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Analysis of Input Impedance and Mutual Coupling
of Microstrip Antennas on Multilayered Circular
Cylinders Using Closed-Form Green’s Function

Representations

Sakir Karan and Vakur B. Ertiirk, Member, I[IEEE

Abstract—Closed-form Green’s function (CFGF) representa-
tions for cylindrically stratified media are developed and used in
conjunction with a Galerkin method of moments (MoM) in the space
domain for the analysis of microstrip antennas on multilayered cir-
cular cylinders. An attachment mode is used in the MoM solution
procedure to accurately model the feeding of probe-fed microstrip
antennas. The developed CFGF representations are modified in
the source region (where two current modes can partially or fully
overlap with each other during the MoM procedure) so that singu-
larities can be treated analytically and hence, the proposed CFGF
representations can be safely used in this region. Furthermore,
accurate CFGF representations for the probe-related components
(necessary for probe type excitations including the attachment
mode) are obtained when the radial distance between the source
and field points is electrically small or zero. Numerical results in the
form of input impedance of various microstrip antennas and the
mutual coupling between two antennas are presented showing good
agreement when compared to the available published results as well
as the results obtained from CST Microwave Studio.

Index Terms—Closed-form Green’s functions,
pencil of function method, method of moments.

generalized

I. INTRODUCTION

EVERAL integral equation (IE) based design/analysis tools
S that use closed-form Green’s function (CFGF) representa-
tions as the kernel of an IE have been developed for the design
and rigorous analysis of printed circuit elements and/or printed
antennas/arrays in planar multilayered media [1]-[3]. On the
other hand, when similar printed structures are considered on
multilayered cylinders (with a perfect electric conductor (PEC)
forming the innermost region), most of the available IE based
tools still use the conventional spectral domain or asymptotic
Green’s function representations (the latter being valid for a
single-layer dielectric deposited on a PEC cylinder) with limita-
tions [4]-[6]. When there is only a single-layer dielectric on the
PEC cylinder accurate space-domain formulations without any
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limitations are available [ 7]-[9] allowing for a flexible discretiza-
tion of the printed metalizations with a triangular surface mesh.
Deficiencies on the available CFGF representations for cylindri-
cally stratified media have prohibited to develop the cylindrical
counterpart of the above mentioned planar procedure in spite of
the fact thata wide range of military and commercial applications
require such tools to investigate aforementioned antennas/arrays
that conform to multilayered cylindrical host platforms.

Several studies on CFGF expressions for cylindrically strati-
fied media have been reported that use either generalized pencil
of function (GPOF) [10] method or rational function fitting
method (RFFM) [11] with the purpose of being used in method
of moments (MoM)-based codes to design and analyze mi-
crostrip antennas and arrays [12]-[21]. However, early studies
are useful only for radiation/scattering problems because the
provided CFGF expressions in them are not valid when the radial
distance between the source and field points (o', p) is electrically
small or zero [13]-[15]. On the other hand, to be able to use the
reported CFGF expressions that are valid when p = p’ in con-
junction with MoM, alternative Green’s function representations
are required for certain regions of the cylinder. In [16], [17],
the reported CFGF expressions for the mixed potential integral
equation (MPIE) are not valid along the axial line (defined as
p = p and ¢ = ¢) of the cylinder as well as in the source
region (where two current modes can partially or fully overlap
with each other during the MoM procedure). [18]-[20] provided
CFGF expressions valid along the axial line for both electric
field integral equation (EFIE) and MPIE. However, a study that
uses CFGF representations within the source region and explains
the related singularity treatments has not been presented to the
best of our knowledge. Therefore, alternative Green’s function
representations may be necessary for the self-term related entries
of the MoM matrix. Furthermore, special care is required to
obtain accurate CFGF expressions for the probe-related com-
ponents when p is close or equal to p’. In [21], p-related dyadic
Green’s function components are provided together with some
identities to obtain the corresponding closed-form expressions.
However, explicit expressions are not presented. Hence, detailed
probe-related CFGF representations must be provided for a more
accurate feed model when investigating probe-fed microstrip
antennas that requires an attachment mode.

Considering all these deficiencies, CFGF representations pre-
sented in [18] have been modified leading to new CFGF ex-
pressions that are used in conjunction with a Galerkin MoM in
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Fig. 1. Geometry of the problem. Probe-fed microstrip patch antennas on a
cylindrically layered structure together with its cross-sectional view from the
top.

the space domain (that uses rectangular meshes) for the analysis
of probe-fed microstrip antennas on multilayered circular cylin-
ders. An attachment mode, similar to the ones presented in [22]
and [23] for planar stratified media, is used to more accurately
model the feeding part of the antennas. These proposed CFGF
representations are used everywhere including the source region
as well as for the probe-related components (including the at-
tachment mode) that are used to obtain an improved model for
probe-fed type excitations. Therefore, the treatment of all singu-
larities that appear in the source region (during the MoM anal-
ysis) in addition to the axial line for all components including
the probe-related ones are presented.

In Section II, the geometry and the derivation of the proposed
CFGF representations are provided. This section also contains
the analytical treatment of the singularities. Section III provides
the MoM solution procedure. Numerical results are presented in
Section IV to assess the accuracy and efficiency of the proposed
CFGF representations. An ¢/“? time dependence, with w being
the angular frequency, is assumed and suppressed throughout
this paper.

