Physica E 146 (2023) 115550

journal homepage: www.elsevier.com/locate/physe

Contents lists available at ScienceDirect

Physica E: Low-dimensional Systems and Nanostructures

Check for

The diagrammatic method of Berezinskii for one-dimensional disordered | e

wire with spin—orbit interaction

Bahruz Suleymanli **, Enver Nakhmedov ", Farida Tatardar "¢, Bilal Tanatar ¢

2Yildiz Technical University, Department of Physics, 34220, Esenler, Istanbul, Turkey

b Institute of Physics of National Academy of Sciences of Azerbaijan, H. Javid ave. 133, Baku, AZ-1143, Azerbaijan

¢ Khazar University, Mahsati str. 41, AZ 1096, Baku, Azerbaijan
d Department of Physics, Bilkent University, 06800 Ankara, Turkey

ARTICLE INFO ABSTRACT

Keywords:

White-noise Gaussian random potential
Spin-orbit interaction

Electron density distribution

We extend Berezinskii’s diagram technique to the one-dimensional disordered wire containing Rashba and
Dresselhaus spin—orbit interactions. The retarded and advanced Green’s functions are factorized in coordinates
space in the presence of spin-orbit interactions. This factorization allows us to transform all coordinate
dependence of the Green’s functions from lines to the impurity vertices. Our calculations show that all possible

impurity vertices giving a contribution to the correlators do not differ from those given in the conventional
technique, except that they are written in a 2 X 2 matrix form and the Fermi velocity v}, now depends on the
spin-orbit coupling constants. The diagrammatic method of Berezinskii with spin-orbit interaction is used to
obtain the distribution of the electron density of the localized state p_,(y).

1. Introduction

One of the essential problems in spintronics is how impurities affect
the spin precession in the presence of spin-orbit interaction (SOI).
Existence of a macroscopic structural inversion asymmetry or a bulk
inversion asymmetry in a disordered 2D system was shown to change
the sign of the phase-coherent localization correction to the conduc-
tivity [1-4], driving the system from a weak localization regime into
an antilocalization one. The Rashba and Dresselhaus SO terms equally
and independently contribute to the weak antilocalization correction.
Generation of a dissipationless transverse spin current or a spin Hall
current by a driving electric field was predicted [5,6] in a clean,
infinite and homogeneous structural inversion asymmetric 2D system.
Even an arbitrary small concentration of nonmagnetic impurities was
shown [7-10] to suppress totally the universal value of the spin Hall
conductivity.

Single dislocations in plastically deformed silicon [11,12] and
atomic chains at semiconductor surface [13,14] are two classes of one
dimensional samples, where the spin-orbit interaction mediated energy
band splitting was observed. Although there is big activity in studies
of Rashba-type SOI in 1D system [15-20], a scattering on impurities
was considered only in few works [21,22]. It is necessary to mention
that many interesting effects have been revealed [23] in a one channel
(Aharonov-Bohm) ring by taking into account SOI.
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The competition of the randomness and interaction effects in low
dimensional systems is still one of the most intriguing problems even
in the absence of the Rashba and Dresselhaus SOIs. Weak Coulomb in-
teractions between electrons moving diffusively in a disordered system
have been shown to increase the localization effect [24]. Interference
between the propagated and backscattered electronic waves results in
a localization. Localization in 1D structures was qualitatively studied
by Mott and Twose [25] in the random Kronig—Penney model. They
concluded that in a 1D system all electronic states with an arbitrary
random field and with an arbitrary concentration of the randomness
must be localized. A rigorous proof of this statement has been done later
by Borland [26] and Halperin [27]. Indeed, for a weak randomness
when the condition of k! > 1 or e¢p7y > 1, with ¢, being the Fermi
energy, is satisfied, the electron remains in the vicinity of the Fermi
lever either at p = pp or at p = —pp. Although a forward scattering
on impurities with the mean free path /* cannot significantly change
the character of electronic wave function, the backward scattering
with the mean free path /- forces the electron to scatter from pj
to —pp and back, escaping the electron in length scale of the order
I~. Therefore, the number of electrons passing the whole length of a
sample with length of L > I~ is exponentially small « exp(—L/I7),
because of the number of electron having a mean free path / larger
than /= is « exp(—I/I7). Localization of the wave function in the
regime of weak randomness, ¢;7, > 1, is not expected to change the
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density of electronic states (DOS) significantly, instead it changes the
mobility or diffusion coefficient, and therefore the static conductivity
of a system according to the Einstein relation for the conductivity
o= eng‘l)Dd, where pgi) (ep) =mpi=2/n?x'~¢, D, are the DOS and the
diffusion coefficient d-dimensional electron gas, correspondingly. The
high-frequency conductivity o(w) in a disordered 1D system occurs, ac-
cording to the qualitative description of Mott [28,29], due to resonance
hopping of electron between two localized states at distance x separated
by the minimal energy difference AE = Ejexp(—|x|/I7), where E,, is the
amplitude of the high-frequency electric field E = E; cos wt. The energy
absorption per unit time and unit length in the presence of ac-electric
field is, from one hand, A€ = %a(a))Eg. On the other hand, the absorbed
energy can be found by calculating the probability of an amplitude
for transition from the localized level with energy ¢, to the level with
energy ¢,, separated by the distance |z,|, as 27:% (eE0)2 |2a|” pf)]d) (€s),
and then multiplying the total probability, obtained by integrating this
expression over all possible separation, to the number of electrons
wp(()ld) (€y), participating in the absorption process in the energy interval
® = ¢, — ¢,. From these two expressions for the absorption energy one
gets

