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Abstract

We investigate the structure of the local and global minimizers of the Huber loss
function regularized with a sparsity inducing LO norm term. We characterize local
minimizers and establish conditions that are necessary and sufficient for a local mini-
mizer to be strict. A necessary condition is established for global minimizers, as well
as non-emptiness of the set of global minimizers. The sparsity of minimizers is also
studied by giving bounds on a regularization parameter controlling sparsity. Results
are illustrated in numerical examples.

Keywords Sparse solution of linear systems - Regularization - local minimizer -
Global minimizer - Huber loss function - LO-norm

Mathematics Subject Classification 15A29 - 62J05 - 90C26 - 90C46

1 Introduction

The search for an approximate and regularized solution (i.e., a solution with some
desirable properties such as sparsity) to a possibly inconsistent system of linear equa-
tions is a ubiquitous problem in applied mathematics. It aims at finding a solution
vector x, that minimizes both objectives (J|Ax — b||, ||x]|) with respect to a norm
or another appropriate error measure. Here, we use the Huber loss function and the
£p-norm, respectively.

The Huber loss function has been used in several engineering applications since
the 1970s (for a recent account, see, e.g., [1]) while the search for sparse solutions of
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linear systems has been a popular topic of the last decade. The purpose of the present
paper is to initiate an investigation of a combination of the two.

In the world of statistical data analysis, a common assumption is the normality
of errors in the measurements. The normality assumption leads to methods yielding
closed form solutions and thus is quite convenient. However, many real-world appli-
cations in engineering present the modeler with data deviating from the normality
assumption. Robust statistics or robust methods in engineering aim at alleviating the
effects of departure from normality by being largely immune to its negative ones. One
of the proposals for robust statistical procedures was put forward in the 1970s and
1980s by Huber [2]. The so-called Huber loss function (a.k.a. Huber’s M-estimator)
coincides with the quadratic error measure up to a range beyond which a linear error
measure is adopted. Huber established that the resulting estimator corresponds to a
maximum likelihood estimate for a perturbed normal law. The Huber loss function
has numerous applications in statistics and engineering as documented among others
in the recent monograph by Zoubir et al. [1]. The present paper studies a case where
sparsity is incorporated directly (instead of an approximation, e.g., using an £; term,
of the sparsity inducing £o-norm term) into an estimation effort based on the Huber
loss function. Sparsity in estimation of linear models has become popular due to the
presence of high-dimensional measurement and prediction spaces. The popularity of
sparse estimation is largely due to the success of the least absolute shrinkage and
selection operator (Lasso) by Hastie and Tibshirani [3], which had a vast influence on
engineering and sciences. This development was further enhanced by the advent of
techniques such as compressed sensing (e.g., [4—14]), where the predictors or the sig-
nal vector were assumed to be sparse (i.e., having a few nonzero or large components).
Indeed, in many applications the measured signal can have a sparse representation with
respect to a suitable basis (e.g., a wavelet basis) [8,15].

In all the aforementioned studies, the error criterion is the least squares criterion
(for applications in engineering see, e.g., the references in [16]), and the sparsity
of the solution is usually controlled using the £; norm as a proxy for the number of
nonzero components of a vector since the latter leads to non-convex, non-differentiable
optimization problems. The pertinent research question is then to find necessary and
sufficient conditions under which the solutions obtained with the £ approximation
correspond to the sought-after sparse vector (i.e., the one that would result from the use
of the true measure counting the nonzero elements). There are few papers that study
the structure of optimal solutions to the £y-regularized problem (namely, the £> — £y
problem), e.g., [16-18]. In [17], necessary conditions for optimality are developed
along with algorithms for sparsity constrained optimization problems with a continu-
ously differentiable objective function. The reference [16] studies the structure of local
and global solutions to the least-squares problem regularized with the £ term. In [18],
a stationarity-based optimality condition is given in the appendix. Both references
[16,17] contain extensive lists of relevant research articles from the last decade on the
subject of sparse optimization. It is also noteworthy that in recent (yet unpublished as
of this writing) research Chancelier and De Lara [19-21] investigate conjugacy and
duality for optimization problems involving £ terms. Here, we follow the footsteps
of [16] as we characterize local minimizers, strict local minimizers and we investigate
properties of global minimizers. A more recent paper following the line of investiga-
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tion in [16,17] is the reference [22] which gives a review of necessary conditions for
the ¢, — £¢ problem as well as their applications in numerical algorithms.

However, the analysis of the present paper is significantly more complicated than
that of the least-squares case treated in [16] due to the piecewise quadratic nature of
the Huber loss function. While the minimizers of the problem Huber loss-£( has not
been studied previously, to the best of our knowledge, the connection of Huber loss
to sparsity was also investigated in a recent line of work by Selesnick and others in
a series of papers, see, e.g., [23-26]. In these papers, the Huber loss function and its
generalization are used as the basis of a minimax-concave penalty in the context of
regularized least squares for sparse recovery in engineering applications. Additionally,
in [27] a unified model for robust regularized Extreme Learning Machine regression
using iteratively reweighted least squares which employs the Huber loss function for
robustness among other criteria is given as well as a comprehensive study on the robust
loss function and regularization term for robust ELM regression. The reference [28]
gives an overview of robust nonlinear reconstruction strategies for sparse signals based
on replacing the commonly used L2 norm by M-estimators as data fidelity functions.
A recent reference [29] studies the relationship between the class of M-estimators and
the probability density functions of residuals in regression analysis using maximum
likelihood estimation and entropy maximization. An interesting line of future work
would be to investigate the impact of £(; norm on this relationship.

The contributions of the present paper are the following:

We show how to find local minimizers in Sect. 4 after some preliminaries in Sects. 2

and 3.

— We develop necessary and sufficient conditions for strict local minimizers in
Sect. 5. The conditions given are verifiable numerically.

— We give a necessary condition for global minimizers, which is useful in setting

meaningful values of the scalarization parameter in Sect. 6.

We prove the non-emptiness property of the set of global minimizers and discuss

the choice of a the regularization parameter for controlling sparsity of global

minimizers.

We also relate our results to the optimality criteria (support optimality, L-stationarity
and partial coordinate-wise optimality) of [17]. It is the hope of the authors that the
results presented here will be useful for further studies on development of algorithms.