II. GREEN’S FUNCTION FORMULATION

A. Geometry

Fig. 1 illustrates the geometry of two patches on an infinitely
long (along the z-axis) cylindrically stratified media, where a
PEC cylindrical ground with a radius a (denoted by ¢« = 0)
forms the innermost region. Material layers surround the PEC
region coaxially (¢ = 1 denotes the substrate layer; ¢ = 2 de-
notes the superstrate layer, and ¢ = 3 denotes the air layer in
Fig. 1). Each layer has a permittivity, permeability, thickness
and radius denoted by e;, 1, t; and a;, respectively. Each
patch antenna, located either on the dielectric-dielectric or di-
electric-air interface, has a dimension of W, by L,,, along the
z- and ¢-directions, respectively, and fed via a probe (depicted
in the cross-sectional view of Fig. 1) at the location z = zfy,
and rl = vl withrl = a;¢ (and rlpm = aidfm).
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B. Proposed Space Domain Green's Function Representations

Because a space domain hybrid MoM/Green’s function tech-
nique is used in this paper for the analysis of probe-fed an-
tennas/arrays depicted in Fig. 1, new space domain CFGF repre-
sentations are developed for tangential and probe-related com-
ponents, separately.

1) Tangential Components: Entries of the MoM impedance
matrix require accurate representations of the tangential com-
ponents of the dyadic Green’s function due to tangential cur-
rent sources for arbitrary source and field points (that mostly
lie on the same interface, and in particular within the source
region). However, the CFGF representations presented in [18]
experience a relatively severe singularity within the source re-
gion. Therefore, in [18] it was suggested that alternative Green’s
function representations must be used for the entries of the MoM
impedance matrix that represent the self terms. Moreover, some
accuracy problems have been observed for small ¢ — ¢’ values
despite the axial line treatment, which can also affect the ac-
curacy of MoM solutions during an antenna analysis. Conse-
quently, these deficiencies require modifications in the CFGF
representations given in [18].

The starting point of the proposed CFGF representations for
the tangential components is the spectral domain Green’s func-
tion representations, (,,,,(u. = z or ¢;v = z or @), for p = p/
given in [18] as

Gu _ 1
K dwe
xS0 [(R2) WP HD (hyop) T (o) fun(ns )29

(1)

where A¢p = ¢ — ¢ andp = 0,q = 1,1 = 0 foruv = zz;
p=1,q=0,1 =1 foruv = ¢z and uv = 2¢, and finally
p=2,49=0,1=0foru =¢p. In(1) k2 = k7 — kZ and
all special cylindrical functions except the H" (kp,p)n(k,, 0"
product are inside the f,, (n, k. ) term and expressed in the form
of ratios. Explicit expressions for f,,(n,k.) are given in [18]
for all tangential components. Then, as the first step, recog-
nizing the Fourier series (with respect to n) and Fourier trans-
form (with respect to k.) relations between the spectral and
space domain Green’s function representations, one can note
that (k? — (0%/0202")), (§(0/8%)), and both the (—3j(8/9¢))
and (j(9/0¢")) terms in the space domain correspond to &, k.
and 7 in the spectral domain, respectively. Therefore, the space
domain Green’s function representation, (G,,,, can be written as

, @\ oY N[0\
_(2_ ; i 2 i w
o= (i-5%) () (i35) (o) 0w
@

where t1 = ty = 0 for the uv = zz, t; = 0, to = 1 for the
uv = z¢ (= ¢z due to reciprocity), t; = to = 1 for uv = ¢¢
cases. The G2 term in (2) is expressed as the inverse Fourier
transform (IFT) of its spectral domain counterpart as

1

4w€.,;
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X f‘zw (71/, k2>ejnAd) } (3)
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with F 1{.} denoting the IFT operation, which can be per-
formed in closed-form with the aid of the GPOF method if there
is no numerical problems or singularities. The main advantage
of expressing (7, as (2) is to transfer these derivatives onto the
basis and testing functions by performing an integration by parts
twice in a Galerkin-type MoM procedure for carefully chosen
basis and testing functions, which must be differentiable with
respect to ¢b, ¢, z and z’. Note that as a result of this step, only
the (&2 part appears as the space domain Green’s function re-
lated term in the integrand of any mutual impedance expression
([18]) between two current modes.

Then, as explained in [18], first performing an envelope ex-
traction with respect to n (i.e., the cylindrical eigenmodes) to
improve the efficiency and accuracy of the summation over n
in (3), and then performing another envelope extraction with
respect to & to the resultant expression to handle convergence
problems in the spectral expressions for small A¢ values, G0
is obtained as

B 1«
Glm? :F ! {_M Z H52) (kﬂ,p) Jn (kﬂzpl)

X [fuw(r, kz) — Cun(k2)] 6jnAq>}

1
F71 - Cuv kz - Cuw k7oc S
# 7 [Ok) - Gl )] 51
J
- O’uv kz:)o I 4
Tnwe, (kzoo)Ta 4
where
Sy = Hg (ky. |7 — ') (5)
=ikl =7
1= Q)
7= 7|

Cyy(k.) is the limiting value of f,,(n,k.) when n — o0,
and Cyq(k.o0) is the value of O, (k,) when k. — oo (de-
noted as %...). The expression given by (4) yields very accu-
rate results when used in the mutual impedance calculations
(after performing an integration by parts twice) when there is
no singularity. However, there are two cases that yield singu-
larities, which should be treated. The first one manifests itself
along the axial line, and the second one occurs in the source re-
gion. Hence, as the next step the treatment of these singularities
are given.

