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RINGS OF INVARIANTS FOR MODULAR REPRESENTATIONS
OF THE KLEIN FOUR GROUP

MUFIT SEZER AND R. JAMES SHANK

ABSTRACT. We study the rings of invariants for the indecomposable modu-
lar representations of the Klein four group. For each such representation we
compute the Noether number and give minimal generating sets for the Hilbert
ideal and the field of fractions. We observe that, with the exception of the
regular representation, the Hilbert ideal for each of these representations is a
complete intersection.

INTRODUCTION

The modular representation theory of the Klein four group has long attracted
attention. The group algebra of Klein four over an infinite field of characteristic 2 is
one of the relatively rare examples of a group algebra with domestic representation
type (see, for example, [2, §4.4]). If we work over an algebraically closed field, then
for each even dimension there is a one parameter family of indecomposable repre-
sentations and a finite number of exceptional indecomposable representations. For
each odd dimension (greater than 1) there are only two indecomposable represen-
tations. In this paper we investigate the rings of invariants of the indecomposable
representations of the Klein four group over fields of characteristic 2. For each
such representation we compute the Noether number and give minimal generating
sets for the Hilbert ideal and the field of fractions (definitions are given below).
For an indecomposable representation of the Klein four group, say V, our results
show that the Noether number is at most 2 dim(V') 41 (detailed formulae are given
later in this introduction) and, with the exception of the regular representation, the
Hilbert ideal is generated by a homogeneous system of parameters. We note that
the Hilbert ideals are generated by polynomials of degree at most 4, confirming
Conjecture 3.8.6(b) of [9] for these representations.

We start with a few definitions and some notation. Suppose that V is a finite
dimensional representation of a finite group G over a field F. The induced action on
the dual space V* extends to the symmetric algebra S(V*) of polynomial functions
on V which we denote by F[V]. The action of ¢ € G on f € F[V] is given by
(9f)(v) = f(g~tw) for v € V. The ring of invariant polynomials

FVI9={feF[V]| g(f) = fVg€G}
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is a graded, finitely generated subalgebra of F[V]. The maximal degree of a polyno-
mial in a minimal homogeneous generating set for F[V]% is known as the Noether
number of V. The ideal in F[V] generated by the homogeneous invariants of pos-
itive degree is the Hilbert ideal of V. If the characteristic of F divides |G|, then
V' is called a modular representation. Rings of invariants for non-modular repre-
sentations are reasonably well behaved. For instance, it is well known that if V' is
non-modular, then F[V]¢ is always Cohen-Macaulay and the Noether number is
less than or equal to |G| (see, for example, [9] §3.4, §3.8]). Both of these properties
can fail in the modular case. Rings of invariants for modular representations are
rarely Cohen-Macaulay, and there is no bound on the degrees of a generating set
which depends only on the group order. Computing rings of invariants for modular
representations can be difficult even in basic cases. Consider a representation of a
cyclic p-group Z/p" over a field of characteristic p. The action is easy to describe:
up to a change of basis, a generator of the group acts by a sum of Jordan blocks each
with eigenvalue 1 and size at most p”. Despite this, even when r = 1, although the
Noether numbers are known [I2], an explicit generating set has been constructed
for only a limited number of cases; see [23] for a summary and recent advances.
For > 1, much less is known; see [20] for the study of a specific case and [17]
for some partial results on degree bounds. This paper is a part of a programme,
initiated in [8], to understand the rings of invariants of modular representations of
elementary abelian p-groups. In [§], the rings of invariants of all two dimensional
representations and all three dimensional representations for groups of rank at most
three were computed; in all cases the rings were shown to be complete intersections.

The results in section 2] apply to an arbitrary group G, but for the rest of
the paper G := (01,02) = Z/2 x Z/2 denotes the Klein four group. For F an
algebraically closed field of characteristic 2, the indecomposable representations of
the Klein four group over F are the following:

the trivial representation F;

the regular representation V,.4;

a representation of dimension 2m for each A € F U {oo}, which we denote
by Vm,)d

the representations Q™ (F) and Q=™ (F) of dimension 2m + 1, where Q
denotes the Heller operator.

See [2 §4.4] for a detailed discussion of this classification. Note that V0, Vin1
and Vj, o0, while not equivalent representations, are linked by group automor-
phisms. Therefore the invariants can be computed using the same matrix group
and F[V;,.0]¢ 2 F[Vin1]€ 2 F[Vin.0o]9. In [10], the depth of F[V]¢ was computed
for each of the indecomposable modular representations of the Klein four group.
The only indecomposable representations for which the ring of invariants is Cohen-
Macaulay are the the trivial representation, the regular representation, Vi x, Vo,
Q7 H(F), Q7%(F) and Q(F). Note that, for each of these representations, F[V]¢
is a complete intersection. In [I5] separating sets of invariants are given for the
indecomposable modular representations of the Klein four group.

We identify F[V] with the polynomial algebra on the variables z; and y;. We
use the graded reverse lexicographic order (grevlex) with z; < y;, ; < ;11 and
y; < Yj+1. We adopt the convention that a monomial is a product of variables
and a term is a monomial multiplied by a coefficient. For a polynomial f € F[V],
we denote the leading monomial by LM(f) and the leading term by LT(f). We
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make occasional use of SAGBI bases, the Subalgebra Analog of a Grobner Basis
for Ideals. For a subset B = {hq,...,he} of a subalgebra A C F[V] and a sequence
I = (i1,...,1¢) of non-negative integers, denote H?:l h;j by hl. A téte-a-téte for
B is a pair (hf,h7) with LM(h!) = LM(h”); we say that a téte-a-téte is non-
trivial if the support of I is disjoint from the support of J. The reduction of an
S-polynomial is a fundamental calculation in the theory of Grébner bases. The
analogous calculation for SAGBI bases is the subduction of a téte-a-téte. B is a
SAGBI basis for A if every non-trivial téte-a-téte subducts to zero. A SAGBI basis
is a particularly useful generating set for the subalgebra. For background material
on SAGBI bases, see [21], §11] or [19] §3]. For f € F[V], we define the transfer of f
by Tr(f) := > ,cqo(f) and the norm of f, which we denote by Ng(f), to be the
product over the G-orbit of f. If the coeflicient of a monomial M in a polynomial
f is non-zero, we say that M appears in f.

We conclude the introduction with a summary of the paper. Section [Il contains
preliminary results on the invariant theory of Z/2. In section 2] we introduce the
concept of a block hsop, a particularly nice homogeneous system of parameters, and
prove a theorem which we use to compute Noether numbers. A recent result of
Peter Symonds [22, Corollary 0.3] is a key ingredient in our proof. The results of
this section are valid for any modular representation of a finite group.

In section Bl we consider the even dimensional representations. We include an
explicit description of the group actions. We show that for m > 1, the Noether
number of V,,, » is 3m—2|m/2] if A € F\F3 and 3m—2[m/2] if A € {0,1,00}. We
also show that the Hilbert ideal of V;,  is generated by a block hsop and is therefore
a complete intersection. A transcendence basis for the field of fractions is given;
in fact we show F[V,, \]%[x1]7! is a “localised polynomial algebra”. For various
small dimensional cases, we give generating sets for the rings of invariants and for
the other cases we give explicit input sets for the SAGBI/Divide-by-x algorithm
introduced in [8] §1].

