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Highlights

e (2+1)-dimensional negative AKNS hierarchy (AKNS(-n) systems) is constructed.
e Hirota bilinear forms of AKNS(-n) systems for n=0, 1, 2 are found.

e One- and two-soliton solutions of AKNS(-n) systems for n=0, 1, 2 are obtained.
e We present all possible local reductions of AKNS(-n) systems for n=0, 1, 2.

e We give all possible nonlocal reduced equations obtained from AKNS(-n) systems for
n=0, 1, 2 by using the Ablowitz-Muslimani type of nonlocal reductions.

e By using the soliton solutions of the negative AKNS hierarchy wesfind one-soliton
solutions of the local and nonlocal reduced equations.
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Abstract

We first construct a (24 1)-dimensional negativel AKNS hierarchy and then we give
all possible local and (discrete) nonlocal reductions of these equations. We find Hirota
bilinear forms of the negative AKNS hierarchy andygive one- and two-soliton solutions.
By using the soliton solutions of the negative’” AKNS hierarchy we find one-soliton so-
lutions of the local and nonlocal reducediequations.

Keywords. Ablowitz-Musslimani reduction, (2+ 1)-dimensional negative AKNS hier-
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1 Introduction

Let R be the recursion’ operator of an integrable equation. Then the integrable hierarchy of
equations are defined as
vy, =R"v,, n=0,1,2.... (1.1)

In [1], we proposed a system of equations
Rlvy, — aR"0o| =boy, n=0,1,2,..., (1.2)

where 0y, 0y are some classical symmetries of the same integrable equation. This hierarchy
represents the negative hierarchy of the integrable system defined in (1.1). For some specific
choices of the constants a, b, and o, 01 we have studied the existence of three-soliton solutions
and Painlevé property of the negative KdV hierarchy where the recursion operator is R =
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D? + 8v + 4v, D™, For this case the system of equations in (1.2) is denoted as KdV(2n+4)
equations for n > 1. When a = —1,b = 0,n = 1, and by letting v = wu, to get rid of
nonlocal terms containing D~! we obtain KdV(6). We have also obtained (2+1)-dimensional
extension of this equation, the (2+ 1)-KdV(6) equation, by choosing a = —1,b = —-1,n =1,
and o¢ = v,, 01 = v,. The expanded form of (2 4 1)-KdV(6) equation with v = u, is given
as [2]

We showed that all (2 + 1)-KdV(6) equation and 2+1 dimensional KdV(2n44) for n > 1
possesses three-soliton solution having the same structure with the KdV equation’s three-
soliton solution and also Painlevé property. Negative flows have been considered earlier in
[3]-[5].

By using our approach (1.2), we obtain negative hierarchy of integrable equations which
are nonlocal in general. Here nonlocality is due to the existence of the’'terms containing the
operator D~!. In the KdV case the nonlocal terms disappeaf by redefinition of the dynamical
variable. This may not be possible for other integrablé systems. A new type of nonlocal
reductions of integrable systems are obtained by relating one of the dynamical variable to the
time and space reflections of the other one. Such a nonlocal reduction was first introduced by
Ablowitz and Musslimani [6]-[8]. Ablowitz-Muslimani type of nonlocal reductions attracted
many researchers [10]-[33] to investigate new'\nonlecal integrable equations and find their
solitonic solutions. These nonlocal integrable equations have been obtained by applying
the Ablowitz and Musslimani nonlocal*reductions of the AKNS [9] and other integrable
systems of equations. First example,was the nonlocal nonlinear Schrodinger (NLS) equation
and then nonlocal modified KAV (mKdV) equation. Ablowitz and Musslimani proposed
later some other nonlocal imtegrable’equations such as reverse space-time and reverse time
nonlocal NLS equation, sine-Gerdon equation, (1 + 1)- and (2 + 1)- dimensional three-wave
interaction, Davey-Stewartson equation, derivative NLS equation, ST-symmetric nonlocal
complex mKdV and'wKdV equations arising from symmetry reductions of general AKNS
scattering problém, [6]+[8]. They discussed Lax pairs, an infinite number of conservation laws,
inverse scattéring transforms and found one-soliton solutions of these equations. Ma, Shen,
and Zhu.showed that ST-symmetric nonlocal complex mKdV equation is gauge equivalent
to a spin-likejmodel in Ref. [24]. Ji and Zhu obtained soliton, kink, anti-kink, complexiton,
breather, régue-wave solutions, and nonlocalized solutions with singularities of ST-symmetric
nonlecal mKdV equation through Darboux transformation and inverse scattering transform
[25], [26]. In [27], the authors showed that many nonlocal integrable equations like Davey-
Stewartson equation, T-symmetric NLS equation, nonlocal derivative NLS equation, and
ST-symmetric complex mKdV equation can be converted to local integrable equations by
simple variable transformations. Multidimensional nonlocal equations equations have been
considered in [29]-[31]. Recently we studied all possible nonlocal reductions of the AKNS

system. We have obtained one-, two-, and three-soliton solutions of the nonlocal NLS [32]
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and mKdV equations [33]. We also studied nonlocal reductions of Fordy-Kulish [34] and
super integrable systems [35], [36].