Axial line singularity (p = p', ¢ = ¢'): The argument of
the Hankel function HJ(k,,|p — p’|) becomes zero along the
axial line (p = p’, ¢ = ¢"). The remedy for this problem is to
use the small argument approximation of the Hankel function
given by

13l - ) 1= 210 (T2 ) = 210w (1 )

(7
where v = 1.781. The last term, —j(2/7) log(|p — p’|), in (7)
exhibits a logarithmic singularity when p = p’ and ¢ = ¢’, and
yields numerical problems for small A¢ values (still p = p').
Therefore, for the tangential components, when p = p’ and A¢
is small, approximating cos(A¢) termas 1 — ((A¢p)?/2), |[p—p'|
can be approximated as

7— 7~ plag] = 18 - B

®)
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where # = pp and B = p'¢’ and p = p’. Then, subtracting
—j(2/7)log(|8 = B'|) from H3(k,.| — 7']) in (4) and adding
the subtracted part as a new term to (4), (4) becomes

- L«
Guer =F ! {_M Z H1(12) (k/’7p) ‘]’" (kﬂz,p/)

nN=—0c
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During the mutual impedance calculations, the added term [i.e.,
the third term in (9)] is calculated analytically.

Space domain singularity (p = p/, ¢ = ¢', z = 2’): Ttoc-
curs within the source region, where the source and observation
points overlap with each other (i.e., 7 = 7), which appears in
selfterm calculations during the MoM process. When 7 = 7 the
last term of 9 [or (4)]) that involves I1 = (e =757l /|7 — #|)
exhibits an integrable singularity. Recognizing that

7= = 15— o + |z — 2P (10)
and making use of (8), I; is approximated as
1
L =1 = (11)

N T

Then, [ is subtracted from /; in (9) and the subtracted part is
added as a new term to (9). As a result &G,,,,2 becomes

_ L e
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(12)

As seen in (12), the last two terms are related to the treatment
of the space domain singularity (in addition to the axial line
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singularity). In (12), the first, second and the fourth terms can
now be calculated in closed-form via GPOF. They do not have
any singularity. On the other hand, the third (related to axial line
singularity) and the fifth (related to spatial domain singularity)
terms are calculated analytically during the mutual impedance
calculations.

2) Probe-Related Components (G, and G 4,): All the cylin-
drically conformal antennas, investigated in this paper, are as-
sumed to be fed via a probe, where an attachment mode is used.
Therefore, accurate and efficient representations of probe-re-
lated components of the dyadic Green’s function are necessary
to calculate the entries of the MoM voltage vector as well as
the input impedance (or mutual impedance when more antennas
exist). However, accurate CFGF representations for the probe-
related components have not been available especially when the
radial distance between the source and field points is electrically
small or zero. Therefore, a similar procedure that is explained
for tangential components is pursued (with certain modifica-
tions) for the probe-related components.

An ideal, infinitesimally thin probe is modeled as

Tod(¢" — ¢5)o(2" — 2y) (13)
o

Jpr =

where Iy = 1 is the magnitude of the excitation current and
8(.) is the Dirac delta function. Then, the mutual impedance
expression, which forms the entries of the MoM voltage vector,

can be written as
/ ' / Jpr Gmdu ds,

Vprobe

(14)

where 5, is the area of the tangential current mode (v = z or
¢) with ds, = dzdf and V), is the volume of the probe
with dv’ representing the differential volume. Hence, (14) can
be simplified to

o' =pe

V,, =— / T / Gopdp/dzdps

S, P =ps

(15)

where p, and p. denote the start and end points of the probe
along the radial direction, respectively, and G, is the space do-
main Green’s function representation for the probe-related com-
ponents. Note that because the electric field direction and the
integration direction for the p’ integral are opposite, we put a
minus sign in front of (15).

Similar to the tangential components, recognizing that
(j(8/8z)) and (—j(3/3¢)) terms in the space domain cor-
respond to k. and n in the spectral domain, respectively, the
inner p’ integral in (15) is rewritten as

Pe ) g P=pe
" ON /B " ;
/ Gopdpf = (Ji)_d)) (J w) / Goppds (16)

Ps P =Ps
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where p = 0,1 = 1 for zp, and p = 1,1 = 0 for ¢p cases. Then,
expressing G, 2 as the IFT of its spectral counterpart, (16) can
be written as

Pe Pe _1 50
Gopadp = | F71
/ vp20p / {4&)614 2

Z kﬂq‘ ‘HT(LQ> (km /))
Ds Ps o°

X ]/ ( )}lb[)(n ]{J-, )ejnAr[}} d/)/. (17)

In (17), the key term is f,,(n, k=, p') given by

- ndn (kp.p")
Jop(ns ko, p') = {713 n, ks } (18)
P( ) ]]‘Di']”/L (]] ) P( )
where
. . we;
Jep(niks,p) = = jky, f3 — o s (19)
o2
k, |. WE; 1
fn') n, k27p/ =73 |:l]l"zk7 i '}1 + - 7}2:|
g P( ) k%[p 4 3 p/ 1
JWit L'in 22
+ | ka2 T ] (20)
ko, { /’/ :
with fli, f12, f21 and f% being the corresponding entries

(each superscript indicates the corresponding entry) of F,1, F,o,
Fr3 and F,4 linked to F,, (all of which are given explicitly in
[18]). Note that by expressing ]}f G.,dp’ as (16), the deriva-
tives can again be transferred onto the testing functions (similar
to the tangential components case) by performing an integration
by parts once resulting [ G, p2dp’ as the only space domain
related term in the 1ntegrand of any mutual impedance, V,,,, ex-
pression for the entries of the MoM voltage vector.