2 Preliminaries
Let A € RM*N for M < N, where the positive integers M and N are fixed, with

rank(A) = M. Given a data vector d € RM and 8 > 0, we consider an objective
function Fy : RN — R of the form

Fa(u) =W (u) + B llull, ey
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where W (u) stands for a variant of the Huber-y function which is

. 2
X G for l¢; )] < v,
W) =Y Y(ci(u). where yr(ci(w)) = { 2y @
i=1 lci)| = 3y, for |e;j(uw)| = v,

and c;(u) = (Au — d, ¢;). Finally, |lully = |o(u)|, where o (u) is the support of
u. The Huber-y function is C!, with Lipschitz continuous derivative (and gradient)
and convex. For the Lipschitz continuity property of the gradient, a derivation of
the Lipschitz constant is given in “Appendix” for completeness.! The C! property
is trivial, and convexity comes from the fact that ¢;’s are affine functions, and non-
negative weighted sums imply that W(u) is convex. Unfortunately, W () is not a
coercive function. Let u € ker(A) then for any § € R, we have u € ker(A). Then,
V(Su) = VY(u) = Zf‘il Y (d;), this shows that there exists a direction where the
function does not go to infinity.
If we define ¢ : R — {0, 1} as

0, iftr =0,

PO=11 i 20, ®)
then we can rewrite |lu|ly = ZlN:1 ¢ uli]) = Zieg(u) ¢ (u[i]). Then, Fy is equiva-
lently:

Faw) =W +p Y plil). “)
ico(u)

We are looking for all (local and global) minimizers u of an objective F, of the form

(1):

i € RN such that F,(ii) = mig Fau). (3)
ue

Instead of the minimization of F; in (1) one can also study its constrained variants:

given ¢ > 0, minimize |lul||y subjectto ¥ (u) < ¢, ©)
given K € I}y, minimize W (u) subjectto |u|lp < K,
where I[j; stands for the totally and strictly ordered index set, [y:=({1, ..., M}, <),

although, due to non-convexity, one cannot in general speak of equivalence between
these problems. Here, we focus exclusively on the minimizers of F; in the spirit of
[16].

Givenu € RY and p > 0, the open ball at u of radius p with respect to the ¢ p-norm
for 1 < p < oois defined as B, (u, p):={v € RY : v — ullp < p}. The notation ||-||

1 While everyone dealing with the Huber function uses the constant, we were not able to find a derivation,
so it is provided.
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is used to mean the standard ¢> norm when not explicitly indicated. The ith column
of a matrix is denoted by a;. Without loss of generality we assume that a; # 0 for any
i € Iy.Forany w C Iy, we use the following notation for submatrices and subvectors

A =(u1]s - - - Aufl)) € RM*IL

up=lw(1]], ..., ulo[lo|]]) € R
The zero padding operator Z,, : R“l — RV is used for inversion:

. 0, ifi ¢ w,
u=Zy,uy), uli]l= . .
uylk], for the unique k such that w[k] =i.

Remark 2.1 For any u € RY and w C Iy with w D o (u), we have Au = A u,,.

We conclude this section with a numerical example to motivate the research effort
of the present paper.

Example 2.1 Let p(x) = 8x!3 — 2x"! — 4x7 4 5x% 4+ 3x3 — x2 + 1 be a polynomial.
We have ¢ defined as ten test points randomly chosen between [—1, 1]. Then, let
A € R10%20 be the Vandermonde matrix generated from 7 and d = p(). Assuming a
large noise n = 10000000000 O]T, we perturb the data as d = d + 1. We are
looking for an approximation of p with a small number of terms using y = 0.1 and
B = 0.6. From Fig. 1, we observe that the Huber loss approximates the polynomial
better than the least squares criterion under large amount of noise, especially in the
interval [0.3, 0.6]. Beyond this interval, the Huber approximation and the polynomial
are almost indistinguishable.

3 Minimizers of (HR)
Now, let w € Iy, problem (HR,,) reads as

min W (u) subject to u[i] = 0, Vi € o°. (HR,)
ueRN

Let K, denote the subspace K,:={v € RY : v[i] = 0,Vi € »°}. Then, one can
rewrite the problem (HR,,) using this subspace:

min W (u). (HR,,)

uek,

This problem is equivalent to (ZPHR,,) with the help of the zero-padding operator:

M
min 3"y (Agv —d. e), o > 1. (ZPHR,)
i=1

veRlel
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Approx. by Huber
8r Original
Approx. by L2

p(x)
N

Fig.1 Comparison of L2 and Huber for approximation of a 13-degree polynomial under large perturbations

Proposition 3.1 The optimality condition of (ZPHR,,) is Al clip(A,v—d) = 0 € RI¢I
where the clip function is defined as

fAwv —d, i) A d e
clip(Apv — d)[i] = y ’ if wV e < vy, .

sgn((Apv —d, e)), if [(Awv —d, e} = y.

Proof If we let W, (v) = Zf‘il v ((A,v —d, e;)), we have to check VW, (v). For all

j S H|w|:
MW, (0) LAY (Apy —d, ) & 3, Ale;)
w wlV — U, €& . ) 1
= = lip((Ayv — d, ej)) ——2"'%
70, ; 5, ;C ip((Ay = d. )=
M
=Y clip({A,v — d, &))(A]) i
i=1
M
= clip((Ayv — d. €))(Ay)ij
i=1
= (aa)j» clip(Apv — d)).
This shows that Al clip(A,v — d) = 0y, is the optimality condition. O
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3.1 Existence of Global Minimizers of (HR,)

While the problem (HR,,) has been extensively studied since the 1980s (e.g., [30,31]),
an existence result for the minimizer is difficult to find in the literature. For the sake
of completeness, it is provided below. We start by defining a “sign vector” s,, and its
associated diagonal matrix W; to rewrite (HR,) as a quadratic optimization problem.
Let sy, (v) = [sy1(v), ..., Sym(v)] with

—L i) < —y.
syi(v) =10, if |cl.w(v)| <,
L) =y,

2

where ¢’ (v) = (Ayv —d, ¢;). Also let W, = diag(wy, ..., wy,) where w; = 1 —s7.