In this work, by the use of the formula (1.2) we obtain negative AKNS hierarchy denoted
by AKNS(—n) for n = 0,1,2,... with one time ¢ and two space variables « and y. In [37],
Bogoyavlenski gave a type of AKNS(0) system which can be reduced to a single complex
equation that is a compatibility condition for a certain linear system. The reduced equation
admits the Lax representation, has breaking solitons, and can be embedded into some (341)-
dimensional complex integrable equation [38]. Strachan also presented a single equation
reduced from the same AKNS(0) system as a (2 + 1)-dimensional generalization of the NLS
equation and found one-soliton solution of this system by using Hirota methed [39]»All these
systems are nonlocal due to the term D! in the recursion operator. We obtain the Hirota
bilinear form of these systems and obtain one- and two-soliton solutions for n = 0,1, 2.
We then find all possible local and nonlocal reductions of the,negative” AKNS hierarchy
for n = 0,1,2. There are in total 30 reduced equations for n = 0,1,2. All these equations
constitute new examples of (2 + 1)-dimensional integrable systemof equations. There exists
only one type of local reductions where the second dymamical variable is related to the
complex conjugation of the other variable. By the use‘of constraint equations we obtain one-
soliton solutions of the local and nonlocal reduced equations from the one-soliton solutions
of the negative AKNS system of equations. Therevare solutions which develop singularities
in a finite time and there are also solutions whichware finite and bounded depending on the

parameters of the one-soliton solutions.

2 Negative AKNS \System

The AKNS hierarchy [9]"ean be*written as

w, =R"u, (m=0,1,2,...), u= (p) ie. (ptw ) :RNl(m)7
q QtN Qz

where R is the recursion operator,

R - ( —pD~'q+3D  —pD~'p ) _
gD 'q ¢D~'p— 3D

Here D is the total z-derivative and D~' = [* (standard anti-derivative).

Writing (1.2) in the following form

R(ut,) —aR"(uy) =bu, forn=0,1,2,..., (2.1)



p

where u = , here a,b are any constants, we obtain (2 + 1)-dimensional negative
AKNS(—n) systems for n = 0,1,2,... . In this work we will only consider the systems for
n=20,1,2.

(1) (n=0) (2 +1)-AKNS(0) System:

When n = 0, Eq. (2.1) reduces to R(u;) — au, = bu,. This yields the system
1

bpy = 5 Pre = aps — pD~" (pq)s, (2.2)
1 _
bay = =3 G — @ Gs + gD " (pq)s. (2.3)

(2) (n=1) (24 1)-AKNS(-1) System:

When n = 1, Eq. (2.1) reduces to R(u;—au,) = bu,,. Letting'v, —au, = w, where w = ( w1 )

%)
we have
Up — AUy = W, Rw = bu,,.

This yields the system

W1 = Py apy

Wy =gy — aqy

1 _
bpy = §wl,x —pD 1((]Wl + pws)
1 _
ba, = _§w2,z +qD l(qwl + pws). (2.4)

Inserting w; and wy we obtain the system

1 a _
bpy = §ptac o §p:m: + ap2 q—pD ! (Pq)e, (2:5)
1 a _
by = =5 G + 5 Ger — ap4* + 4D (pg):. (2.6)

(3) (w=2) (24 1)-AKNS(-2) System:

When n = 2, Eq. (2.1) reduces to R(us — aRu,) = bu,. Letting u; — aRu, = w, where

%1

w = we have
)

U — aRu, = w, Rw = bu,,.



This yields the system
1

wi = pe—al=pq+ FPu)
W2 = Gt — a(pq2 - %Qm;)
bp, = %Wl,x — pD (g + pws)
bg, = —%wm + gD~ (qur + pws). (2.7)
Inserting w; and w, we obtain the system
bp, = %pm - %pm + %ap gp. —pD™ (pa):, (2.8)
bgy = —% Qtw — Z Qozz + ?;—apqqx +qD™" (pg),: (2.9)

3 Hirota Method for Negative AKINS System

To obtain the Hirota bilinear form for the negative"AKNS(—n) system, with n = 0, 1, and

n = 2, we let

p= %, 4= % (3.1)
and
h x
}--(5)

where [ is an arbitrary/constant.

(1) (n =0) Hirota Bilinear Form for (2 + 1)-AKNS(0) System:
Using (3.1) and (3:2)'in Egs. (2.2) and (2.3) we have

b(fgy, — gfy) = % (f9tx = 9efe = gufi + 9f1e) — a(f g — 9f2), (3.3)
b(fhy — hf)) = —5 (Phus = hefo — hofit hfi) —alfhe —hE). (34
Hencé we obtain the Hirota bilinear form as
Pi(D)g - f} = (6D, 5 DD +aDo){g- £} =0, (3.5)
Po(D){h- f} = (bD, +%Dth +taD){h-f} =0, (3.6)
Ps(D){f - f} = (D2 =2B){f - f} = —2gh. (3.7)



(2) (n =1) Hirota Bilinear Form for (2 + 1)-AKNS(-1) System:
Using (3.1) and (3.2) in Egs. (2.5) and (2.6) we get
1 a
b(fgy - gfy) = 5 (fgt:p - gtf:]c - gxft + gft:]c) - §<fgx:p - 2fzgz + gfa:x - 2Bgf)7 (38>