The odd dimensional representations are considered in sections ] and We
show that the Noether number for Q~™(F) is m + 1 (Corollary [£2), the Noether
number for Q™ (F) is 3m for m > 1 (Corollary 52)), and that in all cases the Hilbert
ideal is generated by a block hsop. We give generating sets for F[Q~"(F)|% [z ]
and for F[Q™(F)|[(v122(v1 + 22))71]. We also give explicit input sets for the
SAGBI/Divide-by x algorithm.

1. PRELIMINARIES

Let F denote a field of characteristic 2. Suppose (o) = Z/2 acts on S :=
Flz1,...,Tm,Y1,---,Ym] by o(x;) = xj, o(y;) = y; + x;. Define A := o —1 and
n; := y? + z;y;. We will often write S? as shorthand for Sl
Proposition 1.1 ([16], [5], [7]). S? is generated by

{ni,...,nu} U{A(B) | 8 divides y1 - ym }.
Corollary 1.2. AS = ((z1,...,2m)S)” and S7/AS 2 F[ni,...,ny).

Proof. Tt is clear from the definition of A that AS C (z1,...,2,,)S. Since A2 =0,
we have AS C ((z1,...,2Zm)S)". The result then follows from the definition of n;
and the generating set for S given above. (]

Proposition [[.T] and Corollary give the following.
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Lemma 1.3. Suppose ay,...,a,, are non-negative integers. Let f € S°.
(i) If yi* -+ y%m appears in f, then a; is even for i€ {1,...,m}.
(i) Ifyf* - Yo Ym@m appears in f, then a; is even fori € {1,...,m — 1}.

A simple calculation shows that for a,b € S,
Aa-b) = A(a)b+ aA(b) + A(a)A(b)

and A(a?) = A(a)?. Therefore, if M = y{* - - y%m with a; > 0, then the monomial
x;M/y; appears in A(M) with coefficient 1 if a; is odd and coefficient 0 if a; is
even. Note that if a monomial M appears (with non-zero coefficient) in f € S? and

a monomial M’ appears in A(M), then there is at least one further monomial, say
M", with M # M", such that M" appears in f and M’ appears in AM".

Lemma 1.4. Suppose M’ is a monomial in {y1,...,ym} and M = M'z;y; for
some i,j € {1,...,m} with i # j. Assume further that the degree of y; in M’ is
even. If M appears in a polynomial f € S?, then the degree of y; in M’ is even
and M'x;y; also appears in f. Moreover, the coefficients in f of these monomials
are the same.

Proof. Since the degree of y; in M is odd, M'x;x; appears in A(M) with coefficient
1. Note that if the degree of y; in M’ is odd, then there is no other monomial in
S that produces M'z;x; after applying A. Therefore, we may assume that the
degree of y; in M’ is even. In this case, M’'x;x; appears in A(M'y;z;) and in
A(M'y;y;). However, the degree of y; in the monomial M'y;y; is odd, so it follows
from Lemma [[3] that M'y;y; does not appear in f. Therefore M'y;z; appears
in f. Since the coefficient of M'z;z; in both A(M'y;x;) and A(M'y,x;) is 1, the
coefficients of M'y,x; and M'y;z; in f must be equal. O

Lemma 1.5. Suppose that M’ is a monomial in {y1,...,ym} \ {y;} for some
je{l,....,m} and M = M'y;x;. For f € S°, M appears in f if and only sz’y]2
appears in f. Moreover, the coefficients in [ of these monomials are the same.
Finally, M’y?xj does not appear in any polynomial in S°.

Proof. Note that M’x? appears in both A(M) and A(M’yjz.) with coefficient 1.
Since these are the only monomials in S that produce M’ a:f after applying A, the
result follows. The final statement follows from the fact that M’ y?’xj is the only
monomial in S that produces M'y7z3 after applying A. O

2. BLock HSOPs

In this section, G is an arbitrary finite group, F is a field of characteristic p for
some prime number p dividing the order of G and V is a finite dimensional FG-
module. Suppose we have a homogeneous system of parameters S = {hy,...,h,}
for F[V]. Let A denote the algebra generated by S and let I denote the ideal
(h1, ..., hy)F[V]. Further suppose that there exists a term order for which S is a
Grobner basis for I and the reduced monomials are the monomial factors of a given
monomial, say 5. Then the monomial factors of 8 are a basis for F[V] as a free
A-module; in the language of [6], we have a block basis for F[V] over A. In this
situation, we will refer to S as a block hsop and (8 as the top class. Note that if the
elements of {LM(hy),...,LM(h,)} are pair-wise relatively prime, then S is a block
hsop and the top class is the unique maximal reduced monomial.
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Theorem 2.1. Suppose S = {hq,...,h,} is a block hsop with top class 8. If Tr(f)
is indecomposable in F[V]Y, then

(a) the Noether number for V is deg(p);
(b) the Hilbert ideal of V is generated by S.

Proof. Proof of (a): The indecomposability of Tr(3) gives a lower bound on the
Noether number. The fact that deg(f) is also an upper bound follows from [22]
Corollary 0.3].

Proof of (b): Denote the Hilbert ideal of V by h. Since & C F[V]¥, we have
I C b. Suppose, by way of contradiction, that there exists f € h\ I. We may
assume that f is homogeneous and that LM(f) is reduced with respect to I using
the chosen term order. Therefore LM(f) divides 5. Reducing 8 with respect to
S U{f} produces a polynomial of degree d := deg(f) with lead term less than .
However, F[V]/I in degree d has dimension one. Thus 8 € (hy,...,hy, f)F[V] Cb.
Let C be the reduced monomials with respect to h using the chosen term order.
Observe that the elements of C are monomial factors of § with degree less than
d. Since C generates F[V] as an F[V]%-module, the transfer ideal, Tr(F[V]), is
generated by {Tr(7) | v € C} as an F[V]%module. Therefore,

Te(6) = 3 ¢, Tr(y)

~yeC

for some ¢, € F[V]9. Since the representation is modular, Tr(1) = 0. Furthermore
deg(Tr()) < d. Therefore, the equation above gives a decomposition of Tr(3) in
terms of invariants of degree less than d, contradicting the indecomposability of

Tr(5). O

3. EVEN DIMENSIONAL REPRESENTATIONS

In this section we consider the even dimensional representations V,, . For
completeness, we also include a brief discussion of the regular representation in
subsection BI4 For A € F, the action of G = (01,02) on S = F[V,,\] =
Flzy, ... Tm, Y1, Ym] is given by 0i(z;) = x5, 01(y;) = y;j+75, 02(y1) = y1+Az
and o2(yj) = y; +Axj+x;_1 for j > 1. Define n; := y? +x;y; and u;; = z;y; + ;i
Then n;, u;; € S7*. A simple calculation gives As(n;) = (A2 +N)2? + 22 |+ 221
and Ag(u;j) = xixj_1 + x;—12; (using the convention that o = 0). Define
£:=|m/2] and, for i < ¢, define

7 i—1
Nii=ni+ W+ N Y wigiring + O Wimjing +wimgari1).
j=1 j=1

An explicit calculation, exploiting the fact that Ag(u1;) = 121, gives Ag(N;) =
0. Therefore N; € S¢. Define

Ho={z1,..., 2} U{N; |1 <i<m/2} U{Ng(y;) | m/2 < j <m}.
Theorem 3.1. H is a block hsop with top class y; - - - ygy?+1 R T
Proof. This follows from the fact that LT(N;) = y? and LT(Ng(y;)) = y?. O
Corollary 3.2. The image of the transfer, Tr(S), is the ideal in S¢ generated by

{Tx(8) | B divides yy -+ ye(yes1 - ym)*} -
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Theorem 3.3. For A € Fy and m > 3, Tr(y; - - 'ygy?_H —-y3 ) is indecomposable.