Then, our problem (ZPHR,,)) is rewritten as
: ] wN\T w T w 1 :
min Wy, (v) = -—(c™)" Wsc® 45, | ¥ — Sysy subject to |w| > 1.
2y 2
The dual problem turns out to be

min {de + %vTU} subject to [[v]lo < 1and Al v = 0. (=D)
v

Since A, : Rl®l — RM isacontinuous linear operator, ker(A,,) is aclosed subspace of
RI®!. Thus, the dual problem has a non-empty (zero vector) compact feasible region
with a continuous objective function. Therefore, the dual problem always admits a
solution. Now, computing the dual of (—D) one immediately obtains that the dual of
the (D) is (HR). Since (D) has a non-empty bounded feasibility set, this shows that
(HR) has an optimal solution, independently from the choice of w C I. Therefore,
Alclip(Ayv — d) = 0 always admits a solution.

Proposition 3.2

[12 e RY solves (HRw)] & [uw € R satisfies AL clip(Ayiiy, — d) = 0 and it = Zw(ﬁw)],
(3)
where Z,, is the zero padding operator.

Proof Let || = 0, then the result follows immediately. If || > 1, then one can use
that Al = Ay, for o (1) = w. Since Z, acts as a bijection between R/l and RV,
we have the equivalence. O

4 Local Minimizers

We begin with a useful technical lemma which is a counterpart to Lemma 2.1 of [16].
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Lemma4.1 Letd € RM, B > 0, and it € RN \ {0} be arbitrary. For 6:=0 (i), set

p:=min { min }ﬁ[i]
|ASTes

e
CNAl +1

Then, p > 0, and we have

v E Buo(0,0) = Y p(@lil+vli) =Y ¢@liD+ Y ¢@lih. @)

iely i€G ieq®

v € Boo(0, p) N RN\ Kp) = Falii +v) = Fa(@d), (ii)

where the inequality is strict whenever 6¢ # (.

Proof For (i), v € B (0, p) implies that max;er, {|v[i]]} < min,-EHN{|12[i] }, then

sgn(u[i] + v[i]) = sgn(u[i]) fori € 6. Then, we have

Y @G+l =Y @Ll+ ol + Y ¢l =Y el + Y lil),

iely i€é i€cc i€o i€oe

as expected.
For (ii), we have to define a four set partition of I;:

Hi=li ey :|c@+v)| <y}n{i ely :|a@]| <y},
Hy=li €y : |c;@+v)| <y}nfi €Ly :|c@]| =y}
Hy={i €Ly : |c;@+v)| =y} N{i € Ly :|ci(@] < v},
Hy={i € Iy : |c;@ +v)| = y}N{i € Iy |e; (@] = v}

These partitions help rewrite F;(ii + v), where v € By (0, p) N (RN \ K3):

Fali+v) =W +v)+ B Y ¢pG@lil+vlil)

iely

o 2
yooaltuT oy (lert+w| =2)+8 Y oGt +viip

: 2y , :
ieH|UH, i€ H3UHy iely

n 2
> Z%—l— Z (!Ci(ﬁ+v)|_%>

ieH; ieHUHy

ci (i) . .
+> -, P > p@lil+ vlil)

ieH3 i€ly

n 2
> Z%—l— Z <|Ci(ﬁ)‘_g>

ieH; ieHyUHy

(N2
+ TS @t - @)

2
i€eH3 4 i€eH,UHy
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+B ) pGlil+ vlil)
iEHN
> Z Ci (ﬁ)z " Z (}C(ﬁ) _ Z)
el ' 2]/ ‘ i P
ieH|UH3 ieHyUHy
+ Z ci()(Av, e;) _ Z |(U,A7‘e,~)|
ieH 4 ieHyUHy
+B ) pGlil+ vlil)
iEHN
W@ - Yy | ATe)|+B Y L1+ vliD)
ieHUH,UHy iely
> W) = Y vl [|ATei |, + 8D @I+ 8D ¢l
iely i€o i€qt
= Fa(@) — vl Y [Aei|, + B llvselly
iEHM

= Fa(@) = llvlls 1 All11 + Bllvsello = Fa ().

For v = 0, inequality is trivial. Otherwise, |[vsc|ly > 1 and the choice of the radius
provides the inequality. O

Lemma4.2 Forany d € RM and for all B > 0, Fy has a strict (local) minimum at
i=0eRN,

Proof Using the fact that

12
Fa@) =" dz[’y] + > ldli] - % > 0 where Hy:={i € Iy : |d[i]| < y}

icHy ieHy®

we have

Fa(w) =)+ B vl
> W) — [[vlleo ANl + Bl
>V(0) = vl 1Al 1 + B.

Then, v € Boo( ) implies F4(v) > F4(0). O

0, ———
Al +1

Proposition4.1 Let d € RM. Given w C Iy, let ii solve problem (HR,). Then, for
any B > 0, the objective Fy reaches a (local) minimum at i and o (1) C w.

Proof Let i solve (HR,,), then 6 = o (i1) € w comes from the constraint of (HR,,).
Letit #0,then 1 < |&| < |w|. The inclusion implies that Kz C K, and this shows:
veKs; = W+ v) > W@). Also, v € Ky implies v[i] = 0 for all i € 6¢. Then,
for all v € B (0, p) N K5
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Fal@+v) = W@ +v)+ B Y ¢(@lil+vlil)

i€ly
=W(@+v)+B8Y_ @l
> W@) + B Y p@lil) = Fa@).

ieo

Then, we have Fy (it + v) > Fy(u) for all v € B (0, p). For it = 0, it was proven
before. O

Lemma4.3 Ford € RM and B > 0, let F; have a (local) minimum at ii. Then, i
solves (HR;) for 6 = o ().

Remark 4.1 Solving (HR,)) for some w C I is equivalent to finding a (local) mini-
mizer of Fy.

Corollary 4.1 Ford € RM and B > 0, let i be a (local) minimizer of Fy. Set 6 = o (it).
Then,

= Zs(is), where ii; satisfies Al clip(Asiiz —d) = 0. ©)

Remark 4.2 Givend € RM for any w C Iy, Fy has a (local) minimizer  defined by
(9) and obeying o (1) C w.

In closing this section, we note that local minimizers coincide with the support
optimal solutions of [17].

5 (Local) Strict Minimizers

Now, we shall concentrate on strict local minimizers.

Definition 5.1 Given a matrix A € R™*N _for any r € Iy, we define €2, as the subset
of all r-length supports that correspond to a full column rank M x r sub matrix of A,

Q= {a) Cly:|lol=r= rank(Aw)}. (10)

If Q¢ = @, then we define

M—1
Q= U Q, and Qmax = QU Q. (11)
r=0

This definition leads to: rank(A) =r > 1 & Q, # W and Q2; =0,V > r + 1.