(3.9)
Hence we obtain the Hirota bilinear form as
Pi(D)g- f} = (0D, — 5 DD+ 302 —af){g - £} =0, (3.10)
Py(DY{h- f} = (bD, + % DD, — gD;f, +aB){h - f}= 0, (3.11)
Ps(D){f - [} = (D2 =28){f - [} = —2gh. (3.12)
(3) (n =2) Hirota Bilinear Form for (2 + 1)-AKNS(42) System:
Using (3.1) and (3.2) in Egs. (2.8) and (2.9) we have
+ 6aB(h.f — hfy). (3.14)
Hence we obtain the Hirota bilinear formbas
PUD) g [FENDy — 3 DD+ SDE = 8D fh =0, (31
PyDYG YD, + DD, + S8 = sDy(h fy =0, (316)
Py(DW f - F} = (D2 = 28){f - f} = —2gh. (3.17)

After having Hirota bilinear forms (3.5)-(3.7), (3.10)-(3.12), and (3.15)-(3.17), next step is
to find the functions’g, h, and f by using the Hirota method (see Sec. VI).

4 _ Local Reductions
It is straightforward to show that there exist no consistent local reductions in the form of

q(z,y,t) = op(z,y,t) for all n = 0, 1, 2. Here we will give the local reductions in the form of

q(z,y,t) = op(x,y,t) for all n =0, 1,2 where ¢ is any real constant.

(1) Local Reductions for the System n = 0:



Let ¢(z,y,t) = op(z,y,t) then two coupled equations (2.2) and (2.3) reduce consistently
to the following single equation:

1

bp, = 5Ptz = apa — opD~! (pD)s, (4.1)

where ¢ is any real constant and a bar over a letter denotes complex conjugation. Here a

and b are pure imaginary numbers. In [37], Bogoyavlenski presented the system

iUy — Ugy — 2ud; (), = 0, (4.2)
iy + Uy + 200, (wv), = 0. (4.3)
Note that if we interchange the variables ¢ and y, take a = 0 and b= % in the system

(2.2)-(2.3) we exactly get this system. Bogoyavlenski also mentioned abeut the reduction
u = av, a € R and obtained the single equation

Vp = gy + 2iav@;1|v|§. (4.4)

This equation has breaking solitons and Lax representation.

(2) Local Reductions for the System n = 1:

Let ¢(z,y,t) = op(z,y,t) then two.eoupledrequations (2.5) and (2.6) reduce consistently
to the following single equation:

1 a

bpy =5 Pl /g Pra + a0 p*p— o pD " (pp), (4.5)

where o is any real constant and’a bar over a letter denotes complex conjugation. Here a is
a real and b is a pure<imaginary number.

(3) Local Redugctions for the System n = 2:

Let g(x,y,t) = op(x,y,t) then two coupled equations (2.8) and (2.9) reduce consistently
to the following single equation:

1 a 3a

= Ptz — 7 Pzax + _Upppm - UpDil (pﬁ)ta (46)

by, —
Py =5 A 2

where ¢ is any real constant and a bar over a letter denotes complex conjugation. Here a

and b are pure imaginary numbers.



5 Nonlocal Reductions

In order to have consistent nonlocal reductions we use the following representation for D1

([ ) s

We define the quantity p(z,y,t) which is invariant under the discrete transformations = —

€1x, y — €y, and t — e3t as

p(x,y,w:Dlppez(/ / ) d ) pla ey el dd N (52)

where €7 = €3 = €2 = 1. It is easy to show that

plerz,eay,e3t) = € p(x,y,1). (5.3)

(1) Nonlocal Reductions for the System n = 0:

(a) Let q(z,y,t) = o p(e1x, €2y, €5t) then two coupled-equations (2.2) and (2.3) reduce con-
sistently to the following single equation:

1

bpy = 5 P — g opD~! (pp°):, (5.4)

where o is any real constant and p° = ple;z, €2y, €5t). The above reduced equation is valid
only when €3 = —1 and €;e5 = 1. We have only two possible cases; p* = p(x,y, —t) and
p¢ = p(—z, —y, —t) for time reversal and time and space reversals respectively.

(b) Let g(x,y,t) = o p(e1®, €2y, €st) then two coupled equations (2.2) and (2.3) reduce con-
sistently to the following single equation:

1

bpy = éptx — APy — O'pDil (ppe)ta (55)

where o is.any real constant. This reduction is valid only when

€1 €2 635 = —b, €3 = —a. (56)
In this case we have seven different time and space reversals:

(i) p(x,y,t) = (—x, y,t), where a is pure imaginary and b is real.
(ii) p(z,y,t) = p(x, —y,t), where a is pure imaginary and b is real.
(iii. p*(x,y,t) = p(x,y, — ) where a and b are real.

(iv) p*(x,y,t) = p(—x, —y,t), where a and b are pure imaginary.

( p(=

v) p(z,y,t) = x,y,—t), where a is real and b is pure imaginary.
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(vi) p*(x,y,t) = p(x, —y, —t), where a is real and b is pure imaginary.
(vii) p*(z,y,t) = p(—x, —y, —t), where a and b are real.

Each case above gives a nonlocal equation in the form of (5.5) in 2+1 dimensions.

