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Abstract—This paper describes a correction and an extension in the previously published large signal equivalent circuit model for a circular capacitive micromachined ultrasonic
transducer (CMUT) cell. The force model is rederived so that
the energy and power is preserved in the equivalent circuit
model. The model is able to predict the entire behavior of
CMUT until the membrane touches the substrate. Many intrinsic properties of the CMUT cell, such as the collapse condition, collapse voltage, the voltage–displacement interrelation
and the force equilibrium before and after collapse voltage in
the presence of external static force, are obtained as a direct
consequence of the model. The small signal equivalent circuit
for any bias condition is obtained from the large signal model.
The model can be implemented in circuit simulation tools and
model predictions are in excellent agreement with finite element method simulations.

I. Introduction

T

he need for an accurate lumped element equivalent
circuit model for capacitive micromachined ultrasonic transducers (CMUTs) has been extensively discussed
[1]–[7]. The finite element method (FEM) is a powerful
technique for the analysis of CMUTs, when the number
of CMUT cells in an array is low [8]–[11]. The CMUT
operation can be accurately simulated and information on
the nonlinear effects, medium loading, cross talk, and the
effect of the higher-order harmonics can be obtained.
An iterative approach must be adopted, however, to
design CMUTs using FEM. This approach is very computationally intensive and can be time consuming. Getting
results with FEM analysis for arrays which contain a large
number of CMUT cells is practically impossible. However,
realization of arrays comprising a large number of cells at
low cost is one of the fundamental advantages of CMUT
technology [12]–[15].
Design and analysis of CMUTs using lumped element
equivalent circuit requires the knowledge of radiation
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impedance. The radiation interface must be accurately
included in the model. The equivalent circuits of single
CMUT cells can then be used to model arrays by appropriately terminating each cell with respective impedance.
Recently, there has been a significant improvement on this
topic for both single cells and arrays [16]–[18].
In this paper, we present an improvement on a previously reported large signal equivalent circuit model [1].
Because a CMUT is a distributed system, lumped variables are chosen to represent distributed quantities such
as force or membrane velocity. In the earlier model, in
which the rms membrane velocity, vrms, is defined over the
velocity profile spatially across the membrane surface, and
the total force generated by the electric field, Ftot, were
employed as the through and across variables, respectively. The model contains a nonlinear force term, Ftot, and
a linear mechanical section, in which the section elements
are defined according to the chosen through variable. To
obtain Ftot in [1], we used a generalization of Mason’s [19]
approach for a deflected membrane. The force distribution
on the membrane surface was evaluated first and then it
is integrated across the membrane surface to find Ftot.
The through and across variables in the model are not
connected through an energy relation in this approach.
We have determined that the model obtained by this approach is not consistent, as far as preserving the energy of
the system is concerned, although it is in good agreement
with FEM results compared with other models. The differences between the model and FEM results were given in
[1]. Mason’s model suffers the same shortcoming.
In this paper, we present a force definition that is consistent with the choice of the through variable by linking
them directly. We discuss the dependence of the equivalent
circuit on the choice of through variable employed in the
linear mechanical section and provide the results for three
possible velocity definitions. We quantify the collapse voltage analytically as a function of the external static force,
such as atmospheric pressure, and the cell parameters gap
height, clamp capacitance, and membrane compliance, as
a direct consequence of the model. The model is for the
uncollapsed mode of operation: it very accurately predicts
the behavior of the CMUT until the membrane touches the
substrate. The force equilibrium on the membrane before
and beyond the collapsing displacement is derived, again
in terms of model parameters. The relevant equations for
analytical design and implementation in circuit simulators
are given. The radiation interface is completely modeled,
and dependence of the radiation medium variables and
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g(u) =

Fig. 1. Two-dimensional view and the dimensional parameters of the
circular capacitive micromachined ultrasonic transducer (CMUT) geometry.