o (@) x &V (ef) @ / |Zab|2 dz. (€]

Taking into account the qualitative expression for the matrix ele-
ments z,, ~ z2e 21?1/~  and the lower limit of integration as Z, =
217 In(vgp /wl™), one gets the following expression for the conductivity

o (w) x eI~ (ool‘/v,;)zln2 (wl™JvE). 2)

The interference effects in 1D disordered systems are strong, and there-
fore, the diffusion approximation, which is used in higher dimensions
(D > 1), is not acceptable (and applicable) in 1D system. Signif-
icant progress in the theory of a 1D weakly disordered system is
connected with a real-space diagrammatic technique developed by
Berezinskii [30]. By selection of the impurity vertices, which do not
contain the strongly oscillating phase factors ~ e*”F’; at a location of
the impurity y;, Berezinskii derived the rigorous expression for the low-
frequency asymptotics of the ac-conductivity of 1D weakly disordered
system. In this paper, we show that the Berezinskii’s technique is
applicable in the presence of SOI in a 1D disordered system.

The rest of this paper is organized as follows. In the next Section
formulation of the problem is presented. In Section 3, we introduce
“bare” Green’s functions describing a one-dimensional disordered wire
containing Rashba and Dresselhaus SOIs. By applying the diagrammatic
theory of Berezinskii [30] to the case of SOI in Section 4, we draw
all possible impurity vertices and calculate them. The diagrammatic
method of Berezinskii with SOI is used to obtain the distribution of the
electron density of the localized state p (y) in Section 5. Conclusions
are given in Section 6. Some technical aspects of Berezinskii’s diagram
method are relegated to Appendix.

2. Model and formulation of the problem

We consider a one-dimensional disordered wire in the presence of
Rashba and Dresselhaus spin—orbit couplings (SOCs). Hamiltonian for
such a system reads

N N N

=7 +ZV(y—yj)+HR+HD, 3)
J

where m* is an electron effective mass, f’y = %;—y is y-component

of the momentum operator, V(y — y;) is the potential of an impurity
located at point y;, A, and H, represent Rashba and Dresselhaus SOIs,
respectively. In a two-dimensional system, FIfQD + IfIIZ)D can be written
as [31]

AP+ A3 =% (0,8, ~0,) + 0 (0,8, ~0,P,), @)
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where a and p are Rashba- and Dresselhaus- SOC constants, corre-
spondingly, and o; with i = x, y are the Pauli spin-matrix components

0 1 0 i
sz(l o>’ "y=<i o>‘ 2

In a quasi one-dimensional system with homogeneous spin-orbit inter-
action, by choosing the form of lateral confinement it is possible to
express the contributions of Rashba and Dresselhaus SOIs (4) in two
terms: the first one is the intersubband coupling term H"* + H™* and

the second one is the spin precession term Hy* + Hy* [32]

Amix 4 frix = —%ayf’x + gaxf’x, (6)

7y prec yprec _ QA 5 B 5

Hp "+ Hp" = 2o Py — 2o, P, Q)
n h

Since we consider a purely one-dimensional system, the mixing term

vanishes [33] and only the precession term contributes to the Hamilto-

nian (3)

I:IR+I:ID= %O‘x Ay—ﬁayﬁy. ®

The correlation functions for the charge j%(y) and current j!(y)

operators
| ¥ . nwi({ao o
Por=y'owey  ad o= 2- <0—y - a_y'> v WOy
9
Then, the correlation functions y*(y — ', w) are expressed
[se]
20— w) = /0 d1e” / dEF(E) (Tr 650,00 1))
(o]
- / 9K ot wpe o, 10)

where f(E) is the distribution, and & is the density matrix of the
microcanonical distribution