Then, following a similar approach to that of tangential com-
ponents, an envelope extraction with respect to n is applied to
(17). Briefly, noting that f,,(n, k., p’) converges to a constant
when 7 approaches to infinity, its limiting value is numerically
determined as

lim fop(n, ke, p') = Cpplkz, o). @2n
Then, recognizing the series expansion given by
Ay OS
2 . JnA¢ __ 1
Zx by HD () T (k) 750 = 520 @)
[S1 is as in (5)], (17) becomes
Pe

/ G?)pZdl)/
D ko HE (koup) T, (o)

Pe 1
= [ F 1l =
/ { 40.)61‘ n=-—oc

% I:fzj‘n(n’ kz’ p,) - évﬂ(k27pl)i| ejnAn,’?} dpl

051
/}— { we, 1p(k~/))8p}d1

Next, to perform the p’ integration more efficiently, the term
Coplks,p’ = p)(0S1/0p’) is subtracted from the second term

(23)
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of (23) and its contribution (by evaluating the p’ integration an-
alytically) is added in closed-form as

Pe

/Gi,de/)’
Ps
Pe
- / { dwe;

Ps

Z ke, H®

n=—oc

pif) Tn (]‘”ﬂz/) )
% [fvp(n’ Kz [)/) - évﬂ(kzv P,)} CjnAd)} d[)/

e

up(k )

oy’

+;—1{4;€l(3 (k0" = p)S1(p’ —pe)}

- F {4w1i Coplkz, 0" = p)Si(¢/ :ps)}- 24)
Note that the integrands of the p’ integration for the first two
terms of (24) are now well behaved. Hence, the p’ integration
for these terms can be easily calculated using a simple numerical
integration algorithm.

Finally, similar to tangential components, applying another

envelope extraction with respect to k. yields

P
/ vadel
ps
Pe L oo
— —1 - X 2 , ,
B ./}— {4(,06.,; n_z kp. Hy (kpa‘p) In (k/up )
Ds =—00

% [Fup(n, bz, ) = Cupllz, )] €27} df

el

[Catbons)

—Coplke, p' = p)} Osl}dp’

dwe;

dp’
I [c (k2. o' = p)
dwe; AT
_énp(kzoo;p, = p)i| Sl(p/ = pe)}
1 -
—F e Coplkz, p =
F { 4(1}6{ [ /ﬂ( z: P p)
_éup(kZOC',p/ = P)i| Sl(ﬂ/ = P»;)}
J =
- drwe Cup(kzoov PI = /))Il (/)I = pe)
J =
tro Cvelhzoor 0" = p)1a(p' = ps) (25)

where C'.,,,,(kzoc,p’ = p) is the value of (:'q,p(kz, p' = p) when
k. — o0. The probe related expression given by (25) yields very
accurate results when there is no singularity. However, again
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the axial line and the space domain singularities must be treated
analytically.

Axial line singularity (p = p', ¢ = ¢'): Similar to the
tangential components, there is a logarithmic singularity due to
the argument of H(k,,|p— p’|). Hence, the procedure followed
up to the approximation of |5 — 7’| is the same. However, for
the probe related components, |5 — 7’| is approximated as

lp—p'| = \/(ﬂ -+ %(ﬁ — p¢')?

because this term is inside the p’ integration.

In (25), the singular terms are the third and the fourth terms.
There is no singularity problem in the second term because
[Coplks, p')=Cuplks, p" = p)]is exactly zero when |[p—p'| = 0
and this term does not contribute along the axial line. Therefore,
using (26) in —;j(2/7)log(|5 — 7'|) [the last term of the small
argument approximation of the Hankel function given by (7)],
and denoting the result as

S1p = —i log (\/( — o)+ %I(ﬂ - p¢’)2> 27

Sy, is subtracted from HZ(k,,|p — p'|) in the third and fourth
terms of (25), and adding the subtracted parts as new terms to
(25), (25) becomes

Pe

/ G'up? dﬂ/

(26)
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(28)

1
J— 71 _
z { 4wei
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The last two terms of (28) are the newly added terms and are cal-
culated analytically during the mutual impedance calculations
([24D).

Space domain singularity (p = p/, ¢ = ¢/, = = 2'): Dif-
ferent than the tangential components, in the probe related ex-
pressions, 7 = 7’ situation may not be observed. However, be-
cause the length of the probe is fairly short, |7 — 7| may be very
small (due to ¢ = ¢’, 2 = 2’ and p ~ p’ leading ¥ =~ 7).
Therefore, a similar approach to that of tangential components
are followed when 7 ~ 7 (coming from p =~ p’). Briefly, ap-
proximating /; as

NCURYaE

1y, is subtracted from /; in (28) and the subtracted terms are
added as new terms to (28) leading to

1
+ 28— pd/)>?