circuit variables of the mechanical section is discussed and
clarified. Because most receivers are operated under small
signal conditions, a linear small signal equivalent circuit is
derived from the large signal model and presented.
II. Lumped Element Equivalent
Circuit Model for CMUT
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For ai/a < 0.25 and for ao/a ≥ 0.8, the displacement profile agrees well with the assumed profile and the material
presented in this paper is applicable to such CMUTs. The
profile deviates from (1) for other choices of ai and ao
and the accuracy of the model deteriorates; however, the
model predictions still provide good guidance for design.
For CMUTs with full electrodes (4), (8), (9), and (7)
simplify to
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the paper, the first subscripts R, A, and P of mechanical
variables refer to rms, average, and peak quantities, respectively.
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We also need the second derivative of (4) in this work,
which is

g ′′(u) =

where the function g(∙) is defined by
1 Throughout

(4)

where
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where ε0 is the permittivity of the gap and tge = tg +
ti/εr is the effective gap height. Here, ti and tg are the
thicknesses of the insulating layer and the vacuum gap
height, respectively, and εr is the relative permittivity of
the insulating material. The capacitance, C(t), of the deflected membrane with a partial electrode of inner radius
ai and outer radius ao can be found by an integration:
ao
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as the through variable of the equivalent circuit, which is
defined in [22] as the spatial rms velocity. For the membrane profile in (1), we have xR(t) = x P(t)/ 5. To preserve
the energy, the corresponding across variable for force,
fR(t), should be written as
f R(t) =

where a is the radius of the aperture, r is the radial position, and xP is the displacement at the center of the
membrane; positive displacement is toward the bottom
electrode.1 It is shown that CMUTs with full electrodes,
with thin plate membranes, have the same profile [1]. The
capacitance, δC(r, t), of a concentric narrow ring on the
membrane of radius r and width dr can be expressed as
ε 02πr dr
=
t ge − x(r, t)

tanh −1(K i u ) − tanh −1(K o u )
,
u

dx R(t)
d
=
dt
dt

v R(t) =

The basic geometry of a circular CMUT with a partial
electrode is given in Fig. 1. The displacement profile for
thin clamped plates or membranes obtained using plate
theory [20], [21], when depressed by uniform pressure, is

δC (r, t) =

August

where Ki = (1 − a i2/a 2), Ko = (1 − a o2/a 2), and C0 =
ε0πa2/tge.
If a voltage V(t) is applied across the terminals, the
instantaneous energy stored on the capacitance is given
by E(t) = 1/2C(t)V 2(t).
Suppose we choose the rms membrane velocity defined by

A. Defining the Through and Across Variables
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The series expansion of g(u) around u = 0 is
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Fig. 2 is a comparison of these two force values as a function of xP/tge. In [1, Eq. (10)], if the derivative had been
taken with respect to xP, similar to the approach in [2],
rather than x, there would have been an additional (1 −
r2/a2)2 term inside the integral and the two results would
have been identical.
B. Large Signal Equivalent Circuit
The circuit variables on the electrical side can be found
by considering the time rate of change of the instantaneous charge, Q(t) = C(t)V(t), on the CMUT capacitance:
∂Q(t)
∂V (t) ∂C (t)
= C (t)
+
V (t) = i Cap(t) + i V(t), (14)
∂t
∂t
∂t
similar to the notation in [1]. Hence, the current components are
i Cap(t) = C (t)

dV (t)
dV (t)
= C0
+ i C(t),
dt
dt

(15)

dV (t)
.
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The velocity current is given by
i V(t) =

from which its derivatives around u = 0 can also be calculated. These are useful in circuit simulator applications
in which u ≪ 1.
The force in (11) is not the same as the total force on
the membrane, Ftot, given in [1] as the across variable
found using Mason’s approach:
Ftot(t) =