6E=i.{ L1 } an
2ri \E-H—-i0 E-H+i0

By introducing the Green’s functions G*(y, )’ | E) for the energy E and
G'(y,Y |E + ) for the energy E + w as

1
+co—l:l,
(12)

G(y,y'|E) = ., and G’(y,y’|E+a>>=E

1
E-H=+i0
the correlators are expressed through the Green’s functions

1
2=V = (GG VIEG Y ME+0), (13)

and

1 / 1 d 0 [Z} J
-y |E+ = — _— _—
10— YVIE+) 2r ay  0yy ) \ 9y, 0y,

a4
X GE(y1. V| | EYG' (. | E +w)>

n=y\=y

y2=vy=y'

The unaveraged diagram for density—density or current-current cor-
relator consists of two electron lines going from the point y to y.
Ordering the impurity locations {y;} between y and y', all coordinate
dependence can be transferred from lines of Green’s functions to the
vertices. The central idea in Berezinskii’s diagrammatic technique is
that the “bare” Green’s functions, the retarded Ga’(y, y') and advanced
G, (y, y") functions, are factorized in coordinates space.
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3. “Bare” Green’s functions

The “bare” Hamiltonian in the absence of an external potential is
written in the form
- nw ot a5 P4
Ho——%ﬁ'f‘ﬁ(fxf’y—ﬁo’ypy, (15)
In order to solve the Schrodinger equation Pl0<Dk(y) = e¢®,(y) one uses
the spinor wave-function as

D,(y) = (ylk)
~ <¢1<y>>
br )
= <Z>e"ky, (16)

where a and b are constants. The energy spectrum e can be found as a
solution of the following determinant

n2k? (a+ipk
- —(a+i
2m 2 | =0 17)
—(a - lﬂ)k € — m

which yields

e(k) = % + VK% (a? + p?). 18)

The coefficients a and b are determined from the normalization condi-
tion |a|? + |b|> = 1 and from the relation

k2
b_ "
a k(a+ip)
k(a —ip)
=== 19
22
€= 2m*
Now the eigenvector reads
e*r. (20)

1
o=, \/jm>
—V a+ip k

Green’s function is defined as a solution of the following differential
equation

le — HylG(».y'5€) = 8(y — ), 1))

where ﬁo(y)ék(y) = Aktpk(y) By writing G(y,y';¢) = (y|G(e)|y’) and
5(y — y )Ho(y) = ( y|H0| y > the differential equation for the Green’s
function is rewritten as (e — HO)G(e) =1, and one gets

1

G(e) = -
€—Hy
=y IRk 22)
x €—Hy
or for G(y,y';¢)
G,y e) = (¥IG@IY')
_ z (ylk) (k|Y) (23)
T - H,

The expression on the numerator seems to be the dyadic (or outer)
product of the eigen-vectors

k) (kIy' ) = D,(3) @ D, (V)

= |k) ® (k| - 0
1 +y /Bl
— |a|2 a+if k (24)
+ [a+ip |k| 1
- a—if k

“Bare” Green’s functions for a free particle with energy ¢ propagating
from point y to y’ are written
eikG=y)

® dk
GH(nyle) = / e 25
w0 2% e — Hy +i6
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where + correspond to the retarded and advanced Green’s functions, §
is an infinitesimal. The denominator M = ¢ — H,, + i6 is 2 X 2 matrix.
By multiplying it to the reverse matrix M~! with MM~! = | yields

Cdk iy g*
o e — )
G*(y,y Ie)—/_co ge’ oy =05 Y PETERG
(€= 2K — (@2 + p)k2 x ibsign(e — )
(26)
where
= G* e~ B2 yipk
Lt YL (@=ip)k ==

We will integrate and express the “bare” Green’s functions in the
coordinate space. To this end, we calculate each component of the
Green’s function separately,

nk?