See subsection for the proof of Theorem B.3l Combining Theorem B.3] with
Theorem [2.1] gives the following.

Corollary 3.4. If A & Fo and m > 3, then the Noether number for V, \ is
3m —2|m/2] and the Hilbert ideal is generated by H.

Descriptions of S for m < 3 are given in subsection B.14l The formula given
above for the Noether number is valid for m > 1.
For j > 1, an explicit calculation gives
Tr(yiy2y;) = yi(vaxj_1 + 2175) + Y171 + Yy;27
+x1T9 ((>\2 + Nz + :Cj,l) + 23 (zj +3j-1)
= wprj1 +uizn + Tr(yiys) (A2 + Nz +2-1)
+ Tr(y1y2)(z; + 25-1).
Therefore t; := uipx;_1 + w21 € Tr(S).
Theorem 3.5. Form > 3 and A € Fo,
FViuaCle7 ] = Fl21, - o, Ty N1y Noyta, oot [

Proof. We use [4, Theorem 2.4]. F[zy,...,2m,v1]¢ is the polynomial algebra gen-
erated by {z1,...,Zm, Na(y1)}. Since Ny = 33 + z1y1 + (A2 + ) (2192 + 22y1), we
see that Ny € Flxy,x2,91,92] is degree 1 in y, with coefficient (A2 + A)z1. Using
the equation above, t; € Flz1,...,Zm, y1,Y2,y;] is degree 1 in y; with coefficient
x3. Thus Sz = Flz1,. .. Zm, No(y1), N1, t3, .. ., tm][z7']. To complete the
proof, we need only rewrite Ng(y1) in terms of Ny and the other generators. An
explicit calculation gives
Na(yr) = yi + @iyt (X + A+ 1) + i (A + A).
Define ¢ := A? + ). Subduction gives
Ne(y1) = N2 + ((cx2)? + cx?) Ny + (cx1)? N + (Pag + P21t + Aaity,

as required. ([l

Remark 3.6. For m > 3 and A ¢ Fo, it follows from Theorem [3.5] and Theorem 31
that S is the normalisation of the algebra generated by B := H U {t3,...,tm}.
Furthermore, applying the SAGBI/Divide-by-z algorithm of [§] with z = z1 to B
computes a SAGBI basis for S¢.

Using the familiar formula for the group cohomology of a cyclic group, we have
H' ((02),A18) = (A19)7 [AsA1S = (A1) / Tx S

and H' ({(01), A2S) = (A38)7" / Tr S. Note that H* ({(o1), AaS) and H* ({73), A1S)
are both finitely generated S“-modules and, therefore, are also finitely generated
over the algebra generated by H. In the following /Tr S denotes the radical of the
image of the transfer.

Proposition 3.7. For A & Fa, (A35)7" = (A15)72 = ((21,...,2m) S)¢ = VI S
and

vIr S/TI'S = H1(<02>,A15) = H1(<0'1>,AQS).
Furthermore SY/v/Tr S 2 F[Ny, ..., No, Na(Yer1), - - - No(ym)]-
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Proof. For A & Fo,
A1V%7A = AQV;M = (o102 + 1)V,?ib7)\ = Spang{z1,...,Zm}.

Using [I8, Theorem 2.4] (see also [T, Theorem 2.4]), VIrS = ((z1,...,2m)5)".
Applying Proposition [LT] with ¢ = o1 gives A1S = ((z1,...,2,)S5)7". Thus
(A15)72 = ((#1,...,2m)S)°. Applying Proposition [T with o = o5 gives (Ay5)7!
= ((z1,...,2m)9)°.

To prove the final statement, first observe that

N = {va" '7N€5NG(yZ+1)7" 7NG(ym)}

is algebraically independent modulo v/TrS. Therefore, there is a subalgebra of
SE //Tr S isomorphic to A := F[Ny,..., Ny, Na(Yes1), - - - Na(Ym)]. We will show
that for every f € S¢, there exists F € A with f — F € v/TrS. We proceed
with a minimal counterexample. Without loss of generality, we may assume f
is homogeneous of positive degree. Since LM(g(y;)) = w; for all ¢ € G, using
[19, Theorem 3.2], there exists a finite SAGBI basis for S and therefore a finite
SAGBI-Grébner basis for the ideal +/Tr S. We may assume that f is reduced, i.e.,
equal to its normal form. Therefore LM(f) =[]/, y*. Using Lemma[L3] each a;
is even. It follows from Proposition that LM(f) does not divide T];", ; y7.
Since LT(N;) = y7 and LT(Ng(y;)) = y;, there exits N € N with LT(N) = yor
dividing LM(f). Note that N = y2* + N for some N € (z1,...,2m)S. Since N
is monic as a polynomial in y;, we can divide f by N to get f = gN + r for
unique ¢,r € S with deg,, (r) < deg,, (N) = by. Furthermore, since we are using
grevlex with x; < yx, we have LM(r) < LM(f). Applying g € G gives f = g(f) =
9(@)N + g(r). However, deg, (g(r)) < deg,, (r). Therefore, by the uniqueness of
the remainder, g(r) = r and g(q) = ¢. Thus ¢,7 € S¢ with ¢ < f and » < f. By
the minimality of f, there exists F, Fo € A with ¢ — Fy,r — F5 € v/ TrS. Therefore
F:=NF, —F, e Aand f — F € V/Tr S, giving the required contradiction. O

While V,,, 0 and V, 1 are not equivalent representations, the automorphism of
G which fixes o; and exchanges op and oj09, takes Vi, o to Vi, 1. Therefore
F[V,0]¢ =2 F[V,,1]¢. Hence, to compute F[V,, \]¢ with \ € Fy, it is sufficient to
take A = 0.

Substituting A = 0 into the expression for N; given above gives an element in
F[V,,0]¢ with lead term y? for i < [m/2]. Define ¢’ := [m/2] and

H o ={z1,...,2n} U{N; |1 <i<(m+1)/2} U{Ng(y;) | (m+1)/2<j<m}.
Looking at lead terms gives the following.
Theorem 3.8. For A € Fo, H' is a block hsop with top class yi - ~y4/y?,+1 ey

Theorem 3.9. For A € Fy andm > 3, Tr(y1 -+ yoryi 1 -~ ys,) is indecomposable.

See subsection for the proof of Theorem B.9 Combining Theorem .9 with
Theorem 2] gives the following.

Corollary 3.10. For m > 3, the Noether number for Vi, o is 3m — 2[m/2] and
the Hilbert ideal is generated by H'.