Li~T, = (29)

+ (2 — 2')?
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L 1 ga .
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4wq
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J A
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drwe; Cop(kzoc, p= p) [ = Lipl | pr=p,
—1 ~ 7
— Coolk.,p =
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~Coplkzoo, o/ = p)} Sip(p’ = pe)}
1 .
71 /
— — Coolk.,p =
F {zwq[p<mp /)
~Coplkzoo, o/ = p)} Sip(p’ = ps)}
7 = / ’
— Coplkzoe, p = p)I = p.
Troe, p(Bzoo, p' = p)lip(p" = pe)
7 = / ’
Coplbsos, p = o)1 = p.). 30
Troe, p(Bzoo, 0" = p)lip(p" = ps) (30)

In (30), again the last two terms are the newly added terms and
are calculated analytically during the mutual impedance calcu-
lations [24].
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Fig. 2. Deformed integration path.

C. Closed-Form Evaluation of Space Domain Green's
Function Representations

All the terms that contain the IFT (i.e., #~{.}) in (12) and
(30) are calculated in closed-form via GPOF by first noticing
that their integrands are even functions of %, and then folding
the original Fourier % integral to a 0 to oc integral as explained
in [18]. Then, the original path is deformed as shown in Fig. 2
to overcome the effects of pole and branch-point singularities.
However, this path is a slightly modified version of the one
given in [18] so that more accuracy, especially within the source
region, can be obtained with less number of spectral samples
and complex exponentials. Instead of a single path before &,
(wave number of the source layer) as in [18], two paths I”, Ty
are defined in Fig. 2, where T’ can be chosen between 0.5 and
0.8. The value of T is kept to be small (0.1 < 77 < 0.5) to
minimize the deviation from the original path, and 7% should
be larger than the wave numbers of all layers ensuring that all
aforementioned singularities are avoided. On the other hand, T3
and T are selected relatively large. Note that the spectral sam-
pling is nonuniform in this path requiring relatively more sam-
ples around k and significantly less samples away from % . The
parameters that define this integration path are as follows:

/

: k, —k’T’, o<t < T (1)
t
Tytks = [k + (k= k) ! 0<t <T -T
L -1
(32)
ta |
I's:k, = |k ko — k1 0<¢ 15 — T,
2 _1+(2 )T2—T1 <ty <y =T
(33)
_ b
T's: k., = |k ks — k 0<t¢ T3 — T-
31Kz _z+(3 2)T3—T2 Stz < i3 2
(34)
_ ]
I'y:k, = |k ky — ks 0<¢ T, - T
4 3+(4 )T4—T3 <ty < Ty — T
(35)
where ' = T'k,, ky = k; + jk, 71 and k, = T,.k, forr = 2,

3, 4.

To obtain the final closed-form expressions for the terms that
contain the IFT in (12) and (30), first N', N1, N3, N3, N4 sam-
ples are taken on paths IV, Ty, T's, I's and T4, respectively, and
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are expressed in terms of M', My, Ms, M3 and M, complex
exponentials of &, via GPOF [10] method. Finally, as discussed
in [18], [18, eq. 43], the final closed form expressions are found
analytically. Note that, contributions coming from the k. values
larger than k4 are not included because they are usually very
small due to the envelope extraction with respect to %,. How-
ever, it may be necessary to set k4 to a relatively large value
during the self-term evaluations.

III. METHOD OF MOMENTS FORMULATION WITH THE
ATTACHMENT MODE

Probe-fed microstrip patch antennas, as depicted in Fig. 1, are
analyzed by using the proposed CFGF representations in con-
junction with a Galerkin MoM procedure (referred to as the hy-
brid MoM/CFGF technique). Piecewise sinusoidal (PWS) [25]
current modes are used as subsectional basis functions (piece-
wise sinusoid along the direction of the current and constant in
the direction perpendicular to the current) [24], [25] to expand
the unknown current density on the patches together with an at-
tachment mode, similar to the one presented in [22] and [23],
to model the feeding accurately by ensuring the continuity of
the current from the probe to the patch. Hence, the attachment
mode should be consistent with the PWS current mode, and as
an example a z-directed attachment mode is defined as

0.5sin(kq (za:—1|2])) . a;¢
I, Sin[ka;”] rect (ln,f/2) , 0<z< 24t
sz = 0.5sin(ka(zar —|2[)) . s
, R T sin[ka;w] rect —l:f/z . —Za < z<0
0, otherwise
36)
where
1, |z|<a
rect(z/a) = { 0 Ltlterwise (37)

in the 2z4; X l; region with 2z,; and 14 = a;¢4+ (Dot is the

angular extension of the attachment mode in the ¢-direction)

being the dimensions of the attachment mode along the z- and

¢-directions, respectively, and the probe is located at the center

of this region. Finally, the parameter k, in (36) is defined as
1074,

ba = kot Ly Ly s
o 2 2 min(W, L) (38)

when the antenna (with the dimensions W and L) is located in
the air-dielectric interface. When the antenna is located at the
dielectric-dielectric interface (substrate-superstrate situation),
then k, is defined as

. te.
ko = kot/ ———.
2

In both &, definitions kg is the free-space wavenumber and F;
denotes the real part of the relative dielectric constant in case
the dielectric layer may be lossy.