In [40] nonlocal reduction given in (v) and corresponding nonlocal equation have been con-
sidered for # = —1 in (3.7). Soliton solution have been also found.

(2) Nonlocal Reductions for the System n = 1:

(a) Let q(x,y,t) = op(e1x, €2y, e3t) then two coupled equations (2.5) and (2.6) reduce con-
sistently to the following single equation:

1

Ptz

a — €
5Ptz — P + aop’p” — opD ™! (pp):, (5.7)

bp, = 5

where o is any real constant and p° = p(ejz, €2y, €5t). The abeve reduced equation is valid
only when ¢, = —1 and €;e3 = 1. We have only two possible’ cases; p¢ = p(x, —y,t) and

p¢ = p(—z, —y, —t) for space reversal and time and.space reversals respectively.

(b) Let q(x,y,t) = 0 p(e1z, €2y, e3t) then two_coupled equations (2.5) and (2.6) reduce con-
sistently to the following single equation:

a
ey 2 + ao_p2pe - O'pD_1<p]56)t, (58)

1
bpy = FbPtz — 9

2
where o is any real constant. This reduction is valid only when
€1€2650=—b, € €e3a=a. (5.9)

In this case we have seven'different time and space reversals:

i) p(z,y,t) = pl=x,yst), where a is pure imaginary and b is real.

ii) p(x,y,t) = pla, —y,t), where a and b are real.

iii) p(x,y,t) = p(x,y, —t), where a is pure imaginary and b are real.
(—

V) p(py, t)/= —t), where a is real and b is pure imaginary.

(

(

(

(iv) p*(#,y,t)=p(—x, —y,t), where a and b are pure imaginary.
( p(—z,

(Vi) Py, t) = p(x, —y, —t), where a and b are pure imaginary.
(

vii) pS(z,y,t) = p(—z, —y, —t), where a and b are real.

Each case above gives a nonlocal equation in the form of (5.8) in 2+1 dimensions.

(3) Nonlocal Reductions for the System n = 2:
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(a) Let q(x,y,t) = op(e1x, €2y, e3t) then two coupled equations (2.8) and (2.9) reduce con-
sistently to the following single equation:

1 3a

bpy = §ptx - 4p:m:a: + 9 —opp p:}c - UpD ( )t7 (51())

where o is any real constant and p° = p(e;z, €2y, €st). The above reduced equation is valid
only when e3 = —1 and €¢5 = 1. We have only two possible cases; p¢ = p(x,y, —t) and

p¢ = p(—x, —y, —t) for time reversal and time and space reversals respectively.

(b) Let g(x,y,t) = o p(e1z, €2y, €5t) then two coupled equations (2.5) and (2.6)sreduce con-
sistently to the following single equation:

1

a 3a . 1/ €
by = Pta = {Pras + S OPPPr — oD Y(pp°)s, (5.11)

where ¢ is any real constant. This reduction is valid only when
€1 €2 635 = —b, €30 = —Q. (512)

In this case we have seven different time and space reversals:

(i) p*(z,y,t) = p(—x,y,t), where a is pure imaginary and b.isreal.
(ii) p(z,y,t) = p(x, —y,t), where a is pure imaginaty and b'is real.
(iii) p*(x,y,t) = p(z,y, —t), where a and b are real:

(iv) p“(x,y,t) = p(—x, —y,t), where a and b are pure-imaginary.
(v) p(z,y,t) = p(—z,y, —t), where a is real and bis pure imaginary.
(vi) p(z,y,t) = p(z, —y, —t), where a _is realtand b is pure imaginary.
(

vii) p*(z,y,t) = p(—x, —y, —t), where a.and b are real.

Each case above gives a nonlocal eguation in the form of (5.11) in 241 dimensions. At the
end we obtain 27 nonlocal*equations from negative AKNS hierarchy in 241 dimensions.

Remark. In all the above nonlocal equations we can use D! = [ * when there exist only y
and t reversals, p®= p(z, e2 y, €3 t).

6 Soliton/Solutions for Negative AKNS Hierarchy

In the following sections we solve the Hirota bilinear equations of (2+1)-AKNS(—n) systems
for n=0,1,2 when $ = 0 and find one- and two-soliton solutions.

6.1 One-Soliton Solution of (2 + 1)-AKNS(—n) System (n =0,1,2)

Here we will present how to find one-soliton solution of (2 4+ 1)-AKNS(0) system. For n = 1
and n = 2 the steps for finding one-soliton solution are same with n = 0 case except the

dispersion relations.
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Consider the system (3.5)-(3.7). To find one-soliton solution we use the following expansions
for the functions g, h, and f,

g = &g, hzgh’l? f:1+82f27 (61)
where
g1 = 691, hl == 692, 91 = k’Z[B + Y + wit + 51'7 1= 1, 2. (62)
When we substitute (6.1) into the equations (3.5)-(3.7), we obtain the coefficients of ¢ as
1
Pi(D){g1 -1} = bgry = 910 + ag1e =0, (6.3)
1
PQ(D){hl . 1} == bhlﬂy + §h17$t + ahl,w == 0, (64)
yielding the dispersion relations
1.1 1,1
T = b(2k1w1 — ak‘l) Ty = E(—§k2w2 4 ak2>. (65)
From the coefficient of 2
f2,a:x = _glhlu (66)

we obtain the function f, as
e(k1tka)z+(T1+72)yF(WiFwe)t+51+62

fr=— Ly . (6.7)