Descriptions of F[V,, o]¢ for m < 3 are given in subsection B.I4l The above
formula for the Noether number is valid for m > 1.
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Theorem 3.11. For m > 2,
F[Vm@}a[l‘l_l] = F[Il, ooy Lmy, Nl, ]\[272537 e 7tm][$1_1]-

Proof. We construct the field of fractions for an upper-triangular action as in [4] or
[14). From Remark BIZ3 we see that F[zy, zo, y1,y2][27 '] = Flz1, 29, Ny, @[z 1],

where @ := (21 + x2)u12 + x1n9. Since t; € Flz1,...,Zm, 1, ... ,yj]G has degree
one as a polynomial in y; with coefficient 2%, we have

F[meo]G[‘fCIl} = F[l‘l, ooy Limy, Nl,@, tg, e ,tm] [xfl]
The result then follows from the relation w = x1 Ny + t3. O

Remark 3.12. For m > 2 it follows from Theorem [B.I1] and Theorem [B.§] that
F[V,,0]¢ is the normalisation of the algebra generated by B’ := H' U {ts,...,tm}.
Furthermore, applying the SAGBI/Divide-by-z algorithm of [§] with z = z1 to B’
computes a SAGBI basis for F[V,, 0]¢.

Proposition 3.13. For A =0:

TS = ((x1,...,2m1)8)7,
H'((01),A28) = ((z1,...,2m-1)S)° /Tx S,
H'((02),A18) = ((z1,...,2)8)° /Tx S,

SC/ ((z1,. .. am) S)C F[Ni,...,Ny,Na(ye41)s---> Na(ym)]-

Proof. Direct calculation gives A1V, o = (0102 +1)V,;, o = Spang{z1,..., 2y} and
AyVyy o = Spang{z1,...,Tm_1}. Using [I8, Theorem 2.4],
VIS = (] (9= DVio)$)® = (@1 20m) ).
9€G, |g|=2

The rest of the proof is analogous to the proof of Proposition B.7 O
3.14. Even dimensional examples.

Remark 3.14.1. Tt follows from [J, Theorem 3.75] that F[V; ,]¢ is the polynomial
ring generated by z1 and Ng(y1).

Define w := Ag(n2)uiz + x3ns. Note that Ng(y2) = n3 + nalAg(nz) and recall
that Ag(ng) = (A2 + \)a2 + 2129 + 23. A simple calculation shows that LT (w) =
(A% + N)y123. Subduction gives
(3.1) w? = Ay(n2)?z3 N1 + 21 Ne(y2) + wAs(ng) (Az(ng) + 23) .

Theorem 3.14.2. If A & Fo, then F[V,,\] is the hypersurface generated by x1,
X2, N1, w and Ng(y2), subject to the above relation.

Proof. Since N; has degree 1 in y» with coefficient (A2+\)z?, using [4, Theorem 2.4],
we have F[Vo %[z '] = Flzy, 22, No(y1), N1][z1']. Subduction gives

Ng(y1) = N + (A2 + 2 (23N1 +w) + 23 (w? + w)Ny.
Therefore F[V5 3][z] '] = Flz1, 22, N1, w][z]']. Furthermore {x1,x2, N1, Ng(y2)}
is a block hsop. Taking B := {z1, 22, N1, w, Ng(y2)}, we see that there is a single

non-trivial téte-a-téte, which subducts to 0 using equation (BI]). Therefore, using
[8, Theorem 1.1], B is a SAGBI basis for F[V5 ,]¢. O

It follows from Theorem that the Noether number for V5 y is 4 and the
Hilbert ideal is generated by {z1, 22, N1, Ng(y2)}.
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Remark 3.14.3. A Magma [3] calculation shows that F[V]¢ is a hypersurface
with generators z1, 2, n1, W = (z1 + T2)u12 + T1N2, Ny = n3% + no(2? + z122) and
relation w? + x3(xe + 21)%n1 + T122(71 + X2)W = .T%NQ Therefore the Noether
number for V; o is 4 and the Hilbert ideal is generated by x1, 22,11, No. Using the
relation to eliminate Ny gives F[Val%z; '] = Floy, 29, ny, ][z 1]

Define uq23 := x1(n2 + w12 + u13) + (A% + A)zaugz. Simple calculations give
LM(u123) = y1ax2xs and Ag(uiaz) = 0.

Theorem 3.14.4. If \ & Fy, then F[V3,]%[27 "] = Fla1, 29, 23, N1, u123, ta] [z ].

Proof. From the proof of Theorem BIZZ F[Vo,][z1!] = Flzy, z2, N1, w][z] ).
Since t3 is degree 1 in y3 with coefficient #2, using [4, Theorem 2.4], we have

F[V37)\]G[ZL'171] = F[(El, T2,X3, Nl, ’w,tg] [.’ﬂ;l}

An explicit calculation gives w = (A2 4+ \)xats + x1u123 + o1t3, and the result
follows. O

With ¢ := A2 + ), define
N3 := (N2 + w12 + w13) (cx3 + 22 + 1) + ¢ (T1n3 + Tau23 + cr3U23),

uizs i= o7 ' (cxsts + Toutag), Uszzs = 77 ' ((cxT3 + T2)M222 + M23a3 + 3 (ur03 + t3))
and nogo 1= x7 (13 + Ny (25 + x32d) + (c(x3 + z12023) + 2123)t3).

A straightforward calculation gives nas, u133, naze, u233z € F[V32]¢ and LT (n23)
= cy3x3, LT (u133) = cy173, LT (ng22) = y323, LT (ugs33) = cyaz3. Define

Bsx = {x1,%2,x3, N1,ts, U123, U133, Na3, N2z, U2sss, Na(Y2), Na(ys)}

U {Tr(y1y293), Tr(y193v3), Tr(y393), Tr(yiyzy3) § -
Further calculation gives LT(Tr(y1y2y3)) = cyeyiz3, LT(Tr(y1y5ys)) = vay123,
LT(Tr(y3y3)) = cysa3, LT(Tr(y15393)) = cyrysas.
Remark 3.14.5. Suppose A € Fy, ie., ¢ # 0. Applying the SAGBI/Divide-by-
x algorithm to {x1,x9,x3, N1,u123,t3, Na(y2), Na(ys)} produces a SAGBI basis
for F[V3,]9. A Magma calculation over the rational function field Fo()\) shows
that for generic A, Bs  is a SAGBI basis for Fo(\)[V3.1]¢. Since the lead coef-
ficients of the elements of Bs lie in {1,¢,c?}, the calculations could have been
performed over Fa[\, c¢~!]. Therefore Bs , is a SAGBI basis for F[V5,]%, as long
as ¢ # 0. It follows from this that, for A\ &€ F5, the Hilbert ideal is generated
by x1, 2,23, N1, Nao(y2), Na(ys). Although a SAGBI basis need not be a mini-
mal generating set, running a SAGBI basis test on Bs » \ {Tr(y1y3y3)} shows that
Tr(y1y5y3) is indecomposable and hence the Noether number is 7.

Remark 3.14.6. A Magma calculation shows that F[V3]¢ is generated by

{1, 29, 23,11, na +u13 + w12, t3, (T3 +22)u1s +n3z1, N (y3), Tr(yeys), Tr(yiyays) }.

Furthermore, this is a SAGBI basis and Tr(y;y2y3) is indecomposable. Therefore
the Hilbert ideal is generated by {x1,x9,x3,m1,n2 + u1s + u12, Ng(ys)} and the
Noether number is 5.