Expanding each patch by N,, basis functions (a total of P,
basis functions in the z-direction and a total of K, basis func-
tions in the ¢-direction with P,,, + K,,, = N,,, form = 1,2 in

(39
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Fig. 1), and using an attachment mode only on the source patch,
the following matrix equation (for m = 1, 2) is obtained:

Zat chu 7 Vv
—at —at Zat | _ | *at
2 ][] e
In (40), Z Zi is the 2 x 2 matrix given by
at _ Zf/’az(/)at fo’atzat
Sat |:Z2at¢az Zzatzat (41)

which provides the impedance matrix of the attachment mode.
Similarly, Z* in (40), given by

(42)

—at

Zzy(f’ — [Z%’rﬂl Zsﬁwﬂz Z@*’u,/,@*’l Zcﬁaw"z :|

Zzu,m')z
is the mutual impedance matrix between the attachment mode
and the basis functions of the patches (for two antennas depicted
in Fig. 1) with a size of 2 x (N1 4+ N»), while Z‘Z”G,) in (40) being
its transpose; and finally Z in (40) is the (N, +N2) X (N14+ N3)
MoM impedance matrix of the two-patch configuration (see
Fig. 1) in the absence of the attachment mode given by

=ZatZ1 =ZaiZ2 =ZatP1

=z121 £21Z> =z11 =212
Z — | =222 =22z =z =z202 (43)
B =p121  =P1z2  =P1d1  —dida

=221 =¢azz  —¢2¢1 é@z @2

In (42) and (43), the subscripts are written in such a way that for
instance Z,, .. (m = 1, 2) means the vector which gives the
mutual impedances between the ¢-directed attachment mode
and the z-directed current modes on patch m and/or Z i (m,
n = 1, 2) means the matrix which gives the mutual im}::éd?mces
between the z-directed current modes on patch m and the ¢-di-
rected current modes on patch n. In the course of obtaining all
entries of (41), (42) and (43), (12) is used (together with the
closed-form counterparts of its IFT related terms).
On the other hand in (40), V., = [Vi..ps Vouipl® is the 2
x 1 known voltage vector for the attachment mode, where T’
stands for the transpose operation, and V is the (N; + Na) x 1
known MoM voltage vector for the two-patch configuration (in
the absence of the attachment mode), given by
KZ 1P
—22p

v

—b1p

v

——h2p

V= (44)

Note that (30) (together with the closed-form counterparts of its
IFT related terms) is used in all entries of V ,, and (44).
Lastly, I = [a1, a9, ..., a(Nl-s-Ng)]T in (40) is the MoM cur-
rent vector for the two-patch configuration in the absence of the
attachment mode containing the unknown coefficients of the z-
and ¢-directed PWS basis functions, and I, = [evg, (1 — ag)]?
is the 2 x 1 current vector for the attachment mode that contains
the coefficients of the attachment mode. Because the amplitude
of the probe current (i.e., the excitation current) is selected to be
1 (Iy = 1), the amplitude of the superposed z- and ¢-directed
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attachment modes must be 1. Hence, if only ¢-directed attach-
ment mode is defined, g = 1, if only z-directed attachment
mode is defined, oy = 0, and if both z- and ¢-directed attach-
ment modes are defined, cvg = 0.5. Consequently, because the
coefficients of the attachment mode are known, the matrix equa-
tion given by (40) can be cast into

ZI=V - Z" I, (43)

Once (45) is solved for the unknown current coefficients

trated in Fig. 1, is modeled as a two-port network to find the
input impedance, ¥, (or Z%,), of a single patch antenna and/or
to find the mutual coupling, Z%,(= Z%, duc to reciprocity),
between two patch antennas. When patch one is excited with a
terminal current of /o = 14, the total voltage calculated at the
probe location of patch one, with patch two is open-circuited,
gives Z¥, . Hence, making use of the solution of (45) together
with the attachment mode, Z¥; can be calculated as

Iy P+ N1+
Py
le - E a”‘/;’lﬂ + E : a"‘/zzﬂ + E a’"V(PlP
n=1 n=P +1 n=P +P>+1
N +No

o2

n=N1+P,+1

anVisp + a0Vop + (1 — a0)Vs,,p.  (46)

A similar expression can be used to calculate Z5,. On the other
hand, one can use (46) to calculate Z], under the condition that
this time patch two will be excited with a terminal current of
Iy = 1A while the total voltage will be calculated at the probe
location of patch one, with patch one is open-circuited.

Finally, the mutual coupling coefficient between two an-
tennas can be calculated as

227520

S = 2 2 2
2 (2{1 + ZO) (Z§2 + ZO) - Z{2Z§1

(47)
where Zy = 50.

IV. NUMERICAL RESULTS

The first numerical example is related to the convergence of
the summation in (3). As explained in [18], an envelope ex-
traction with respect to n improves the efficiency and accuracy
of the summation over n. Consequently, the infinite summa-
tion converges by summing relatively small number (referred
to as IV;) of cylindrical eigenmodes. This is illustrated in Fig. 3,
where the imaginary part of G- [argument of F~'{.} in (3)]
and its envelope extracted version [named as the modified (4)]
versus Ny is plotted for A¢ = 0.004, k., =0and p = p' = a4
for a dielectric coated PEC cylinder with ay = 20 cm, €, =
232, tpy = a1 —ap = 0.795 mm at f = 3.2 GHz. The
modified (4) can easily be obtained from (4) by simply setting
Cuv(k.oe) = 0. As seen in Fig. 3, the imaginary part of mod-
ified (4) converges approximately N, = 200. This N, value is
sufficient for all components though only G..ais provided here.
Note that the real part of both equations converge rapidly.