1793
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Eqs. (16) and (18) are the same as the corresponding
equations in [1]. We can form the large signal equivalent
circuit as depicted in Fig. 3. CRm and LRm are the compliance of the membrane and the inductance corresponding
to the mass of the membrane suitable for the {fR, vR} rms
model. For the same model, ZRR is the radiation impedance of the CMUT cell given in [1].
Because the direction of xP is chosen toward the bottom
electrode and the particle velocity of the acoustic signal
propagating into the medium is in the opposite direction,
we denote the polarity of the transmitted force, fRO, across
the radiation impedance, as shown in the figure. Similarly,
any dynamic and static external force, such as an incident
acoustic signal or atmospheric pressure, must appear in
the form of fRI and FRb, respectively, in the model.
For the velocity profile given by (1), the average velocity, vA(t), across the membrane is equal to vA(t) = vP(t)/3.
If vA(t) is the through variable, the across variable is fA(t)
= 3f R(t)/ 5, which preserves energy in the {fA, vA} model.
Similarly, if vP(t) = dxP(t)/dt is used as the through variable, fP(t) = f R(t)/ 5 is the force variable. In all cases, the
mechanical circuit components must be scaled properly to
be consistent and equivalent. The circuit components for
all of these models are listed in Table I.
C. Collapse

where

To quantify the collapse phenomenon, we consider the
circuit of Fig. 4 for the {fP, vP} peak model to examine the
static behavior under collapse conditions when an external static force FPb is present. We apply a voltage of VDC
to get the force FP and the static displacement XP. The
static force equilibrium in the mechanical section can be
written as

Fig. 2. A comparison of Ftot and fR normalized with C0V 2(t)/4tge for a
full electrode membrane.

Fig. 3. Large signal equivalent circuit referred to as the { fR, vR} model,
because the through variable in the mechanical section is vR.
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TABLE I. Relations Between the Mechanical Variables of Different Models for the
Equivalent Circuit Given in Fig. 4, and Turns Ratio and Spring Softening
Compliance in the Small Signal Model.
Model

RMS
{ fR, vR}

Average
{ fA, vA}

Peak
{ fP, vP}

f
v

fR
vR

(3/ 5)f R
( 5/3)v R

(1/ 5)f R
5v R

CM

C Rm =

CAm = 5/9CRm

CPm = 5CRm
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fI
fO
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n
CS
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( 5/3)πa 2P0
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(3/ 5)πa 2p in
(3/ 5)πa 2p o
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n A = (3/ 5)n R
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LPm = 1/5LRm
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(1/ 5)πa 2p o
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pin and po are the incident and transmitted wave pressures at the radiation interface, respectively.

FP + FPb =

XP
,
C Pm

(19)

which yields
V DC
=
Vr

3

( Xt

P

ge

2g ′

F

− FPb
Pg

( )
XP
t ge

)

for

XP
F
≥ Pb ,
t ge
FPg

(20)

where we define Vr as
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maximum is 1.000476Vr, hence the collapse voltage of a
CMUT in vacuum can be taken as Vr. In the presence of
a static force, such as atmospheric pressure, membrane is
pre-depressed by this force and collapse occurs at a bias
voltage less than Vr.
It is clear from Fig. 5 and (20) that the displacement
threshold for collapse for any FPb/FPg is reached when
VDC/Vr is maximum. Hence, the displacement at collapse
point, XPc, is obtained from

( )

(21)

and FPg = tge/CPm is the force required to deflect the
membrane until the center displacement reaches the gap
height, xP = tge. VDC/Vr for a CMUT with full electrodes
is plotted in Fig. 5 with respect to XP/tge for FPb/FPg =
0, 0.1, 0.5, 0.7, and 0.9.
It can be observed from Fig. 5 that the bias voltage can
be increased until it reaches a maximum for a particular
external static force and the equilibrium is stable in this
region. If the voltage is increased beyond the maximum,
the transduction force exceeds the restoring force and collapse occurs. Bias voltage must be decreased to maintain
equilibrium in this region. This equilibrium is unstable.
The figure reveals the relation of collapse phenomena,
the bias voltage, the static force, and Vr. For example,
there is no static force in vacuum and the bias voltage

Fig. 4. Generic large signal equivalent circuit model with parameters
given in Table I.

d V DC
dX P V r

X P = X Pc

= 0,

(22)

while the equilibrium condition in (20) is maintained. XPc
can be readily evaluated from (20). For membranes with
full electrodes, a very accurate approximation is