Proposition 5.1 Givend € RM and B > 0, let i be a (local) minimizer of F,. Define
6 =o(u). rank(Agz) = }8} if and only if 6 € Qmax.
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Theorem 5.1 (Strict Minimizers 1) Given d € RM and B > 0, let &i be a (local)
minimizer of Fy. Define 6 = o (). If the (local) minimum that Fy has at it is strict,
then rank (Az) = |6 |.

Proof Let ii # 0. Suppose dimker(Az) > 1. Then, v € Bx(0, p) N K; and vy €
ker(Ag4) implies that

Falii +v) = W@ +v) + B i+,
= > w(Ai+ Av—d.e) + B i+ v,

iely

= > U((Asits + Asvs —d.e) + B i+ vl
iEHM

= > Y(Ai—d, e) + B |a+v], = Fal@d)
iE]IM

Then, i cannot be a strict minimizer, which is a contradiction. If # = 0, then 6 = @;
hence A; € RM*? and rank(A;) = |6] = 0. o

5.1 Equivalent Formulation of (HR)

For the purposes of this section, we restate the Huber loss problem (HR) with fixed
matrix A € R¥*N and vector d € R with scaling parameter y as follows

min W (u). (HR)

ueRN

Throughout this subsection, we will assume M > N and A to be full rank, i.e., we are
working with an overdetermined system. Next, we introduce a different formulation for
Huber regression. We define the following collection Y:={(v), vy, v-) € {0, M %
{0, 3™ x {0, 1}M : v, + vy + v = 1y} Using this collection, we define the
following sets in RV forall v € Y:

e <y, ifvy, @) =1
Fo={ueRY:cw) =y, ifve()=1
ci(u)y < —y, ifv_(@(i)=1

These sets are convex and pairwise disjoint. Also, they satisfy _J F, =RN If we

denote the indicator function as

veY

0, ifueF,,

Ir (u) =
RUZN . ifug F,,
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we define the Domain Considering Huber Regression (DCHR) as follows

min min [\Il(u) +Ir, (u)] (DCHR)
ueRN veY

Using the properties of the previously defined regions, we have W(u) =

ming,cy [\ll(u) + 1, F, (u)], and this shows that (DCHR) and (HR) are equivalent.

Since we can change the order of minimization, we can define an updated version of
(DCHR)

min min Wy (u), (DCHR?2)

veY yeRN

where Wy, (1) = W(u) + I F, (1) is a convex function of u, hence min, gy Wy, (1)
is a convex optimization problem. Now, suppose we have the following quadratic
expression

Qu(u) = —c(u) Dye) + wr = v-)" e = L — o).

where D,, = diag(v,, ). Using this quadratic expression, we obtain another equivalent
optimization problem to (HR)

min min Q,(u) + IF (1) = min min Q. (u). (QHR)

veY yeRN veY uek,

Lemma 5.1 (Unique Solution of (QHR), [32]) Lety > 0, A € RM*N and d € RM.
If i minimizes (HR), then there is a unique 0 € Y which minimizes (QHR) such that
i € Fy. Furthermore, D), Au = D, Ail for all u solving min,cr, Qy(u).

The following simple observation is used in the proof of the theorem following it.

Lemma 5.2 Consider the linear programming problem min,cp c¢'u with ¢ # 0, then
interior points cannot be optimal.

Proof Assume that an interior point # is an optimal solution to min,cp ¢u. Then,
there is some &€ > 0 such that ¢" (1 — ec) = cTii — ¢ ||c||§ < cTu contradicting the
optimality of #. If the polyhedron contains equality constraints, Eu = d, say, then let
¢ = Py (g)c denote the projection of ¢ onto the null space of E with the projection
matrix Py (g). We still have ¢’ (1 —e¢) = c"i1 —¢ ”PN(E)Cui < ¢ by the properties
of the projection matrix. O

Theorem52 Lety > 0, A € RN andd € RM. Let B, = {u € RV : Vi €
Iy st. |ci(u)| # y}.2 If it minimizes (HR) such that ii € B,, then 1},0, > N, where
0 solves (QHR).

2 This set appears in our subsequent results and is shown to be dense in RV in “Appendix.”

@ Springer



Journal of Optimization Theory and Applications (2020) 187:205-233 217

Proof Assume that 17,0, < N. Since 0 minimizes (QHR), we can solve

v

1
i Q50) = mip (W)’ Dye(w) + (04 = 0-)' e = Loy —00)].
instead of (HR). Since D, Au = D,, Aii for any solution of this problem, we have

. L. Y a .2
;1611}11} Osu) = Ec(u)TDyc(u) -3 |04 — O ||2
-0y —0)"d+ min 0y —0)" Au.
MEF,:,
Dy A(u—i)=0

Hence, one can solve the following linear programming problem to identify minimizers
of (HR)

minimize (04 — 0_)" Au

subject to D, A(u — it) =0,
D Au > yiy,
D_Au < —y0U_,

(HR-LP)

where D and D_ are diag(04 ) and diag(0-), respectively. Since 13,0, < N, we
have

dim(ker(D, A)) > 1,
; therefore, there exists points different from # in feasible region of (HR-LP). But since
it € B, is an interior point, by previous lemma there is some extreme point u* solving
(HR-LP) with
Oy — 0" Au* < (0L — O_)T Adl,

and W (u™) < W(u), which contradicts the fact that # is a minimizer of (HR). Hence,
we have 17,0, > N. O

Example 5.1 Suppose we have some (local) minimizer & of (F4) with y = 0.1. Then,
i solves (HR;) with

1720 9 14 6] KN

192019 16 1 8

3416152 16 _2é055§261

192020 8 17 16 . :
As=11320141414| 97| 4| Wi = —1042238729

2101 4 7 10 e

6 17171520 9 :

(113191 1 | 13 ]
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Now, we can examine ¢(i#) = [—0.0073 0.0192 — 0.0877 — 1.8577 4.4822 —
17.8572 0.0578 0.0432], hence & € B,,. Also, these values return a U such that

v,=[11100011]",

and 1j,v, =5>5= |&| as expected. If we try this with y = 1 and y = 10, we
obtain
iz = [1.9554 —2.3685 —0.1777 1.2945 1.0848]T,
c(n) = [—0.0958 0.2030 —0.8637 —0.9730 4.8732 —17.1799 0.5616 0.4071]T,

1yv, =6>5=|6

)

and

fi; = [~0.1914 0.1431 0.7172 —0.0476 —0.0205]"
c(it) = [~3.7240 4.0729 —5.2803 —3.1570 5.4637 —8.5678 3.3550 —1.1160]" ,

v, =8>5= |&| , respectively.