The ring of invariants for the regular representation was computed in [I, Corol-
lary 1.8] and [10, Lemma 5.2]. We include an alternate calculation here for com-
pleteness. Choose a basis {x,y1,y2, 2z} for VX, so that A;(z) = y; and Tr(z) = «.

reg

Define u := y 92 +xz and h := (u®+ Ng(y1)Na(y2)) /2 = y3y2 +y3y1 + 2 (22 +y1y2).
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Theorem 3.14.7. F[Vreg]G is the complete intersection generated by

C= {.23, u, NG(yl)a NG(yQ)a h, NG'(Z)}
subject to the relations
u? = Ng(y1)Ne (y2) + zh
and

h? = Na(y1)?Na(y2) + Na(y1) Na (y2)® + @ (hNg (y1) + ub + hNg (y2) + 2Na(2)) -

Proof. Tt follows from [0, Theorem 3.75] that F[x,y;, 2] is the polynomial ring
generated by z, Ng(y1) and Ng(y2). Since u is degree 1 in z with coefficient z, using
[4, Theorem 2.4] we have F[V,..,]%[z~!] = Fx, Ng(vy1), Na(y2), u][z~!]. Using the
graded reverse lexicographic order with z > y; > y2 > x, there are two non-trivial
téte-a-tétes among the elements of C. These two téte-a-tétes subduct to zero using
the given relations. Therefore C is a SAGBI basis for the subalgebra it generates.
Since {z, Ng(y1), Na(y2), Na(2)} is a block hsop, applying [8, Theorem 1.1] shows
that C is a SAGBI basis for F[V,.,]¢. Since all relations come from subducting
téte-a-tétes, the ring of invariants is the given complete intersection. O

It follows from the above theorem that for V., the Noether number is 4 and
the Hilbert ideal is generated by {«, u, No(y1), Na(y2), Na(2)}. We note that V.4
is the only indecomposable modular representation of G whose Hilbert ideal is not
generated by a block hsop.

3.15. The proof of Theorem [3.3l Suppose, by way of contradiction, that
Tr(yr - yeys,, -+ y3,) is decomposable.  Working modulo the G-stable ideal
(z1,...,2m—1)5, it is easy to see that

LT(Tr(y1 - Yeyosr = Ym)) = A2+ Ny1 - Yeyier Y1 -
Thus there are two monomials of positive degree, say M; and Ms, such that
MM, = y1---ygy?+1---y%71x%l, and both M; and M, appear in G-invariant

polynomials. We use the following results to rule out possible factorisations.

Lemma 3.15.1. Suppose f € S&, M’ is a monomial in y1,...,Ym, and i > 1. If
the degree of y; in M’ is even, then M'y;x,, does not appear in f. Further suppose
j <m. Then the degree of y; in M’ is even and M'y;x; appears in f if and only if
the degree of yj41 in M' is even and M'yj 12,1 appears in f.

Proof. We list the monomials in S that produce M'z;_;x; after applying As:

(1) M'y;x; if the degree of y; in M’ is even;

(2) M'z;_1yj41 if j < m and the degree of y;41 in M’ is even;

(3) M'z;_q1y; if the degree of y; in M’ is even and X # 0;

(4) M'y;_1x; if the degree of y;—1 in M’ is even and A # 0;

(5) M'y;—1y; if the degree of y;_1 and y; in M’ is even and A # 0;

(6) M'y;—1yj+1 if j < m and the degree of y;,_; and y;+1 in M’ is even and

A #£0;
(7) M'y;y;41 if j < m and the degree of y; and y;4q in M’ is even;
8) M’y;y, if i # 7 and the degree of y; and y; in M’ is even and X\ # 0.
j j

Note that the monomials in (5)—(8) do not appear in f by Lemma [[3] because the
degree of either y; or y;—1 is odd. On the other hand, by Lemma [[.4] the monomials
in (3) and (4) appear in f with the same coefficient (which is possibly zero). Call
this coefficient ae. Then the coefficient of M'x; 1z, in Ao(aM'z;_1y;+aM'y;—12;)
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is 2 a = 0. It follows that the monomial in (1) appears in f if and only if the
monomial in (2) appears in f. (Il

Proposition 3.15.2. Let M = [],., y? for some non-empty subset I C {1,...,m}
and assume that M appears in a polynomial f € S€. Let j denote the mazimum
integer in I. Then 2j < m + 1. Furthermore, if A € F\ Fy, then 25 < m.

Proof. If j = 1, then 25 < m + 1 implies m > 1 and 25 < m gives m > 1. For
m = 1, we have S¢ = F[z;, Ng(y)] and, if A € F\ Fy, then LT(Ng(y1)) = 7.
Thus the assertion holds for j = 1.

Suppose j > 1 and assume that M is maximal among all such monomials that
appear in f. Let M’ denote the monomial Hie]\{j} y?. Using Lemma (with
o = 01), we see that M'z;y; appearsin f. Since j > 1, by LemmaBI5.1] j < m and
M'x;_1yj4+1 appears in f. Applying Lemma[[:4] shows that M’z ;41y;_1 appears in
f. If j—1 > 1, then, again using Lemma[BI5.T] we have j+1 < m and M'z;_2y;+2
appears in f. In this case, by applying Lemmall.4] we see that M’z 0y,_2 appears
in f. Continue alternating Lemma B.I5.1] and Lemma [[4] until j — k = 1. This
shows that M'y;_xjir = M'y129;_1 appears in f. Thus 2j — 1 < m, as required.

Suppose that A € F \ Fy. Note that M’z appears in Ag(M + M'z;y;) with
coefficient A + A2 # 0. Since As(f) = 0, there must be other monomials in f that
produce M’x? after applying A,. The monomials M'y;y;41, M’z y;41 and M’yjz_|r1
are the only such monomials. However, M'y,;y;+1 does not appear in f by Lemma
3] and the maximality of j implies that M ’yJQ- 1 does not appear in f either.
It follows that M’'z;y;41 appears in f. Applying Lemma [[4] and Lemma BI5.1]

repeatedly we see that M’z;ys; appears in f. Hence 2j < m. (]
Write My = g3 - y*m % and My = % -+ y’mabm | where a; and b; are

non-negative integers. We have a; + b; = 1 for ¢ < ¢ and a; +b; = 3 for i > £.

Suppose a,, = 0. Then, using Lemma (with 0 = 01), a; is even for all
t. Thus a; = 0 for ¢ < £. Hence Proposition applies, forcing a; = 0 for
i > € > m/2. Therefore, if a,, = 0, we have M7 = 1 and the factorisation is trivial.
Hence a,, > 0. Similarly, b,, > 0. Without loss of generality, we assume a,, = 1
and b, = 2.

Lemma 3.15.3. If m > 3, then a,,—1 is even. If m > 4, then a,,_o is even.
Proof. Both statements follow from Lemma BI5.11 O

Lemma 3.15.4. If m > 3, then b,,_1 and b,,_o are not both odd.