Fig. 5. The voltage at the stable (solid) and unstable (dashed) static
equilibrium as a function of FPb/FPg for different XP values for a membrane with full electrodes with the properties given in Section IV. The
straight line shows the variation of the voltage required to reach the collapse point for all FPb/FPg. In the static FEM analysis results (dotted),
the stress stiffening effects are ignored.
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For dynamic signals, we consider the power relation at
the radiation interface. The acoustic power intercepted by
a receiving transducer from an incident plane wave can be
9
 FPb 
expressed in terms of the particle velocity in the medium,
− 0.002775 
 .
*
2
 FPg 
			 vm, as πa ρc(v mv m). The power emitted to the medium
		(23) from a rigid piston with a large aperture compared with
the wavelength, can be expressed similarly. The same
The voltage, Vc, required to reach XPc can be obtained power written in terms of velocity distribution on the
by using (23) in (20). The variation of Vc with respect to membrane yields:
FPb/FPg is essentially a straight line and can be approxia
4

mated as
r2
*
ρc v Pv P*  1 − 2  2πr dr = πa 2ρc(v Rv R
).
(28)
a
2
0
F

Vc
F
≈ 0.9961 − 1.0468 Pb + 0.06972  Pb − 0.25 
Vr
FPg
 FPg

			 Therefore, when the radiated power is expressed in terms
6
 FPb 
of the through variable only, the rms velocity maintains
+ 0.01148 
 .
 FPg 
the consistency between transducer output and radiated
		(24) power. We conclude that the forces obtained by multiplying the equivalent uniform dynamic pressures on the
Eq. (24) versus (23) is also plotted in Fig. 5 as the col- membrane surface by membrane area are the lumped forclapse threshold. Similarly, the FPb/FPg ratio can also be es at the output terminals of the rms equivalent circuit.
approximated very accurately in terms of Vc/Vr as
The forces obtained from the dynamic field pressures must
be scaled when used in other two models. These relations
2
FPb
V
V
are given in Table I.
≈ 0.9891 − 1.037 c + 0.2083 c − 0.229
FPg
Vr
Vr
The power delivered to the medium is the same in all
(25)
3
three
models. However, the force, and hence the equivaV
− 0.0755 c .
lent
uniform
pressure delivered to the medium, is scaled in
Vr
the { fP, vP} and { fA, vA} models according to the associated
through variable and is different than the product of the
D. Received and Transmitted Pressure
area and the pressure in the field. The only through varifI and fO are received and transmitted forces of the mod- able which produces an equivalent circuit whose dynamic
el, respectively. It is more convenient if these are expressed output pressure is compatible with the field pressure is
in terms of the pressure at the surface of the membrane. vR. Consequently, there is no need to scale the received
When an equivalent model is produced, transducers of dynamic pressure in the rms model. For example, when
any kind are converted into a rigid piston transducer with the output velocity is used in beam-forming, the particle
uniformly distributed velocity and displacement, v and x, velocity at the output of the rms equivalent circuit correrespectively, across its radiating surface. All power and sponds to the physical particle velocity of the CMUT cell.
energy conversion at the radiating interface is expressed In [23], vR is shown to be the suitable reference lumped velocity for diffraction constant calculations in transducers.
by these lumped variables.
CMUTs cannot produce a static output pressure in infinite fluid volume. There is no radiation impedance for E. Spring Constant of the Membrane
static signals. When a static pressure P0 is present in the
medium, the total force on the membrane is πa2P0. The
The accuracy of the equivalent circuit presented in this
work done on a narrow ring by this static pressure can be paper depends on two factors: the agreement of the actual
obtained as
velocity profile with the assumed one and the accuracy of
X Pc
F
F

≈ 0.4648 + 0.5433 Pb − 0.01256  Pb − 0.35 
t ge
FPg
 FPg


2

∫

(

)

( )

x(r )
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δE = (P02πr dr ) dx = (P02πr dr )x(r ).