Example 5.2 One should also observe that there are instances with & € IB%;",. Let i be
a local minimizer of (F;) with y = 0.1. Then, & solves (HR;) with

[—0.0742 —0.5227 0.5227 0.5227
0.9961 —0.0273 0.0273 0.0273
Az = | —0.0273 0.8074 0.1926 0.1926 |,
0.0273 0.1926 0.8074 —0.1926

| 0.0273 0.1926 —0.1926 0.8074

[13.69156058

10 9.81743962
d— 10 and il = 8.70987760
10 ’ 6.02898938
10 11.29012240

From this information, we investigate ¢ (i)
c(t) = [0.08003211 0.01418370 0.1 —5.36113302 —O.I]T.
This shows that i is a (local) minimizer of (F,) with u € IB%;.

5.2 Sufficient Conditions for Strict Minimality

Lemma 5.1 and Theorem 5.2 have a very important role in the proof of the following
theorem.
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Theorem 5.3 (Strict Minimizers II) Given d € RM and B > 0, let it be a (local)
minimizer of F4. Define 6 = o (). If rank(As) = ’8| and ii € B,, then the (local)
minimum that F4 has at u is strict.

Proof ’6’ = 0 implies # = 0 and this is a strict minimizer, proven before. Let

|6| > 1. Given that # € B, there exists some positive number &:=min;,,
{min{|c,- w) — () + y|}}, and one can define a positive radius

B £
AN+ 1 1Al
> jely |Ajij|. Also define three index sets

, where [|A|s = maxe,

p*:=min { min; o4

Hy={j ely:|c;@| <y}, H-={jely:c;() <—y}, Hy={jely:c;@)>yh

If v € Boo(0, p*) \ K5, we have Fy(it) < F4(i + v) as shown in Lemma 4.1 since
¢ # (. Now, suppose v € By (0, p*)NK s, then we have 8 ”ﬁ + v||0 =8 Hﬁ”oforall
positive 8. Then, Fy (i +v) > Fy(ir) implies that ¥ (2 +v) > W (&). Thus, we can say
that Al clip(As s —d) = 0)5|- Now, assume that Alclip(Asits +Asvs —d) = 051-
Then, foralli € &

0= > (AD)ij(Asiis + Agvs — DIjT+ Y y(AL)i; — Y y(AL);

JEH, jeH, JjeH_
— Y (ADij(Asiis — d)j1— D v(ADi + > v(AL)i
JEH, jeH: jeH_
=> (Ag)i,-[DA&)jkva[k]}.
jEH, keo
By previous results, we know that |H | |6 then [AZL ] H, [As] H, is an invertible

matrix with dimension |o|. Hence, [AT] [A ] H, Vs = O implies that v = 0, so
v=0. O

Example 5.3 Using this result and the data in Example 5.1 with y = 0.1 and

B = 5, u is a (local) strict minimizer in the ball B (i1, p*), where p* =
, 5 00123 L
min {0.2379, —, ———— = 6.15 x 107"
475" 20

Corollary 5.1 Let d € RM. Given an arbitrary @ € Qumax, let @i solve (HR,) with
i eBy, and|w| < ‘Hy’. Then,
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(i) 1 reads as

i = Zy(iw), where iy = (ALl [Auln,) ' ALS(lw)

y, JjeH_,
with {(@w) = 1 —y, j € Hy,
di, jeH,

and obeys 6 = o (1) C w and & € Qmax;
(ii) for any B > 0, i is a strict (local) minimizer of Fy;
(iii) u solves (HRy).

Proof (i) Comes from the fact that [A]] H, [Ay] H, is invertible under the given con-
ditions. Then, Proposition 4.1 implies part (ii) and Lemma 4.3 implies part (iii). O

Remark 5.1 One can easily compute a strict (local) minimizer & of (F,;) without know-
ing the value of the regularization parameter 8. However, Corollary 5.1 is useful when
the unique solution v is known for the problem (QHR ). In other words, if one knows
for which v € Y a solution u™* of (HR,,) satisfies u* € F, then one can use Corol-
lary 5.1 to find u* exactly.

6 Global Minimizers
In this section, we first show that one can prove a necessary condition for a global

minimizer. Then, non-emptiness of the set of global minimizers and their sparsity will
be studied.

6.1 A Necessary Condition and Boundaries of 8

The following result gives a necessary condition for global minimizers. It is also useful
for finding meaningful values for the parameter 8 as we shall discuss below.

Theorem 6.1 Ford € RM and B > 0, let F; have a global minimum at ii. Then,

_
VM |jai

i €o(@ = |ali]| > (12)

Proof Let i be a global minimizer of F,. For i = 0, there is nothing to prove. Let
lo@@)| = 1, foralli € Iy define g;(u) : Iy x RY — RV as

gi(w) = (u[1], ... uli — 11,0, uli + 1], ..., u[N]).
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Then, again for all i € Iy we have

Fa() = Fa(gi(@) + e;ali]) = W(gi (@) + eid) + B Y (d’(gi(ft)[j]) + ¢(ft[i])>-

Jjely

Then, we have F;(i1) < F4(g;i(@)) and W (g; (1)) — W (i) > B. Using these, we obtain

Aroa]2 Araa]2 .
lai 3 [atil|” Nl 13 |atil|” liclip(Agi (w) — d) |3

il == = :
laill M a3
_ latilclip(Agi @) — d)"a;* _ |alilelip(Agi (@) — )" Aei |’
M a3 M a3 '

Taking square roots will lead to

|alilclip(Agi (@) — d) Aei| _ —ililclip(Agi (@) — d)" Ae;

|alil| = >
VM lla; VM lla;
_ iV (gi@)Ter _ VY (i) (gi(h) — it)
VM ||a; VM a;ll,

V@) -v@ B
IMlail, VM il

]

The lower bound provided above for the support is independent of d. This property
is also true for local minimizers of Fy satisfying Fy(u) < Fy(a + pe;), Vp €
R, Viely.