Proof. Assume on the contrary that both bm 1 and b,,_o are odd and that M,
appears in fo € SY. Define M = eyl 33yf7;" 27N o that M, =
MYy —2Ym—122,. Then Mxm,gym,lxm appears in Ay (My,,_2Ym_172,). Since
A1(f2) = 0, there must be other monomials in f that produce Mx,, 2y, 122,
after applying A;. The only monomials with this property are My,,—oYm—1Y2,,
Mym—Zym—lfrmyvrm Mxm—Zym—lygn and Mxm—Zym—lxmym- However
MYy —2Ym—_1%2, does not appear in fo by Lemma [[L3] because the degree of 4, 1
in this monomial is odd. Also, MYy, —2Ym—1TmYm does not appear in fo by Lemma
BISI If My, 2ym—_1y2, appears in fa, then, since the degree of y,, o in this mono-
mial is odd, M2, _,y2, appears in Ag(Mxp,_2ym—_1y2,). So there must be another
monomial in fo that produces M2 _,y2 after applying Ap. The only monomi-
als in S with this property are My2, 142, if by,,_1 = 1, My2,_oy2, if b2 = 1,
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Mym,gym,lyfn and Mxm,gym,gy?n. The first three monomials do not appear in f,
by Lemma [[.3] and Proposition On the other hand Mz, _2Ym 292, does not
appear in fy if b,,_o = 3 by Lemma BI511 If b,, 2 = 1, then Mz, 2ym_2y2, ap-
pears in fo if and only if My2,_,y2, appears in fo. However the latter monomial does
not appear in fy by Lemma [[.3] and Proposition Therefore Mz, —oYm—1Y2,
does not appear in fs.

We finish the proof by showing that Mz, _2Ym—1Tmym does not appear in f.
Note that fonﬁxmym appears in Ag(M Ty —2Ym—-1ZmYm). The other monomi-
als that produce Mz2, 2,y after applying Ay are My2,_ZmYm if b1 = 1,
My%qufmym if bp—2 = 1, Mym72ym71$mym and Mxm72ym72xmym~ The first
two monomials appear in f if and only if My2, ,y2, and My2,_,y2, appear in fo,
respectively, by Lemma However neither of the latter monomials appear in
f2 by Lemma [[.3] and Proposition The third monomial does not appear
in fo by Lemma BI5Tl Finally, Mz, —oym—2Tmym appears in fy if and only if
My?,_5%mym appears in fo because these are the only monomials in S that pro-
duce M2, ,x,ym after applying A;. However My2, o&my., appears in fo if and
only if My?,_,y2, appears in fo by Lemma [[5, and the latter monomial does not
appear in fs by Proposition |

Returning to the proof of Theorem B3] first assume that m > 4. Then by
Lemma 3153 a,,—» and a,,—1 are both even. Therefore b,,_> and b,,_1 are both
odd, contradicting Lemma 31541

Suppose m = 3 and M, appears in f; € S¢. By Lemma 153 ay is even.
Thus by is odd and, by Lemma B.I5.4] b, is even. Therefore by = 0, a1 = 1
and M; = y1y52x3. By Lemma [ z,95%ys also appears in f;. Thus y52 oy
appears in f1 as well by Lemma [B.I5.Il This contradicts Lemma if ap = 2 and
Proposition if ag = 0.

3.16. The proof of Theorem [3.9 Suppose, by way of contradiction, that
Tr(yr - yeyp o - vs,) is decomposable. Working modulo the G-stable ideal
(%1, ..y T2, 22, _1)S, a straightforward calculation gives

LT(Te(y1 - Yoypgr - Ym)) = Y1 YY1 Yoo 1Tm—1Try-
Thus there are two monomials of positive degree, say M; and M, such that
MiMs=y; -- -ygzy?,ﬂ . yfn_lxm_len, and both M; and My appear in G-invariant
polynomials, say f; and fa. Without loss of generality, we may assume M; =
Yoyt a%m and My = gy -yt abe . Tt follows from Lemma 3 and
Proposition that b, > 0.

Lemma 3.16.1. If m > i > 1, then b; is even and a; is odd.

Proof. Note that V,; ; and (m—1)V2®2V; are isomorphic oo-modules, where the two
copies of V; are generated by z,, and y; and where each pair z;_1,y; for2 <i<m

generate a copy of Va. Therefore we have S72 = Flx1,...,Zm—1,Y2, -, Ym|"? ®
F|2m,y1]. Hence the fact that b; is even follows from Lemma [[3 (with o = 09).
Since b; is even and a; + b; is odd, a; is odd. O

We have b,,, > 0 and a,, + b,, = 2. Therefore, there are two cases, a,, = 0 and
am = 1. First assume that a,, = 0. If a,,—1 = 3, then M; does not appear in f; by
Lemma [[L5 On the other hand, if a,,,—1 = 1, then by Lemma [LH y{* - yﬁ{”:f“
appears in fi, contradicting Lemma [[.3] because a,,,_o is odd.
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Suppose that a,, = 1. Set M = y{* '~yzl’”:1171 so that My = My, _1Zm_1Zm.
Then Mz, 9@y 12, appears in Ay(M;). The only other monomials in S that
produce Mx,,_oTm_1%y, after applying As are My oYmTm and M T, olmTm.
However by Lemma [[L5 My, —2YmTm appears in fi if and only if My,, 2y2, does,
but the latter monomial does not appear in f; by Lemmal[l.3land Proposition B.15.21
Finally, if Mx,,_oymx, appears in fi, there must be another monomial in f; that
produces Mz, »x2, after applying A;. Since a,, o is odd, Mz, »y2, is the only
such monomial. However if a,, o = 3, then Mx,, oy2, does not appear in fi. If
@pm—2 = 1, then again by Lemma [L5 My,,_2y2, also appears in fi, contradicting
Proposition

4. THE EASY ODD CASE

In this section we consider the odd dimensional representations Q=" (F). The
action of G on S :=F[Q ™(F)| =F[z1,...,Zm, Y1, -, Ym+1] is given by o;(z;) =
xj, o1(y;) = y; +x; and o2(y;) = y; + x;_1, using the convention that zy = 0 and
Zma1 = 0. As in section Bl define n; := yf + 23y and u; = x5 + ;1. Then
ni,u;; € S7'. A simple calculation gives As(n;) = 27 | + z;x;—1 and Ao (u;;) =
2;xj—1 +x;—12;. For i€ {1, Lo, mA+ 1} define

i—1

Ni=ni+ ) (imjies + tizjirj—1)

j=1
so that Ny = ny and Ny = ng + uip + u1z. An explicit calculation, exploiting
the fact that Ag(uij) = @11, gives Ag(V;) = 0. Therefore N; € SC. Define
Hom = {21, Zm, N1,..., Nppy1}. Since LM(N;) = y?, H_,, is a block hsop
with top class y1 -+ Ym+1, and the image of the transfer is generated by Tr(j3) for
B dividing y1 - - - Y1

Theorem 4.1. For m > 3, Tr(y1 - Ym+1) is indecomposable.

See subsection [A.§ for the proof of Theorem Il Combining Theorem (1] with
Theorem 2] gives the following.

Corollary 4.2. If m > 3, then the Noether number for Q=™ (F) is m + 1 and the
Hilbert ideal is generated by H_,,.

Remarks [£.4] and show that the above formula for the Noether number is
valid for m > 1.
As in sectionBl define tj = U12T5-1 + U151

Theorem 4.3. For m > 2,
F[Qim(F)}G[‘fC;l] = F[.’[l, ey Lmy,y Nl, Ng,tg, e ,tm+1][$;1].