The coefficients of €3 vanish with the dispersion relations and (6.7). From the coefficient of

et we get

f2f2,m - f22,z =0, (6-8)
and this equation also vanishes immediately due to the dispersion relations and (6.7). With-
out loss of generality let ustalso take ¢ = 1. Hence a pair of solutions of (2 + 1)-AKNS(0)
system (2.2)-(2.3) is given by (p(z,y,t),q(z,y,t)) where

e e
play,t) = T Ao q(z,y,1) = T A (6.9)
with Qz = k?Z{L' 4 Y + wit + (51‘7 1= 1,2, T = %(%klwl — akl), Ty = %(-%kg(dg — (le), and
A=——L Here k;, w;, and 6;, i = 1,2 are arbitrary complex numbers.

(k14k2)

For n =yl that is for the system (2.5)-(2.6) one-soliton solution is given by (6.9) where
1.1
b<2

=

1,1 a
klwl - _k2> Ty = 6(-5/4120.)2 + §]€§) (610)

For n = 2 that is for the system (2.8)-(2.9) one-soliton solution is again given by (6.9) where

1.1 1,1 a
b(2k1w1 — Zkg) Ty = E(—§k2w2 - Zk%) (61].)

=

12



6.2 Two-Soliton Solution of (24 1)-AKNS(—n) System (n =0,1,2)

Here as in the previous section, we will only deal with (2 + 1)-AKNS(0) system and find
two-soliton solution of this system. For n = 1 and n = 2 we have the same form of two-soliton
solution only with difference of the dispersion relations.

Consider the system (3.5)-(3.7). For two-soliton solution, we take
g=cqg1 +3g5, h=chi+e%hs, f=1+ef+e ]y, (6.12)
where
g1 = e p e hy =M 4 e, (6.13)
with 0, = k;x + 1,y + wit + 0;, n; = Lix + s;y + myt + o for i = 1,2. Wheén we insert above
expansions into (3.5)-(3.7), we get the coefficients of ", 1 < n < 8 as

1
€:bgiy — 5Lt +ag1. =0, (6.14)
1
bhl,y + éhlvrt + CLhLl« == O, (615)
€2 fouwa + g1h1 =0, (6.16)
1
53 :b(gl,ny - glf?,y) - §<gl,xtf2 - gl,th,z - gl,fo,t + glf?,:ct) + a(gl,fo - glf2,x)
1
+ bgs,y — 593t +ags. =0, (6.17)
1
b(hiyfo — hyfay) + §(h1,ztf2 — Mafoe' = Pigfor + Pifou) + alhigfo — hifoz)
1
+ bh?),y + §h3,xt + ah3,;t = O, (618)
54 :f2f2,:w - f22,g; + f4,$z + 91h3 + gBhl - 0; (619)
1
e fb(gl,yf4 - 91f4,y) - 5(91,ztf4 y 4 gl,tf4,x - gl,xf4,t + glf4,xt) + a(91,xf4 - glf4,z)
1
+0(g3.5.f2 — 93 fom) — 5(93,xtf2 — 31f20 — 932 for + G3fo0t) + a(g30f2 — 93foa) =0,
(6.20)
1
b(ha,y fa 201 fay) + §<h1,xtf4 — hiafae — Pigfae + b fage) + alhigfa — hifaz)
1
+ b( Ny fo h3fo,) + §<h37xtf2 — hgifor — hapfor + hsfou) +a(hszfo— hsfor) =0,
(6.21)
86 :fZ,xmf4 - 2f2,xf4,x + f2f4,:px + g3h3 = 07 (622)
1
e’ ¢b(93,yf4 - 93f4,y) - 5(93,xtf4 - gB,tf4,:c - g3,:vf4,t + 93f4,a:t) + a(g3,xf4 - 93f4,x) =0,
(6.23)
1
b(hsyfa — hsfay) + §(h3,ztf4 — hgifaz — hsafar + hsfoz) +a(hszfo— hsfiz) = 0.
(6.24)
58 : f4f4,xx - flix =0. (625)
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The equations (6.14) and (6.15) give the dispersion relations

1,1 1, 1
From the coefficient of €2 we obtain the function f5,
fo = ehrtmtan | pfitmtorz 4 olatmtan | f2tntaz _ Z elitnjtai; (627)
1<i,j<2
where 1
e =——-—— 1<4,7<2. 6.28
(/-CZ + fj)Q =) ( )
The equations (6.17) and (6.18) give the functions g3 and hs,
g3 = A1€91+92+771 +A2€91+92+n2, hs = 316914—7]14-772 + 32692+n1+7727 (629)
where 2 o
A =— (ky — o) B = — (= 6) i=1,2. (6.30)

(k1 + €;)2(ko + £;)%
The equation (6.19) yields the function f; as

(01 + k)2 (bol+ Ki)%

f4 _ M€91+02+7]1+772’ (631)

where b g —
M = U = ky)"(h — 12) : (6.32)
(k1 + 1)2 (ke + 19)2(ke #11)%(ka + [2)?
Other equations (6.20)-(6.25) vanish immeédiately by the dispersion relations (6.26) and the

functions fs, f1, g3, and hg.