Example 6.1 Consider the following numerical example with M = 8 and N = 17 and
the matrix A:

1 0 1 0 1 8 1 1 89 6 806 8 60
-10 53 -19 3 0 1010O0T1TTU0O90O0
05-1715-75 =77 5 =71 =711 711 7 11
-1 2 -12-12 8 -125 3505 35030
4 5 8 1 2 7 —-12 9 119113129 112010
57 01 3106 7 —-14-1414-124-126
6 1 10-21 0 1 2 338150 5 8 23 8 28

L9 0 75 9 1 0 0 3 12040 2212 8 |

and
d=1[-1,2,4,7,-3,-10,20,3]".

Choosing y = 0.1 and 8 = 3, we have a global minimizer u* with the only nonzero
entries 4.944, —1.664 , —4.608, 1.049, —2.217 at components 1, 2, 5, 7, 8. Then, it is
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easy to verify that the necessary condition (12) in Proposition 6.1 is fulfilled. The val-
ues ——— for the entries 1, 2, 5, 7, 8 are 0.0835, 0.0553, 0.0956, 0.0836, 0.1157
VM gl

which are all smaller than the respective entries of # in absolute value.

Remark 6.1 Let d € RM and B > W(0). Then, (F;) has a strict global minimum
at u = 0, since for any nonzero u we have |ullg > 1 and F4(0) = ¥(0) < B <

W(u) + B |lullg. This shows that (F;) has nonzero global minima only for finite
values of §. Using these two bounds, one can use the interval (0, \IJ(O)] for B and
adjust y as desired.

6.2 Non-triviality of the Global Minimizers

In this section, we shall prove that the set of global minimizers is non-empty. We start
by recalling some useful definitions below.

— Let C be a non-empty set in RY. Then, the asymptotic cone of the set C, denoted
by Cwo, is the set of vectors ¢ € RV that are limits in direction of the sequences
{xx} C C, namely

Coo={IERN:Eka—>+oo,ElxkeCwith lim x—k:t}.

k—00 Yk

The following definitions are for f : RY — R,

— The level set of f for A is defined as lev(f, A):={v € RY : f(v) < A} for
A > inf f.

— The epigraph of f is defined as epi f:={(v,1) e RN x R: f(v) < A}.

— For any proper function f : RY — R U {400}, there exists a unique function
foo : RY — R U {00} associated with £, called the asymptotic function, such that

epi foo = (epi f)co-
Definition 6.1 Let f : RN — R U {00} be lower semi-continuous and proper. Then,

f is said to be asymptotically level stable if for each p > 0, each bounded sequence
{Ax} € R, and each sequence {v;} € RY satisfying

v € lev(f, a0, el = oo, vk lloell ™ — 0 € ker((f)oo),

where (f)~ denotes the asymptotic (or recession) function of f, there exists ko such
that

vy — pv € lev(f, Ar) Vk > ko.

Remark 6.2 F; defined in (1) is a non-negative function which is not constantly +oo,
which shows it is a proper function. We show that all level sets of our function are
closed to establish lower-semi continuity. Let @ € R be arbitrary, and let x € RV \ {0}
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be such that F;(v) > «. Then, F; = o + é for some § > 0. Let p be a positive radius

defined in Lemma 4.1 and p™ = min { }, then we have

P, m
Fa(x +v) = Fa() — llxlloo 1All11 + B llxs<llo
for x € Boo(0, p*) and 0 = o (v). If x € B5 (0, p™) \ K, we have
Fa(x +v) = Fa() — llxlloo 1Al + Bllxsello = Fav) > a.
Otherwise, x € B (0, p*) N K, and
Fa(x+v) = Fa() = lIxlloo Al 1 =0+ 8 = llxlloo [Ally1 > 0.

Therefore, we have shown that F; is a lower-semi continuous function.

Proposition 6.1 Let F; : RN — R be of the form (1). Then, ker((F;)s0) = ker(A),
and Fy is asymptotically level stable.

Proof Since F is a proper function, the asymptotic function may be written explicitly

' i ci(xv)) + B |xv
(Fd)oo(v) = lim inf Faxv) = lim inf Z’EHM YcGv) +p H HO
v'—>v X v'—v X
X—> 00 X— 00
; ci(xv)) + B |[v
i inf it V@) + B[V ]y
vV'—v X
X—> 00

Then, for v ¢ ker(A) there is some k such that };; Akjv; # 0. Since ker(A) is
closed then there is some open ball around v which does not belong to the kernel.
Hence,

Yicry, Vi) +B1lvllo . Wer(xv)) + Bllvlly
> lim inf
X xX—00 X
x(Xjery Akjvj) —dil = 5 + Bllvllo
= liminf -——=" =3 Ay > 0.

X—> 00 X

(Fi)oo(v) = lim inf
X—> 00

J€ln

Now, let v € ker(A). We want to show that (F;)s(v) = 0. Then, it suffices to show

) .. Falxv
there exists a direction such that a(rv)

is zero, since it is a non-negative expression.

X
Now, let v, be a sequence in ker(A) converging to v. Then, we have

Ry e, VE@u) +Blvle Y, v+ Bllvlg

lim = lim = lim =0.
n— 00 X n—o00 X xX—>00 X
X—> 00 X—>00
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Combining these two results we obtain that ker ((F;) o) = ker(A) whereker((Fy)oo) =
(v e RN : (Fi)oo(v) = 0}. Now, let {A¢}xen be a bounded sequence of real numbers,
p > 0 and {vi}ren be an arbitrary sequence in RY. Then, we compare |lvk — pv|lg
and |lvk|lo. Leti € o(v), then

Uk
im
k=00 [lugl

£0= || > 0fork > ki,

for some fixed constant k; € N. Otherwise, leti € 0¢(v), then |[vx — pvllg < llvkllo-
We define kg = max;c, ) ki, then we obtain

Fa(vg — pv) = W(vp — pv) + B llvg — pllp
< V() + B llukllo = Falvr) < Ak,

since v € ker(A). This shows that vy — pv € lev(Fy, Ax) for k > ko, Fy is asymptot-
ically level stable. O

Lemma 6.1 (Non-triviality of the Optimal Set, [33]) Let F; : RN — R U {+o0} be
asymptotically level stable with inf F; > —oo. Then, the optimal set U,

U=1{ieR": Fy@) = min F;u))},
ueRN

is non-empty.

Theo[em 6.2 Letd € RM, 8 > 0and y > 0. Then, the set of global minimizers of
Fa, U, is non-empty.