® dk ; ’
GE v,y |e =/ ZZ k=)
10 Ye) e
2m*

€
X
242 22
le— 25 + Va2 + B k| 2 idlle — 2= — /o> + 2 |k £ 5]

m* 1
= / dke'0~ ”{ - .
ES (k- 22)" - 2 - (25) 0

e
+ e n , (28)
(kv 22 - 2 (22 s

h? n?

where @ = /a2 + 2. We replace the variable x = k — m*&/h> under
the integrand, and take the integral by using the residue theorem. In
this case, we have to consider two different cases: (i) y—3’ > 0 and (ii)
y —y < 0. The result is written

+ Fy =k | ma BN S Iy—yl
Gy Ie)—+—v*Fh cos [_hZ ] y)] g (29)
where Pj = \/2m*e + (m*@)? and v}, = Py /m* = \/2¢/m* + m*(&@)?. 1t is
clear that

G} (0¥ le) = G, (0¥ le). (30)

Now, we calculate the non-diagonal components of the Green’s func-
tion.

©
dk iky—y
Gil(y,y'le) = [m Zek(y )
(a +ip)k

X
e — 2 4 a2 + 52 |kl z islle - £ — \/a2 + 2 |k| £ 6]

__ m* a+iﬂ/ dkek=Y)
2zh2 | a—if J_o

1
X ~
{(k_m*a)z_M_(m*a)zii(S

h2
1 J
+ P : e ; (B
(kB2 e (22 s

By applying the same procedure that we used in calculation of the
integral in Eq. (28), we get the expression

1

+ / S
GE ' le) = %~

Ry )] Fr1, (32)

and

+ Moy — 1 i —— \ |
GL oY ey == i ‘/aﬂ [ S- y)] Ty (33)
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4. The diagrammatic method of Berezinskii in the presence of
Rashba- and Dresselhaus SOIs

We write the Green’s function as 2 x 2 matrix. This matrix can be
decomposed as a multiplication of two matrices as

cm*a

y y
e ,,2 e n?
G,y le) = 5= G -
X . .
ZU;,I"I, a=if i 1 a—if e—i ";2” y
a-H a+if (34)
i “y’ atif —i" )
e n? —Le ,,z
« a—if

¥
im;y/ a+tﬁ 122 2 y
e h .

a— lﬂ

The Green’s function in the matrix form is again factorizable, as it is
in the conventional Berezinskii’s technique. Nevertheless, in difference
from the conventional technique, now the Green’s function depends
on the direction and we cannot order the impurity coordinates. After
beaking up the coordinate-dependent factors and transferring them to
the vertices y and y’, the coordinate dependence of the Green’s function
is transferred from the line to the vertex. We now draw all possible
vertices and calculate them. Fig. 1 shows all possible internal vertices
giving a contribution to the correlators. Let us calculate in detail the
internal impurity vertices a (¢’) and e

)2 ey, ey, — ;eﬂy

ly e iy . .

(a (@) = cipp <

=——1I,, (35)

o iy —iy
i ; ain e e
(e)= Cimp el h =i =i
2hv 2hv, - \/fezy, \/fe—zy
¥ ¥

where we use the following shortcut: e* instead of & and
1, 0 *, . _
“:Z Io = <0 1>’ Py = Py = V2m*(e + ) + (m*@)? -

V2m*e + (m*@)? ~ <+ for small external frequency w. V; in the above

expressions corresponds to the correlator of the impurity potential. For
the white-noise Gaussian random potential (V' (y)) =0 and V(y — y') =
VOV = cinVodly — y’)/hzv*z = [7'8(x — x’), where the mean-
free path is defined as /™! = (/§ o)_ Vy/h?v *2 . All other internal

H I+

instead of

Cimp
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vertices are calculated in a similar way and give the following results:
(b ") =~1Iy/205,
~2izty

) = 1.
SO

—1p/2l%; (e (@) =~Ip/l50: (d)=Io/lhy:

37

It is necessary to note here that although we used the white-noise
potential in these calculations, it is possible to generalize the random
potential within the Born approximation, where the impurity potential
correlator should not be proportional to §-function. The potential is
considered to be weak enough and does not overlap each other. This
means that the width b of a single impurity potential is much smaller
than the average distance c;nlp between the impurities. The mean free
path is the largest distance scale b < c;nlp < | within the Born approx-

imation, and the impurity potential is characterized by the correlator
of a width of order »

Viy=y)=(Vmvo)). (38)

The impurity vertices become vertical lines, as they are in the case of
5-correlated white-noise potential, after integration over the internal
variables y — y/, which yields the following expression for the essential
vertices

1 2 [
— == U(y)dy; and
lso v Jo

1 2 [ 7
== / U cos [2p}()y] dy.