Take ¢ = 1. Then two-soliton solution“ef the system (2.2)-(2.3) is given with the pair

(p(z,y,t),q(x,y,1)),
pal +€02 +A1691+92+n1 +A2691+92+7}2
1 4 efrtmron Jebtmtary | pbatmtaz | ebatmtasy L \febi+0atmtnz’
e 4 ez +B1691+771+T]2 _|_32692+771+7]2
- 14+ ehrtm+ai + ef1t+mtaiz + ef2+m-+az + ef2+m2+az2 + M eb1+02+n+n2’
with 0, = k;x #19+ wit + 0;, ; = Lix + s;y + mit + «; for ¢ = 1,2 with the dispersion
relations 7; = %(%kzwz — ak;), s; = %
1 = 1,2 axe arbitrary complex numbers.

p(z,y,t) (6.33)

(6.34)

q(z,y,1)

(—%fzmz — aéi), 1= 172 Here ki7 Ei,wi,mi,&-, and (679

For n =1l i.e! for the system (2.5)-(2.6) two-soliton solution is given by (6.33)-(6.34) where
0; =\kirs T,y + wit + 05, m; = Lix + s;y + mt + o for ¢ = 1,2 with the dispersion relations
1.1

1 1
= 5(51%0% — 37%2% Si = 5(_§éimi + gé?), i=1,2. (6.35)

For n = 2 that is for the system (2.8)-(2.9) two-soliton solution is also given by (6.33)-(6.34)
where 0, = k;x + Ty + wit + 0;, m; = Lix + s;y + mit + «; for © = 1,2 with the dispersion

T;

relations 11 11
Rt NPT Ry N
T = b<2kaZ 4]{;2), s b( 2€Zml 461), i=1,2. (6.36)
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7 Soliton Solutions of Reduced Equations

In our studies of nonlocal NLS and nonlocal mKdV equations we introduced a general method
[32]-[36] to obtain soliton solutions of nonlocal integrable equation. This method consists of

three main steps:

e Find a consistent reduction formula which reduces the integrable system of equations

to integrable nonlocal equations.

e Find soliton solutions of the system of equations by use of the Hirota bilinear method

or by inverse scattering transform technique, or by use of Darboux“Iransformation.

e Use the reduction formulas on the soliton solutions of the systemtof equations to obtain
the soliton solutions of the reduced nonlocal equations. By.thisiway one obtains many

different relations among the soliton parameters of the system of equations.

In the following sections we mainly follow the above method_in obtaining the soliton solu-
tions of AKNS(—n) systems for n = 0, 1, and n = 2.by using Type 1 and Type 2 approaches
given in [33].

7.1 One-Soliton Solutions of Local Reduced Equations

The constraints that one-soliton solutions of the local equations (4.1), (4.5), and (4.6) which
are reduced from AKNS(—n) forn = 0, 1; and n = 2 systems respectively can be found by
the local reduction formula g, yst) = op(x,y,t) that is

€k2x+72y+w2t+52 06E1$+?1y+®1t+51
1 + Ae(kitko)z+(ridm2)yf(wi+w2)t+51+62 - 1 +1[16(1%1+I€2)x+(7—1+%2)y+(w1+w2)t+51+52' (7'1)
If we use the Type .1 approach, we obtain the following constraints:
ko =k, 2uws=ay, 3)e”=0ce", (7.2)

so that(the equality (7.1) is satisfied for each n = 0,1, and n = 2. Note that under the above
congtraintsythe dispersion relations give 7, = 77. Hence one-soliton solutions of (4.1), (4.5),
and (4.6) are given by

eF1e+Tiytwit+d

(7.3)

p({E, Y, t) =T 0 o(k1+k1)z+(m1+71)y+(wi+@1 ) t+51+61
(k1+Fk1)?

where

i. for n =0, a and b are pure imaginary numbers and 7, = %(%klwl — aky),
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ii. for n =1, ais areal and b is a pure imaginary number and 7 = 3 (3kjw; — 2k7),

iii. for n =2, a and b are pure imaginary numbers and 7 = 3 (3kw; — 2k3).

If sign(o) < 0 we can let
g = —(kfl + ];’1)2 6”, (74)

where p is another real constant. Then the above one-soliton solution becomes

e(b
where
1 - _
0= 5[(k:1 +k1)x + (11 + 7))y + (wy + wy)t+ 6y + 0+, (7.6)
1 _ y
¢ = 5[(/{31 — /{31>ZL’ + (7'1 — ﬂ)y -+ (w1 — U_Jl)t 4 (51 — 51 — ,U,], (77)

Hence one-soliton solutions of the locally reduced equations forsm”= 0,1,2 are finite and

bounded when sign(o) < 0. The norm of p becomes

e_u

=y . 3 7.8
4 ¢osh? 0 (78)

Ip(z,y,t)?