Proof By Proposition 6.1 and the definition of F,;, we have F; asymptotically level
stable, and inf F; > 0. |

Previously we had proven in Sect. 3 that (HR) itself has an optimal solution. As a
result of the above theorem, we know that (F;) always admits a minimizer. Below,
we provide additional results for global minimizers in B, , which we denote by /3.

Theorem 6.3 Letd € RM, B > 0 and y > 0. Then, every ii € UB is a strict (local)
minimizer of (Fy), i.e.,

o (i) € Qmax:
hence Hlft“o <M.
Proof Letii € U N B, and define o (1) = 6. If it = 0, this is done in Lemma 4.2.
Suppose that the global minimizer # # 0 of (F;) is non-strict. Then, Theorem 5.3

fails to hold; i.e.,

dim(ker(As)) > 1.

@ Springer



Journal of Optimization Theory and Applications (2020) 187:205-233 225

Choose vs; € ker(Agz) \ {0} and set v = Z; (vs). Select an i satisfying v[i] # O.
Define u* by u*:=u — ﬁ[i]%. Then, we have u*[i] = 0 while [i] # 0 and this
vl

implies u* g iand |o*] < |6| — 1 where 6* = o (u*). By the choice of v, we have
Al = Azl = Agu™ = Ag+u™ = Au*, then

Faw*) =W+ B |u*|, < @) + B |a], — B = Fali) = Fa@*) < Fa(@d).

This contradicts the fact that i is a global minimizer, hencerank (A;) = |6 |. Therefore,
i is a strict minimizer, & € Q¢ and Hﬁ”o <M. O

6.3 K-Sparse Global MinimizersforK < M — 1

Since A has full rank one can find invertible M-dimensional square submatrices. A
consequence of this fact is that for small 8 values one may end up with multiple
global minimizers as one can express d as a linear combination of the columns in the
invertible M x M submatrix and obtain F; (1) = BM for different i. Hence, it is
interesting to examine M — 1-dimensional (or, lower dimensional) submatrices. For
any K € Iy, let

K
5[(2: U Qr,
r=0

where €2, was set up in Definition 5.1.

Proposition 6.2 Let d € RM. For any K € ly_1, there exists Bx > O, such that if
B > Bk, then each global minimizer of it of F4 satisfies Hﬁ Ho < K. Furthermore, for
all K -sparse vectors ii € UB, o (i) € Q.

Proof Given K € j;_1, set

Uk+1:= U {u : u solves (HRy) and ||ullg > K + 1}.
wClly

Let Ux+1 # @. Then, for any 8 > 0, F4 has a (local) minimum at each u € Ug1.
Therefore,

u is a (local) minimizer of 74 and |u|lg > K +1 < u € Uk+1.
Then, for any 8 > 0 we have F () > B(K + 1) forallu € Uk 1. Letu solve (HR,)
for some w € Q. Then, |||y < K. Set 8 and Bk according to 8 > Bx = W (u). For

such a 8, we have

Fau) =W@@) + B llullg < B+ BK < Fa(u),
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for all u € Uk. Then, for any global minimizer i € U we have
Fa() < Faa) < Fq(u),

foru € Ug41, therefore ”12 ||0 < K.Now, suppose Uk +1 = @. Then, u solving (HR,,)
for w C Iy with |w| > K + 1, we have |||l < K. Let &z be a global minimizer of
Fa, then ||ﬁ||0 < K.If one has it € UB with ||ul|y < K, we have shown that & is a

strict minimizer and o (1) € Q. O

We have found a meaningful region for g satisfying g € (0, \I!(O)] in previous

sections. It is easy to show that for any K € I, we have Bx < W (0), for Bx
provided in the proof of Proposition 6.2. Therefore, the region can be made finer by
specifying

B e (Bx. v,

to investigate K -sparse global minimizers. As stated in the proof, a solution to (HRy,)
for w € Q is sufficient for a lower bound Bx . But one can relax this lower bound by
taking

Bx:= min {¥ (&) : i solves (HR,)},
a)EQK
and restate the region as
pe(pr.vO)

Example 6.2 Let d € R be fixed and defined as d = [1 994 8]T. We investigate the
choice of regularization parameter 8 along with . We can pick any regularization
parameter in the region

B € (0, ¥(O)].
Suppose we have a data matrix A € R3*19 as below

1677844247
4070634692
A=19832376635],
7960977156
9610017128

and we look for k-sparse global minimizers. We have the plots below showing the
relevant regions for y and f for K-sparse global minimizers of 7, (Figs. 2, 3, 4, 5).
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Fig.2 K =1

Fig.3 K =2
Fig.4 K =3
Fig.5 K =4
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Proposition 6.3 Let A, be a M X |w| dimensional submatrix of A, with rank(A,) <
w < M. If u solves HR,,, then there exists a subset w* of w such that Fg(u) > Fy (i)
for i solving HR .

Proof Since A,, is not full rank, there is some submatrix of it A, which is M x |w*|
dimensional and rank(A,+) = 0* < w < M. Without loss of generality, we assume
that first |w*| columns of A, are linearly independent and A+ consist of first |@*|
columns. Then, for any u in the feasible region of HR,, we can write

Aplt = a1 + -+ + dofjo*||U|w*| T -+ + Aofjw]]4|o]

= Aur1U] + 0 F dor (o |U ]y = Aeri™.

Second equality comes from the fact that each column g+ 1, . . ., @e| can be written
as a linear combination of the remaining ones. Therefore, if # solves HR,, we have

Faw) =Ww)+ B llullo =™+ Blulo.

In this case, we always have |lu|lg > [lu*|o, because if u had some zero entries we
could shrink A, accordingly and apply the steps above. Therefore, we have F;(u) >
Faw*) > Fa(i). o

Remark 6.3 As stated in the beginning of this subsection, when searching for a global
minimum it suffices to check submatrices with at most M columns. Then, one can
solve an overdetermined Huber regression problem using (QHR) or (QHR2) (see
Remark 8.2) in each of those subproblems and then compare them after adding penalty
generated by the £( norm. During the search, it suffices to check submatrices with full
rank by Proposition 6.3. Using these results, we provide in Appendix an enumeration-
based procedure for searching the global minimizers in small dimensional examples.

7 Connection to Other Optimality Criteria

Beck and Hallak [17] introduced the concept of L-stationary points for studying opti-
mality conditions in sparsity constrained problems. Now, we relate our results to the
concept of L-stationarity (see also [18,34] for similar results).