Proof. We construct the field of fractions for an upper-triangular action as in [4]
or [I4]. The restriction of the action of G to the span of {z1,z2,y1,y2} is V5.
Therefore, using Remark BI43 Flx1, 22, y1,%2]% 27" = Fl1, ze,n1, @27 ).
Since t; € Flz1,...,Tm,v1,...,y;]¢ has degree one as a polynomial in y; with
coefficient 27, we have F[Q~"(F)|%[z7"] = Flz1,. .., T, 01, W, t3, -« tri|[27 1]
The result then follows from the fact that w = x1 N> + t3 and N1 = ny. O

Licensed to Bilkent University. Prepared on Thu Nov 24 07:41:48 EST 2016 for download from IP 139.179.100.62.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



5668 MUFIT SEZER AND R. JAMES SHANK

Remark 4.4. Tt is easy to see that F[Q~Y(F)|¢ = Flz1,n1,%3 + 2192]. A Magma
calculation shows that F[QQ~2(F)]¢ is the hypersurface with generators x1, o, Ny,
Ns, N3, t3 and relation tg + x%Nl + zyxo(x1 + 22)t3 + LL‘%.’L‘%NQ = x‘llNg. Therefore,
the Noether number for this representation is m + 1 = 3.

Remark 4.5. Tt follows from Theorem [3] that applying the SAGBI/Divide-by-z
algorithm of [8] with = z; to

{:Eh'"7xm>N17N2>"‘7Nm+l>t37"'>tm+1}
produces a SAGBI basis for F[Q~™(F)]“.

Remark 4.6. A Magma calculation shows that F[Q~3(F)]“ is generated by

{w1, 29, 23,n1, Ny N3, 04, 3,14, ua3s, w133, Tr(y1y2y3ya)}
where w133 1= X313 + T1us and usg3 1= T3Usz + XToUgs + x3u14. Furthermore,
this set is a SAGBI basis, and running a SAGBI test with Tr(y1y2ysy4) omitted
shows that Tr(y1y2y3y4) is indecomposable. Therefore the Noether number for this
representation is m + 1 = 4 and the Hilbert ideal is generated by the block hsop
T1, %9, 23,1, Noy N3, ny. From [10], we know depth(F[Q~3(F)]¥) = 6. The relation
xoty + x3ts + z1uis33 = 0 shows that the partial hsop {x1,za,23} is not a regular
sequence, giving an alternate proof of the fact that the ring is not Cohen-Macaulay.

Proposition 4.7. For S = F[Q™™], (A35)7 = (A19)72 = ((z1,--.,%Tm) S)G =
vTIrS and

VTrS/TrS = H ((05), A1S) = H' ({01), AsS).
Furthermore SY//Tr S 2 F[Ny, ..., Ny].

Proof. The proof is analogous to the proof of Proposition[37 (Note that LT(V;) =
y? and so an analogue of Proposition B.15.2]is unnecessary.) O

4.8. Proof of Theorem[d.Jl Suppose by way of contradiction that Tr(yy « - - Ym+1)
is decomposable. Working modulo the G-stable ideal (z1,. .., Z,_1)S, it is easy to
see that
LT(Tr(y1 - Yms1)) = Y1+ Y125,

Thus there are two monomials, say M; and My, such that My My = y1 - - yp_172,,
deg(Ms3) < deg(M;) < m+ 1 and both M; and My appear in G-invariant polyno-
mials. Since a G-invariant is also a oj-invariant, it follows from Lemma [[3] that
both M; and M, are divisible by x,,. Since m 4+ 1 > 5, we have deg(M;) > 3. The
required contradiction is then a consequence of the following lemma.

Lemma 4.8.1. Let M = ([[;c; yj)zr for some k <m and set J C {1,....k—1}
with |J| > 1. Then M does not appear with a non-zero coefficient in a G-invariant
polynomial.

Proof. Let d denote the maximum integer in J. We proceed by induction on k — d.
Assume on the contrary that M appears in a G-invariant polynomial f. Set M’ =
[l;cs jzavs- Then we have M = M'ygwg. From Lemma [[4 we get that M'zyy
also appears in f. Furthermore, since M'zqx;_1 appears in Aq(M'xqyk), there
must be another monomial in f that produces M'zqxi—1 after applying Ay, If
k — d = 1, then the only other monomial that produces M'zgz),_1 = M’xﬁ after
applying A, is M’ y,% However, this monomial cannot appear in f by Lemma [[.3
This establishes the basis case for the induction. If K —d > 1, the only monomials
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(other than M'z4yy) that produce M’z 4z after applying Ay are M'yg1yx and
M'ygiq1xp_1. Again by Lemma I3l M'yg.1yr cannot appear in f. Moreover, if
d+1<k—1, then M'ygr12,_1 does not appear in f by induction. On the other
hand, if d 4+ 1 =k — 1, then M'y4y12,—1 does not appear in f by Lemma 3 O

5. THE HARD ODD CASE

In this section we consider the odd dimensional representations Q™ (F). The
actionof Gon S :=F[Q"™(F)] =F[z1,...,Tm+t1, Y1, - - -, Ym] is given by o;(z;) = x;,
o1(y;) =y; +x; and 02(y;j) = y; + x;41. Define

Hon = {21, 21 No (1), -, Naym) .

Since LM(Ng(yi)) = i, Hum is a block hsop with top class (y1 - - - ¥, )® and the
image of the transfer is generated by Tr(3) for B dividing (y1 - - - ym)>.

Theorem 5.1. For m > 2, Tr(y3 ---y3,) is indecomposable.

See subsection (.8 for the proof of Theorem 5.1l Combining Theorem [B.1] with
Theorem 2] gives the following.

Corollary 5.2. If m > 2, then the Noether number for Q™(F) is 3m and the
Hilbert ideal is generated by Hp, .

From Remark [5.4] the Noether number for Q?(F) is 6.
For j > 1, define v; := uy; (23 + z122) + na (@22 + 212j41).

Theorem 5.3. Form > 1,
FIQ™ % [(z122(z1+22)) ' J=Flz1, ..., Tmi1, Na (1), v2, - ., Una (w122 (21 +22)) 1.

Proof. We use [4, Theorem 2.4]. F[zy,...,2m,41]¢ is the polynomial algebra gen-
erated by {z1,...,2m, Ng(y1)}. The invariant v; € Flzy,x2, 2, 211, y1,y;] has
degree one as a polynomial in y; and the coefficient of y; is z1z2(z1 + 22). O

It is easy to see that F[Q!(F)]¢ = F[zy, 72, Ng(y1)], and, therefore, the Noether
number is 4.
Remark 5.4. A Magma calculation shows that F[Q?(F)] is generated by

By := {x1, 32, 23, Na(11), Na(2), v2, nas, urzss, Tr(yy3) },

where nj3 = x3ng + x3uiz + 102 and wuisz = (23 + ox3)ut2 + (23 + z123)N0.
Therefore the Hilbert ideal for Q?(F) is generated by z1, z2, x3, Na(y1), Na(y2). In
fact, Bs is a SAGBI basis using grevlex with yo > y; > z3 > x5 > x1. Although
a SAGBI basis need not be a minimal generating set, running a SAGBI basis test
on By \ {Tr(y3y3)} shows that Tr(y3y3) is indecomposable and hence the Noether
number is 6. From [10], we know depth(F[Q%(F)]“) = 4. The relation z3ve+
(3 4+ z173)n13 + T1u1233 = 0 shows that the partial hsop {x1,x2, 23} is not a
regular sequence, giving an alternate proof of the fact that the ring is not Cohen-
Macaulay.