Note that in [39], Strachan studied one-soliton solutions of the generalization of NLS equation
given by

WO =00 + V([U])Y
9.V = 20,[v|% (7.9)

Indeed the single equation (4.1) /s equivalent to the above system if we interchange the

£ in (4.1). To obtain one-soliton solution,

Strachan applied thé Hirota’method directly on the Hirota bilinear form of this single equa-

variables t and y, takela = 0, 0 = —1, and b =

tion. One of the/solutions given in [39] is same with our one-soliton solution (7.3). Notice
that there is a*type in the Hirota bilinear form of the (7.9) and so in the dispersion relation
in [39]. In addition to that solution, Strachan obtained more general solution by changing

the solution ansatz.

7.2 One-Soliton Solutions of Nonlocal Reduced Equations

Firstly let us consider the nonlocal reduction q(x,y,t) = op(eix, €2y, est). Here the con-
straints that one-soliton solutions of the nonlocal equations (5.4), (5.7), and (5.10) which
are reduced from AKNS(—n) for n = 0,1, and n = 2 systems respectively can be found by

€k2I+T2y+w2t+52 Je€1k11+627'1y+63w1t+51

1+ Ae(k1tk2)z+(m1+72)y+ (w1 +w2)t+01+02 - 1+ Ae€1(k1tk2)z+ea(T1+72)y+es (w1 twa)t+d1+62 (710)
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where A = —m and 7;, ¢ = 1,2 can be written in terms of k; and w; due to the dispersion

relations of each case n = 0,1, 2.

If we use the Type 1 approach, we obtain
Dky = ek, 2wy =eswy, 3)e” =oe™. (7.11)

When we use these constraints with the possibilities for (e, €9, €3) given in Sects. 7.4, 7.5,
and 7.6 on the dispersion relations of the cases n = 0,1, 2, we get 75 = €a7y.

For n = 0 we have (e, €2,€3) = (1,1, —1) and one-soliton solution of the reduced equation

(5.4) is
eF1e+Tiy+wit+d

p(xv Y, t) = 1 — ﬁ’ e2kiz+211y+261 (712)
1

where 71 = %(%klwl —aky). Assume that all the parameters; k; {wq, d1,a; and b so 7, are real.
Let o = —4k?e? then

¢
e
p(z,y,t) = T v (7.13)
where 1 is a real constant and

¢ = kiz +3y +wyt + 01, (7.14)
9:k1$+7'1y—|—(51. (715)

Eq. (7.13) can further be simplified as

ew1t—p,

)= ———. 7.16
p(2,y,t) S eosh (0T 1) (7.16)

Hence for the defocusing/case;sign(o) < 0, one-soliton solution is bounded for all ¢ > 0 for
wy < 0 and finite for all (zyy,t).

For n = 1 we Hawe (€j, €2, €3) = (1,—1,1) and one-soliton solution of the reduced equation
(5.7) is

ekl 471 yF+wit+1

p<$)y7 t) - 1 . L€2k1x+2w1t+251’
4k3

(7.17)

whereéwr, = %(%klwl — 2k?). Assume that all the parameters; k;,wy, 01, a, and b so 7; are real.

Let o= —4k?e* then

a
2

¢
e
p(z,y,t) = T o (7.18)
where p is a real constant and
¢ = kix + Ty + wit + 01, (7.19)
0= k;lx + wlt -+ (51, (720)
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which can be simplified as
ele_M

~ 2cosh(f + p)

Hence for sign(o) < 0, one-soliton solution is finite for all (x,y,?) but not bounded.

p(z,y,t) (7.21)

For n = 2 we have (€1, €,€3) = (1,1, —1) and one-soliton solution of the reduced equation
(5.10) is

eklx-i-ﬁ y+wit+d1

p(x,y,t) = 1— #€2k1z+27—1y+261’ (7.22)
1

where 71 = 7 (3kiw; — 2k7). Hence, similar to n = 0 case, the solution (7.22).ean bégimplified
to the form (7.16) with only difference in 73. And that solution is boundedfor all ¢ > 0 for
w; < 0 and finite for all (z,y,t) when sign(o) < 0.

Note that other possibility in each of the cases for (€1, €s, €3) is (=1, —1,/—1). Clearly, because
of the definition of the constant A, if we use Type 1 approach we obtain trivial solution.

Hence we use Type 2 on

e e
= . 7.23
1+ Aefr+02 01 L Apb; +05 ( )
From the application of the cross multiplication we.get
e+ Ae®2ef = ket Tk Ake®e’, (7.24)
where
ej:kjl'—l—ij—f—th—i-(Sj, efz—ij—ij—th—f—(Sj, ]:172
Hence we obtain the conditions
1Age* =1, 2)Ae* =0, (7.25)

yielding e’ = flz% and €% = &yin/o(ky +ky) for £ = £1, j = 1, 2. Therefore one-soliton
solutions of the equations (5.4), (5.7), and (5.10) are given by

Y N iglekzlx-‘rﬂy-‘rwn(k_l_'_kQ)
p(:zc,y, )_ \/5(1+51526(161+/€2)$+(T1+T2)y+(w1+w2)t)7

fj =x1,7=12, (726)

with corresponding dispersion relations; (6.5) for n = 0, (6.10) for n = 1, and (6.11) for
n =2. We'ean further simplify the solution (7.26) as

edto

p(r,y,t) = Sooshd’ (7.27)

where
6 = 1l — o)+ (1 = )y + (o — )], (7.29)
o %[(/ﬁ +ka)e + (14 72)y + (w1 + wn)t]. (7.29)
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The solution (7.27) is finite if k1 + ko, 71 + 72, and w; + wy are real. In addition to that it is
bounded if k1 —ko =0, 71— = 0, and wy —ws < 0 fort > 0. For n = 0 and n = 2 cases, these
conditions are satisfied if k1, 71, w; are real, k1 = ko, 71 = T, wo = —wq, and wy; < 0 for ¢ > 0.
For n = 1 case, they are satisfied if k1, 7, w1, a are real, k; = ky, 71 = T, ws = 2ak; — w1, and
wi —aky <0 fort > 0.