Next, input impedance of several probe-fed microstrip patch
antennas and the mutual coupling between two probe-fed
patches are obtained using the MoM/CFGF technique that uses
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Fig. 3. Imaginary parts of (3) and modified (4) versus :V, for G .zo for Agp =
0.004,k. =0,p=p = ar,u0 =20 cm, e, = 2.32 and t5,; = 0.795 min.

proposed CFGF representations (in the presence of the afore-
mentioned attachment mode), and compared with the available
results in literature as well as the results obtained from a
commercial software CST Microwave Studio (its time-domain
solver is used) to assess the accuracy of the proposed CFGF
representations. In all numerical results, obtained via using
the proposed CFGF representations, PWS basis functions are
used with the attachment mode given by (36). In the course of
obtaining the CFGF representations for the tangential compo-
nents [i.e., for (12)], the GPOF related parameters are selected
as T’ = 05, Tl = 02, TQ = 5, T3 = 20, T4 = 40, N = 20,

/1 = 40, Ny = 80, N3 = 20, Ny = 20, M’ = 5, My = 8,
M> = 12, M3 = 6, My = 4, whereas they are selected as
T =05,T, =02, T, =4, T3 = 50, Ty = 60, N' = 10,

/1 = 20, Ny = 10, N3 = 40, Ny = 20, M’ = 3, My = 5,
Ms = 3, My = 5, My = 3 for the probe-related components
[i.e., (30)].

The input impedance of a probe-fed rectangular patch
antenna on a dielectric coated cylinder with ag = 20 cm,
€ = 2.32, 151 = 0.795 mm forms the first input impedance
related numerical example. The dimensions of the rectangular
patch are (L, W) = (3 cm, 4 cm), and is excited with a T My,
mode by a probe at the feed location (zf,7rl; = ai1dy) =
(0.5 cm,2 cmwith respect to(0,0) location), which cor-
responds to the middle of its width. Fig. 4 shows the input
impedance (real and imaginary parts) of this patch versus
frequency where the results obtained using the MoM/CFGF
technique are compared with that of CST Microwave Studio.
A good agreement is obtained. In the course of obtaining
the MoM/CFGF results, a total of N' = 180 basis functions
(P =90, K = 90) are used with only a z-directed attachment
that has the same size of a single z-directed PWS basis function
in the z-direction and twice the size of a single z-directed PWS
basis function in the ¢-direction.

The second example involves the same probe-fed antenna
on the same coated cylinder (i.e., ag = 20 cm, ¢, = 2.32,
th1 = 0.795 mm, L. = 3 cm, W = 4 cm). However, the
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Fig. 4. Input impedance versus frequency for a probe-fed patch antenna with
the following parameters: g = 20 cm, €, = 2.32, 153 = 0.793 mm, L =
3em, W =4 cmand (25, rl7) = (0.5 cm, 2 cm).
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Fig. 5. Input impedance versus frequency for the probe-fed patch antenna
with the same parameters as given in Fig. 4 except fed at (z5,rlf) =
(0.0 ¢n, 2.67 cm).

feed location is at (zy,7l;) = (0.05 c¢m, 2.67 cm), which is
close to one of the corners. Similar to the first example, the input
impedance (real and imaginary parts) versus frequency results
obtained via MoM/CFGF technique are compared with that of
CST Microwave Studio as shown in Fig. 5. N = 264 PWS basis
functions (P = 132, K = 132) are used together with both a z-
and a ¢-directed attachment modes that have the same length
with that of the z- and ¢-directed PWS modes, respectively,
while their widths are twice of the corresponding PWS modes.
Similar to the previous cases, a good agreement is obtained be-
tween the MoM/CFGF and CST Microwave Studio results.

As the third example, the first example is revisited with the
same probe location (i.e., a9 = 20 cm, e, = 2.32, {; =
0795 mm, L = 3em, W = 4dcem, zp = 0.5 cm, rly =
2 cm) in the presence of a superstrate that has a thickness t,2 =
0.762 mm and ¢,5 = 2.98. The input impedance versus fre-
quency result, obtained using the MoM/CFGF technique, for
this antenna is given in Fig. 6 together with the CST Microwave
Studio result, and very good agreement is obtained. In the course
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Fig. 6. Input impedance versus frequency for the probe-fed patch antenna with
the same parameters as given in Fig. 4 except with a superstrate with €, =
2.98, tpe = 0.762 mm.
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Fig. 7. Input impedance versus frequency for the probe-fed patch antenna with
the same parameters as given in Fig. 4 located on the top of two dielectric layers.
The parameters are ap = 20 cm, tp; = 0.762 mm, €., = 2.98, tp> =
0.795 mn and €, = 2.32.

of obtaining the MoM/CFGF results a total number of N = 324
PWS basis functions (P = 174, K = 150) and only the z-di-
rected attachment mode are used. The size of the attachment has
the same size of a single z-directed PWS basis function in the
z-direction and twice the size of a single z-directed PWS basis
function in the ¢-direction.