Remark 5.5. We have been unable to find “polynomial generators” for the ring
F[Q™(F)][z;']. We note that x; is not in the radical of the image of the transfer
for these representations but that xjxza(z1 + x2) is. Furthermore, x; is in the
radical of the image of the transfer for Q~(F) and Vj, ». Hence F[Q"]% [z ]

and F[V,,, z]¢[x] '] are “trace-surjective” in the sense of [13].
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Proposition 5.6. For S = F[Q™(F)] and m > 3,
VTr S = ((22@mi1 + Tol1, T1Tm i1 + T1T2, T + ToZ1, T3 + oy ..oy Ty + .’L‘Q)S)G.

Proof. Direct calculation gives Ay (Q™(F)*) = Spang{z1,...,Tm}, Do(Q™(F)*) =
Spang{za,...,Tmy1}, and (o102 +1)(Q™(F)*) = Spang{x1 +x2, ..., Tm + Tmt1}-
Using [18, Theorem 2.4] and computing intersections of ideals gives

VIrS = (N (g™ (F)")8)“
9€G, |g|=2
= ((2Zmy1 + T221, 1 Tpp1 + 21, 3?3 + x2x1, %3 + 22, .., Tm + q:g)S)G.

O

Remark 5.7. The above shows that for m > 3, we have x5 + x3 € v Tr S. In fact,
for

a = (x1+x2+23)y2ys + (w1 + T2+ 23+ 24)Y1Y3 + (T2 + 23+ 24)y1y2 + yfys +y1y32,7

Tr(a) = (22 + x3)3. Define # := x5 + x3 and use the variables z < z; <
3 < Ty < 0 < Tpg1 < Y1 < oo+ < Y, with the grevlex order. Define
p : FIQ"(F)][z71] — F[Q™(F))[z~Y by p(f) = 273 Tr(fa). Then p restricts
to the identity on F[Q™(F)]¢ and F[Q™(F)]%[z1] is “trace-surjective”. Define

By = Hp U{Tr(B) | Bdivides (y1 - - - ym)>}.

Since {8 | B divides (y1 - - ym )} generates F[Q™(F)][x~!] as a module over the ring
F[H,,)[z~!] and p is surjective, we see that B,, U{x ™'} generates F[Q™(F)]%[z~1].
Thus, since H,, is an hsop, applying the SAGBI/Divide-by-z algorithm to B,,
produces a generating set, in fact a SAGBI basis, for F[Q™(F)]¢.

5.8. Proof of Theorem [5.Il Suppose, by way of contradiction, that Tr(y3 - - - y3,)
is decomposable. Working modulo the G-stable ideal (z1,...,2;,—1)S, it is not
difficult to see that

LT(Tr(ys - y2)) = yi -yl 1 mal 1.

Write y3 - - y3,_1zma?, ., = M1 Ms, where My and Ms are monomials of positive
degree which appear in G-invariant polynomials. We use the following results to
eliminate possible factorisations.

Lemma 5.8.1. Suppose 1 < i <m, 2 < k<m+1,k#i+1and M is a
monomial in Y1,...,Ym. Further suppose that the degree of y; in M is even and
yixr M appears in a G-invariant polynomial f. Then the degree of yx—1 in M is
even and Tiy1Yx—1M appears in f.

Proof. Since the degree of y; in M is even, x; 12, M appears in As(y;2,M). Since
As(f) =0, f must contain another monomial that produces x; 12, M after apply-
ing As. If the degree of y;_1 in M is odd, then there is no such monomial. Thus
the degree of y_1 in M is even and applying A, to either y;yx—1M or x;11yp—1 M
produces ;12 M. However, by Lemmall3] y;yr_1 M does not appear in f. Thus
Tiv1Yk—1 M appears in f. O

Proposition 5.8.2. Suppose M = yi* ---yim. If k is a positive integer and Mk
or Mxﬁwrl appears in a G-invariant polynomial, then e; is even for 1 < j < m.
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Proof. Note that S = Flx;,y; | i < m]7* @ Floymg1] and 572 2 Flzipq,y | i <
m)°2 @ F[z1]. If Mak | appears in a G-invariant polynomial, then M appears in a
o1-invariant polynomial, and the result follows from applying Lemma [[.3] with o =
o1. If M x’f appears in a G-invariant polynomial, then M appears in a go-invariant
polynomial, and the result follows from applying Lemma [[.3] with o = o5. |

Proposition 5.8.3. Suppose M = HjeJy? for a mon-empty index set J C
{1,...,m}. Then M does not appear in a G-invariant polynomial.

Proof. Suppose, by way of contradiction, that M appears in a G-invariant poly-
nomial f. Let ¢ denote the largest integer in J and set M’ = M/y?. Note that
M'z7, | appears in Ay(M), and since Ay(f) = 0, there must be another monomial
in f that produces M'x? 1 after applying Ay. The only other monomial in S with
this property is M'ys2z¢y1. Therefore, this monomial also appears in f. If £ = m,
then the degree of y,, in M'ysxer1 = M ym@me1 is odd, and we have a contra-
diction by Proposition Otherwise, using Lemma [[4 M’xpys+1 appears in
f. If £ = 1, this also gives a contradiction using Proposition Otherwise,
we apply Lemma B8] and conclude that M’'y,_jxs1o appears in f. This gives
a contradiction if £ + 1 = m. Continuing in this fashion, the process terminates
with either M'yop_pTma1 or M'yspx1 appearing in f, again contradicting Propo-
sition O

Returning to the proof of Theorem (B} first suppose that M; is a factor of
y$---y3,_,. Since M, appears in a oj-invariant, we have from Lemma that
the degree of each y; in M; is even. However, since these degrees are at most
two, we get a contradiction using Proposition Similarly, M is a not fac-
tor of y$---y3,_,. Therefore we may assume x,, divides M; and z,,,1 divides
Ms. By Proposition 582 the degrees of the variables yi,...,¥m—1 in My are
even. Hence the degrees of these variables in M; are odd. Therefore we have

either My = y{* - -yo '@y, or My = yi* -+ Yo ' Tmr1, Where aq, ..., am—1
are odd. Let f denote the G-invariant polynomial in which M; appears. Sup-

pose that My = y{* -y 'x,,. Since y§* - yzq’”_’ll_lxil appears in Ay(M;) and

A (f) = 0, there must be another monomial in f that produces yi* - - ~yfn"f1171xfn

after applying As. However, yi* - - - yfn’”:llle is the only other monomial in S with

this property. Since f is also oj-invariant and a; is odd, we get a contradic-
tion by Lemma [l Therefore, we may assume that My = y{* -y ' T Ty 1.

Then y{* ~~~yzl"i‘1171x,2nxm+1 appears in Ay(M7). Since Aq(f) = 0, there must be
another monomial in f that produces yi* ~-~yf,{[’11_lasfnxm+1 after applying As.

The monomials in S with this property are yi* - -- yzl’”_’lﬁlym, Yyt Y T Y,

11 -1 -
Yt -~~y:;711+ Tty Y5y 22 ym. The first two monomials do not ap-

pear in f by Lemma because the degree of y; is odd. For the same rea-
son the third monomial does not appear in f by Proposition £.8.21 Finally, if

Yo ~yfn”l]1_1$3nym appears in f, then there must be another monomial in f that
produces y§* 'z - -yf,ﬁ]rlxilym after applying A;. However, y{* - - - yZ::T’lyfn

—1 Am—1—

and y7* " Twy oy, 1yf’n are the only monomials in S with this property. Since
neither of these monomials can appear in f, by Lemma [[.3] and Proposition [£.8.2]
respectively, we have ruled out all possible factorisations, proving Theorem (.11
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