The second nonlocal reduction formula is g(x,y,t) = op(€e1x, €2y, €st). The constraints that
one-soliton solutions of the nonlocal equations (5.5), (5.8), and (5.11) which are reduced

from AKNS(—n) for n = 0,1, and n = 2 systems respectively can be found by,

k2t T2y twat+ds gefthiateaTiyteswit+o
= S — (7.30)
1 + Aelkitka)z+(r1472)y+(wi+wa)i+61402 1+ Aeer(k1+k2)z+eo(T1+72)y+es (@atw2)t461402 ’
o 1 . . . . - .
where A = — iR and 7;, i« = 1,2 satisfy the dispersion relations given for each case
n=20,1,2.

By applying the Type 1 approach, we obtain
1) ]{32 = 61];’1, 2) Wy = 63@1, 3) 662 = 0'651. (731)
Using these constraints besides the conditions (5.6), (5.9), and (5.12) in the dispersion rela-

tions of the cases n = 0, 1,2 we get 7, = €571.

Thus one-soliton solutions of the reduced equations (5.5), (5.8), and (5.11) are given by

ek1etmiy+wit+d

p(z,y,t) = (7.32)

1 — E 6(k1+€1f€1)l‘-‘r(ﬁ+€2ﬁ)y+(w1+63@1)t+51+51 !

( o9
(kit+e1ki

with the corresponding dispersion’relations 7 = %(%klwl —aky), 7 = %(%klwl - %k‘%), and
T = %(%klwl — 9k}) givemgrespectively. It is clear that there are finite and singular solutions

(7.32) depending oncthe parameters of the solutions.

Note that since thereare 21 nonlocal reduced equations by the reduction formula g(z,y,t) =
op(erx, eay,€st) for n = 0,1,2 let us only consider y-reflection that is when (e, €3,€3) =
(1,—1,1) as an example. Let 0 = —(k; + k;)%e”, p is a real constant. Then one-soliton
solutions'ef-the nonlocal equations:

1 _ _
(n = 0)7 bpy(x7y7t) = éptw(x7yat) - apx(xay7t) - Op(xayat)D l(p(x7yat)p(l‘7 _y7t>)ta

(7.33)
where a is a pure imaginary, b is a real number,
1 a _
(n = 1)7 bpy(xv Y, t) :iptx(l‘y Y, t) - §pmx(xa Y, t) + ao_p2($a Y, t)p(xa -Y, t)
- O'p(l',y,t)D_l(p(l',y,t)ﬁ(x, _y’t))h (734)
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where a and b are real numbers,

1 a 3a _
(n = 2)a bpy<x7y7t) :§Pm($a yat) - mecx<x7yat) + —Up($, y7t)p<$a —-Y, t)px(xaya t)

2
- O'p(ﬂf,y,t)D_l(p(Z',y,t)ﬁ(x, _yvt))ta (735)
where a is a pure imaginary, b is a real number, become
e®
p('ray7t) - 2COSh<9)7 (736)
where
1 _ _
(b = §[U€1 — ]ﬁ)I + (7'1 + ﬂ)y -+ (w1 — @1)t + ((51 — 51 — ,U,))], (737)
1 - _
0= 5[(kl + kx4 (1 — 7))y + (wy +w1)t + (61 + 61 = 1)) (7.38)

The solution (7.36) is finite if 77 — 7; € R which happens when 7 € RIn addition to that
it is bounded if ky — k1 =0, 1 + 7 =21, = 0, and w; — @; <(0 for ¢ > 0. This occurs only
when k; € R and 7, = 0. But taking 71 = 0 reduces the diménsionsef the solution from 2 + 1
to 1+ 1.

8 Conclusion

In this work we obtained a new negative AKNS hierarchy denoted by AKNS(—n) for
n =0,1,2,... in 2 4+ 1 dimensions. We obtained the Hirota bilinear forms of these sys-
tems and found one- and two-soliton solutions for n = 0,1,2. We then found all possible
local and nonlocal reductions of these systems. Using the constraint equations among the dy-
namical variables for n = 0, 142 weifound 3 new local and 27 new nonlocal reduced equations
in 2 4+ 1 dimensions. These new nonlocal equations contain two different types of nonlocal-
ity. They contain termg with D~! (integro-differential equations) and terms p(e;z, €2y, €3t)
(mirror symmetric térms) where €2 = €3 = €2 = 1. From the one-soliton solutions of the neg-
ative AKNS systém of‘equations we obtained one-soliton solutions of the local and nonlocal
reduced equations. Among all these one-soliton solutions there are solutions which develop
singularities in a finite time and there are also solutions which are finite and bounded de-

pending on thé*parameters of the solutions.
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