Lemma 7.1 (Equivalent Form of L-stationary, [17]) Let L > 0. A vector u € RN s
called an L-stationary point if and only if

=0, k € o(u),
VYN < 3BT k¢ o).

Proposition 7.1 Let i be a strict local minimum of Fy. Then, i is an L-stationary
point for

AT
Lzmaxﬂ‘
k¢é 28
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Proof Let it be a strict local minimum of F;. Then, by Proposition 4.3 we know that
i solves (HR;). Then, KKT conditions imply

|V (@)| =0, kes,
|ViW(@)| = Ak, kg6,

where Ay are Lagrange multipliers. Then, u is an L-stationary point for
max | VW (u)| < /2BL.
k¢6

O

Another optimality concept developed in [17] (since the definition of this optimality
criterion is quite involved we refer the reader to Section 4.4: Definition 4.13 of [17]) is
the “Partial Coordinate-wise Optimality” (PCW-optimal) criterion which is stronger
than the support optimality and L-stationarity (provided L > Ly where Ly is the
Lipschitz constant for the gradient mapping) criteria. A strict local minimizer needs
not be a PCW-optimal point as the following example shows.

Example 7.1 Let us define y = 0.1,

149 1
A=[625:| andd=|:9:|.

Suppose we have K = {2} C I3. Then, & = [00.2630]" is a support optimal point
of F,. This is a strict minimizer since A has only one column and the residuals are
0.05 and —8.475. This minimizer leads to W (z2) = 8.4375 and F; (1) = 8.435+ 8 for
some 8 > 0. Then, 1 € I3\ K has the smallest partial derivative between {1, 3}. Then,
Kswap = {1} and u = [1.4970 0]" is a support optimal point of F; and this point has
the objective F; (i) = 0.449 + B which is smaller than F;(i1). This example shows
that a strict local minimum of F; is not partial-CW in general.

It is not certain that a PCW-optimal point is a strict local minimizer. However, this
can be checked using the conditions developed in Sect. 5. More importantly, especially
for algorithm development, one has the ability to check the necessary condition in
Theorem 6.1 for a global minimizer after computing a PCW-optimal point using
modifications of the algorithms described in [17]. This is left as future work.

8 Conclusions

We investigated the structure of local and global minimizers for the minimization of
the Huber loss criterion in the solution of linear systems of equations, coupled with
an £ term controlling the sparsity of the solution through a regularization parameter
B. We characterized local minimizers and gave conditions for local minimizers to
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be strict. We established non-emptiness of the set of global minimizers as well as a
necessary condition for global minimizers. We gave bounds on the choice § to attain
a desired level of sparsity. We related our results to existing optimality concepts in
the literature. A simple enumeration scheme allowed us to illustrate the results via
numerical examples. The development of a full-fledged numerical algorithm incor-
porating the conditions provided in this paper along with convergence analysis and
experimental results, as well as an extension of the results of the present paper to the
case £1 — £y, are left as future studies. In particular, the problem where the Huber loss
is replaced by the £ norm imposes a linear structure which opens new possibilities of
exploration.

Appendix

Definition 8.1 Let W : RN — R be a differentiable function over RY and its gradient
has a Lipschitz constant Ly > 0:

VW (x) — VWO)ly < Ly [lx — yl, forall x,y e RV,

. - 1Al3 I Ax]l
Proposition 8.1 W has a Lipschitz constant , where ||All, = SUP|[x[l,=1 ”—”
X2
Proof Letx,y € RV,
VW (x) = VUl = |AT[clip(Ax — d) — clip(Ay — d)]
= lAlly llclip(Ax — d) — clip(Ay — d)l,
llclip(Ax — d) — clip(Ay — d)|
= llAll, 2I1AG =l
A = W)l>
llelip(Ax — d) — clip(Ay — d)]|
< I1AII3 2l =yl
[(Ax —d) — (Ay = d)l»
IAl3
<—2lx—yl,.
Y
Last inequality comes from continuity of the gradient. O

Remark 8.1 One should use the Frobenius norm for easy computation, which causes

N Al . .
the Lipschitz constant to be w This choice is safe since [|All, < [|A|lf-
14

Proposition 8.2 B, defined in Theorem 5.2 is a dense subset of RV,

Proof Letc : RY — RM be a linear continuous operator defined as ¢(x) = Ax — d.
Since A is full rank with M < N, c is a surjection. Let T = ¢(B,) where c(B, ) is
the image of set B,. Hence, T = {v € RM . Vi e Iy, [vlill # y}. Let O be an
arbitrary non-empty open set in RM. Let # € O and define an index set as follows:
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vy, = {i € Iy : |v[i]] = y}. Now, there is some positive radius 75 such that By (v, r5)
stays in O. If we define

r* = min { min{[v[i] — y |}, min{|v[i] + ¥}, r5, V},
i¢vy, i¢v,

we have r* > 0 and Beo (v, rp) stays in O. Then, forany 0 < § < r*, v* = v+ 81y
belongs to O and T at the same time. Hence, T is a dense set. 7' is the image of a
continuous surjection; therefore, B, is a dense set too. O

Remark 8.2 Previous result shows that one can construct a sequence of vectors from
B, converging to any other vector in RN . This may be useful for deriving algorithms
using second-order methods since the second derivative exists only for vectors in B,, .

For all numerical experiments reported in this paper, we use the following equivalent
formulation for (H R)

.1 v
minimize g D iely pl-2 + X ieny (qi — E)
subjectto —p —qg < Au—d < p +gq, (QHR2)

0<p=<ylm,
0<g.

Proposition 8.3 (Equivalent Characterization for (HR), [35]) Any optimal solution to
the quadratic program (QHR2) is a minimizer of V, and conversely.

This alternative eliminates the need to work with piecewise functions and provides an
easier computation tool. We used the following algorithm for the numerical examples
reported in the paper:

Algorithm 1: GMSRH (Global Minima of Sparse Regularized Huber Regres-
sion)

Result: & an optimal solution.
Hyperparameters: g, y;
initialization A € RM*N g ¢ RM and U = {0};
for w C Iy with |w| < N do
r < |ol;
if rank(A,) = r then
w) <= argmin, cglol Wy, (1);
U <« U U{Z,uk));
end
end
U < argmin, 5 W(u) + [lullp;
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