(26)

0

Then, the total work is found as
a

E = P02πX P

∫
0

2

2
2

 1 − r  r dr = πa P0 X .
P


3
a2 

(27)

It is clear from (27) that πa2P0 corresponds to the input
static force in the average model { fA, vA}.

mechanical circuit elements and the radiation impedance.
A CMUT cell with a circular membrane, a/tm≥ 80, is assumed and the compliance of the membrane, Cm, is taken
as in Table I. It can be shown by FEM analysis that although both profile and expression in Table I are excellent
models at very low center displacement, they deviate from
these as center displacement increases. Particularly, Cm
decreases significantly because the membrane gets stiffer
[24], [25].
The membranes of CMUTs often fall into the plate class
(a/tm < 80) [24]. As the plate gets thicker, its compliance
becomes softer than the value calculated from Table I.
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The lumped element models require only a lump-sum,
but correct, assessment of the effect. Both the collapse
voltage and the resonance dynamics depend on the membrane compliance. If the dependence of this compliance
to the physical dimensions of the membrane is adequately
modeled and included into the equivalent circuit, the accuracy of the model predictions for thicker plates increases. A comprehensive model for Cm nonlinearity that is applicable for all possible a/tm ratios and material properties
is not addressed in this work. Nevertheless, it is shown in
Section IV that even without any correction for profile or
Cm, the equivalent circuit produces very accurate results.
III. Small Signal Model
Almost all reception operations are small signal applications. A small signal equivalent circuit can be derived
from the large signal model. We consider the { fR, vR} model and make the small signal assumptions: we assume that
the ac voltage at the device terminal is small and write
2
V 2(t) = [V DC + V ac(t)]2 ≈ V DC
+ 2V DCV ac(t),

(29)

because |Vac(t) | ≪ VDC. We write the displacement as2
x R(t) = X R + x r(t)

with x r(t)  X R.

(30)

fR(t) given by (7) in the large signal model can be linearized around XR as
f R(t) = FR + f r(t) = f R

x R =X R

+

df R
dx R

x R =X R

x r(t). (31)

Ignoring the second-order terms, the force terms become
FR =
f r(t) ≈

5

2FR
V (t) +
V DC ac

2
C 0V DC
X 
g ′  P 
2t ge
 t ge 

5

2
X 
C 0V DC
g ′′  P  x p(t).
2
 t ge 
2t ge

(32)
(33)

Eq. (32) is the dc force which provides the static deflection. g′′(∙) is given by (9). From (33), we obtain the linear
transduction equation in rms variables as
f r(t) = n RV ac(t) +

x r(t)
,
C RS

(34)

where
nR =

2FR
V DC

(35)

2 Capital letters with capital subscripts refer to dc quantities, whereas
lowercase letters with lowercase subscripts are small signal quantities.
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Fig. 6. Small signal equivalent circuit for the { fR, vR} model.

is the electromechanical turns ratio at the operating point
and
C RS =

2
2t ge
2
5C 0V DC
g ′′(X P/t ge)

(36)

is the spring softening capacitor. We note that a linearization of (18) around the operating point gives
iv =

2FR
v (t) = n R v r(t),
V DC r

(37)

consistent with the turns ratio definition of (35).
The only small signal component on the electrical side
is the capacitance of the deflected membrane found when
(3) is linearized at the operating point:
X 
C 0d = C 0g  P  .
 t ge 

(38)

The small signal equivalent circuit with these components
is depicted in Fig. 6.
To evaluate circuit parameters C0d, nR, and CRS, we
first specify XR/tge such that XR/tge <X Pc/( 5t ge) for the
operating VDC and the static force Fb using (23) and then
evaluate the circuit parameters using (35), (36), and (38).
We follow the procedures given in Section II-B to get
the equivalent circuits for other through variables. The
turns ratio and the spring softening compliance for peak
and average equivalent circuits are given in Table I. C0d
remains unchanged.

