eventually, the displacement jump
across the interface almost vanishes for a relatively large α on the last row.

4. Concluding remarks

Commonly accepted strategies to capture interface behavior fall into two categories of elastic or cohesive inter-
face models. It is relatively well-established that the traction field suffers a jump across the elastic interface
model while it remains continuous for the cohesive interface model. The notion of “traction continuity” across
an interface at finite deformations has been elaborated on in this article. In doing so, the general interface model
has been rigorously formulated in both the material and spatial configurations and the traction jump across the
interface for each configuration has been highlighted. The general interface model is particularly interesting
since it reduces to both the elastic and cohesive interface models at its limit cases and can fill the gap between
the two extreme interface models. It has clearly been shown that the elastic interface model suffers a traction
jump in both the material and spatial configurations according to a generalized Young–Laplace equation. For
the cohesive interface model, however, while the traction field is continuous in the material configuration, it can
suffer a jump in the spatial configuration which is particularly relevant to finite deformations. The theoretical
findings for various interface models have been carefully illustrated via a series of two-dimensional and three-
dimensional numerical examples using the finite element method. Typical applications of the interface models
include nano-materials due to the increasing area-to-volume ratio at smaller dimensions.
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