Finally, as the last single antenna example, a similar geometry
to that of the third example is considered. Briefly, a L = 3 cm
by W = 4 cm antenna, fed with a probe at zy = 0.5 cm,
rly = 2 cm, is on the top of two dielectric layers which coax-
ially surround the PEC cylinder with a radius of ¢y = 20 cm.
The first layer has a thickness £;,; = 0.762 mm and ¢,; = 2.98,
and the second layer has a thickness 73> = 0.795 mm and
€2 = 2.32. Fig. 7 shows the input impedance versus frequency
results, obtained using the MoM/CFGF technique and the CST
Microwave Studio. As the previous examples, very good agree-
ment is obtained. A total number of N = 678 PWS basis func-
tions (P = 348, K = 330) and only a z-directed attach-
ment mode are used. The attachment mode has the same size
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Fig. 8. Input impedance versus frequency for increasing number of basis func-
tions in the presence of an attachment mode for a patch with the following pa-
rameters: ap = 40 cm, €, = 2.98, tané = 0.0045, t;,, = 0.762 mm,
L=6cm,W =4cmand (z;.7l;) = (2.1 cm, 2 cm).
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Fig. 9. Input impedance versus frequency for increasing number of basis func-
tions in the absence of an attachment mode for the same geometry given in
Fig. 8.

of a single z-directed PWS basis function in the z-direction and
twice the size of a single z-directed PWS basis function in the
¢-direction.

For the next set of numerical results, effect of the attach-
ment mode and the mutual coupling calculations between
two microstrip antennas are carried out for two identical
microstrip patch antennas given in [26]. The dimensions of
each patch in [26] are L = 6 cm, W = 4 cm, and they are
mounted on a coated cylinder with the parameters ag = 40 cm,
thy = 0.762 mm, ¢, = 298, tand = 0.0045. Feeding the
antennas with a probe at (zy,rl;) = (2.1 cm, 2 cm) to excite
the T'My; mode yields a resonance at 1.444 GHz as seen in
Fig. 8, where the input impedance versus frequency results are
obtained by using both the MoM/CFGF technique and CST
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Fig. 11. H-plane coupling results for the geometry given in Fig. 8.

Microwave Studio. In the course of obtaining the MoM/CFGF
results, the number of basis functions is gradually increased
(N =24 with P =12, K = 12; N = 60 with P = 30,
K = 30 and finally N = 112 with P = 56, K = 36) and
the convergence of MoM/CFGF technique is investigated in
the presence of an attachment mode. A z-directed attachment
mode is used whose dimension is the same with that of the
z-directed PWS mode along the z-direction and is twice of that
of the z-directed PWS mode along the ¢-direction. On the other
hand, if the input impedance versus frequency results of the
same antenna is investigated in the absence of the attachment
mode, a convergence problem can be observed, where the
imaginary part of the input impedance becomes less accurate
as the number of basis functions is increased as seen in Fig. 9.

Then, using N = 112 basis functions for each antenna (P =
56, K = 56), the E- and H-plane coupling coefficients, given
by (47), versus edge-to-edge spacing s/ g (s./Ao and s4/ Ao,
respectively, Ag: free-space wavelength) between these patches
(on the same cylinder) are presented in Fig. 10 and Fig. 11, re-
spectively, at 1.444 GHz. For both cases, the MoM/CFGF re-
sults are compared with that of CST Microwave Studio as well
as the measurement results given in [26]. In all cases, very good
agreement is achieved.
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Finally, it should be noted that the efficiency of the presented
hybrid MoM/CFGF solution strongly depends on how efficient
the proposed CFGF representations are evaluated. It takes ap-
proximately 2-3 seconds to evaluate each entry of the MoM
impedance matrix using MATLAB on a regular personal com-
puter. However, it should be mentioned that the evaluation of
the CFGF representations and certain evaluations in the MoM
procedure have not been optimized yet. In particular, the main
bottleneck in this calculation is the two-fold (or originally
four-fold) numerical integrations used to calculate the mutual
impedance between two PWS current modes (i.e., basis and
testing functions), and this part has to be optimized. Besides, in
each numerical example presented in this paper, significantly
more basis functions are used than what is required to guarantee
high accuracy. Using less number of basis functions, still high
accuracy can be achieved. On the other hand, to generate the CST
Microwave Studio results, remarkably powerful workstations
with multi cores and RAM values in the order of 10 GB are used.
However, the required CPU time for one frequency point during
the input impedance calculations or one distance point during
the mutual coupling coefficient calculations significantly favors
the hybrid MoM/CFGF technique presented in this paper.

V. CONCLUSION

New CFGF representations for cylindrically stratified media,
which constitute the kernel of an EFIE, are developed and used
in conjunction with a Galerkin MoM solution procedure, re-
ferred to as the hybrid MoM/CFGF technique, to investigate
probe-fed microstrip antennas on multilayered circular cylin-
ders. An attachment mode is used to model the feeding accu-
rately by ensuring the continuity of the current from probe to
the patch. Very accurate results are obtained both in terms of
the input impedance of single antennas and mutual coupling be-
tween two antennas.

The accuracy and efficiency of the proposed hybrid MoM/
CFGF technique strongly depend on the computation of the
CFGF representations, which are used everywhere including the
source region as well as for the probe-related components (in-
cluding the attachment mode). Therefore, all singularities that
appear in the source region in addition to the axial line are an-
alytically treated. Furthermore, because of several techniques
used in the course of derivations, printed structures can be inves-
tigated both for electrically small and large cylinders. However,
it should be kept in mind that the approximating functions, that
are used to evaluate the CFGF representations, represent spher-
ical waves with complex distances. Thus, types of waves that are
different in nature than spherical waves, such as surface waves,
are not represented properly and their effects are not included
in this study as oppose to some studies for planar geometries.
Thus, the CFGF representations proposed in this paper are less
accurate for large separations, where surface waves dominate.
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