IV. Comparison With FEM Analysis
The predictions of the equivalent circuit model are examined through FEM analyses. Static, prestressed harmonic, and nonlinear transient analyses are performed
using the simulation package Ansys v13 (Ansys Inc., Canonsburg, PA). In all simulations, an immersed CMUT cell
with a silicon nitride membrane is used, whose material
properties are taken as ρ = 3.27 g/cm3, Y0 = 320 GPa
and σ = 0.263. The density and the speed of sound in
water are taken as 1 g/cm3 and 1500 m/s, respectively.
In Fig. 7, a comparison is made between the prediction
of the equivalent model and the FEM model, based on
the conductance of a CMUT cell in water. In FEM simulations, an absorbing boundary layer is employed, which
simulates a fluid domain that extends to infinity beyond

köymen et al.: an improved lumped element nonlinear circuit model for a circular CMUT cell

Fig. 7. Small signal conductance of a silicon nitride (Si3Ni4) membrane
capacitive micromachined ultrasonic transducer (CMUT) in water with
a = 20 μm, tge = 250 nm, tm = 1 μm. A 1-V ac signal is applied with
60, 70, and 80 V bias voltages. Finite element method (FEM; solid line)
results are acquired from prestressed harmonic analyses and compared
with the frequency response of the model (dashed line).

the boundary. Although it is preferable to use a 2-D axisymmetric FEM model for a single CMUT cell, we used a
3-D FEM model for all prestressed harmonic analyses. We
realized that in 2-D FEM models, the resonance frequency
and the amplitude of the harmonic response change depending on the distance between the absorbing boundary
layer and the CMUT. However, we did not observe this
problem in 3-D FEM models when the absorbing boundary layer is located at least 0.2λ + a away from the center
of the CMUT cell, as suggested by Ansys. Here, λ is taken
as the greatest wavelength of the pressure waves for that
analysis.
The membrane of this CMUT is quite thick (a/tm =
20). The model employs the thin plate compliance for
membrane and this contributes to the difference in the

Fig. 8. Peak displacement of the capacitive micromachined ultrasonic
transducer (CMUT) cell in water with a = 20 μm, tge = 250 nm, tm =
1 μm, which is driven with 50 V peak ac voltage and 40 V bias voltage.
The frequency of the applied signal is one-fifth the resonance frequency of the transducer. Steady-state time domain response of the model
(dashed line) is compared with the one obtained with the finite element
method (FEM; solid line).

1797

Fig. 9. Real part of the fundamental source current flowing through a
silicon nitride (Si3Ni4) membrane capacitive micromachined ultrasonic
transducer (CMUT) cell in water with a = 20 μm, tge = 250 nm, tm =
1 μm. A 40 V peak ac voltage is applied on 10 V bias voltage. Large
signal response is observed in finite element method (FEM, solid line)
transient analysis and compared with the response of the model shown
in Fig. 3 (dashed line).

resonance frequencies predicted by the model and by FEM
analysis.
The large signal performance of the model is compared
with the FEM results on the same CMUT cell, but under extreme electrical drive conditions, which emphasize
the nonlinear effects. In Fig. 8, the model and FEM predictions are depicted for a CMUT biased with 40 V and
driven with a sinusoidal signal of 50 V peak amplitude at
1 MHz. For reference, the small signal resonance frequency
under 40 V dc bias is 5.3 MHz. Time domain steady state
response of the model is compared with the transient analysis in FEM. The nonlinearity is very noticeable, because
the amplitude of the ac signal is large and the frequency is
approximately one-fifth of the resonance frequency of this
CMUT. FEM and model predictions are very consistent.
The large signal performance of the model is further
studied and a peak is observed in the real part of the
fundamental component of the source current at half the
resonance frequency. This can be explained as follows: the
generated force is proportional to the square of the applied
voltage and the second harmonic is inherently present in
the generated force. The second-harmonic component increases very significantly at high sinusoidal drive levels.
When the second-harmonic frequency of the applied voltage coincides with the resonance frequency, there is an
efficient acoustic radiation and the current drawn from the
source increases. We repeated this analysis in which 40 V
peak sinusoidal voltage and 10 V bias voltage are applied
to the same CMUT cell in water, which has a collapse
voltage of 95 V. As shown in Fig. 9, the FEM and lumped
element model results agree very well.
V. Conclusion
We presented a lumped element equivalent circuit that
can predict the entire behavior of a circular CMUT cell
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operated in the uncollapsed mode. Rigid membrane supports and a rigid substrate are assumed in deriving the
model, hence it does not include the loss to the substrate
and cross-talk through the substrate. We found that a
correct evaluation of membrane compliance is critical for
the accuracy of model predictions and in determining the
collapse voltage.
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