SO UF 0

The parameters /g, and [}, can be interpreted as the mean free
paths of backward and forward scatterings, correspondingly. The main
argument in the selection of the internal vertices, given in Fig. 1, is
that these vertices do not contain strongly oscillating factor of the type
exp(ikpy;). The vertices containing such kind of strongly oscillating
factor give a small contribution, in the parameter of selection k /> 1
or er_ > 1 for weak randomness, after integration over y;. The external
vertices, depicted in Fig. 2 contain the factor exp(iwy/v), which does not
oscillate strongly for the frequency of an external field, satisfying the
condition @ < e. The following expression corresponds to the external
vertex (a) in Fig. 2

iV * iy

iy . [Eeiy
”F "F y ’ \/je

(@)= ) )
; gy

o [T

e
_ :eiy’ iV |~ —*IO'
+ UF

All other external vertices are calculated in a similar way and have the
form:

(40)

i —ieey ity
e e
b= —1p; ()=—"1p (d=—"1I (41)
hv’;_. hv’l‘, hv}‘_.

The calculations show that all possible impurity vertices do not
differ from those given in Ref. Berezinskii [30], except that they are
written in a 2 X 2 matrix form and the Fermi velocity v}, now depends
on the SO coupling constants.

5. Electron density distribution

Behavior of the density-density correlator y'(y — y';t — ') at large
time |t — 1’| > 7, and distance |y — y/| > Iso describes character of the
localization. The large time scale corresponds to low frequency case

= 2wty > 1, where the diagrams with large m ~ v™! > 1 give
main contribution to the correlators. This limit allows to transform
the discrete difference equations, Egs. (45)—(51), to the differential
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1231} ¢

a(a’) b®’) c(c)

Fig. 1. The possible internal impurity vertices given contribution in the weak randomness limit ¢,z > 1. Single- and double-lines correspond to the retarded- and advanced Green’s
functions. The wavy-line shows the impurity vertex for the random potential. Vertices ’,b’ and ¢’ differ from 4,5 and ¢ by replacing the single lines by double lines.

aaliion Sine R 5

Fig. 2. The possible external vertices giving contribution to the essential diagrams.

equations in term of continuous variable p = —ivm. Routine calculations
show that y%(y,) yields a stationary distribution as t — co

Poe = 2°0. D200

3 45,0\
T )2 1 < SO> ox < |y| >
=) — | —= pl—-——]. (42)
(16 arg, \ Tl alg,
The distribution is depicted in Fig. 3. Four different cases, If—o =
0
('"2“) =0;0.5;1 and 1.5, are presented in Fig. 3 by solid (red), dashed

(cyan), dot-dashed (blue) and dotted (orange) curves, correspondingly,

2n%e nm* &2
wher = n = = . The exponential
ere Iy, = lp+1g0 and Iy = v 150 = To e exponentia

decay of the distribution function clearly shows that even two impu-
rities are enough to localize an electron in the 1D disordered system,
and the localization length /,,, = 4/5. It is seen from the figure that
the peak becomes smaller with increasing a@. This feature demonstrates
that the Rashba and Dresselhaus SO terms equally and independently
contribute to the localized state.

6. Conclusions

In this work, we study the effect of randomly distributed impurities
in a one-dimensional wire in the presence of Rashba and Dressel-
haus SO interactions. For this purpose, we constructed a diagrammatic
method as an extension of the Berezinskii technique to the problem
with spin-orbit interaction. It is worthy to notice that the results in this
work are not pure academic ones, but they can be used to understand
and to interpret the experimental measurements on a single dislocation
and on Si(557)-Au, Si(553)-Au and other Au chain structures on vici-
nal Si(111). Indeed, core of a dislocation consists of dangling bonds.
Strong deformation potential around the dislocation core attracts the
impurities, forming an impurity ‘cloud’ around the dislocation core. The
potential derivative in the radial direction is nonzero, which is a source
of the Rashba SO coupling in a single dislocation.
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Appendix. Derivation of the correlators

For y > )’ a diagram for the average value of the correlator
Gt (y,Y |e + @)G™ (', yle) can be subdivided into three parts: right (to
the right of y), central (between y and ), and left (to the left of ')
part. We denote the sum of the right-parts (left-parts) of all possible
diagrams, having 2m single- and 2m double-lines in the cross-section
by R,,(») (L,,(3")), and the sum of the central parts of all diagrams by
Z,y (¥, y). The selected vertices have such symmetry that they either
do not change the number of both single and double lines or change
the number of the lines symmetrically 4m = Am’ = +1. The right-part
of the diagrams can be constructed by successively joining all internal
vertices in Fig. 1 to the right of already constructed right-part [30,34]

L Ry) = 1 { R I 4 Ry (e

S0 43)

= 207 R, () }

Equation for the right-part R, (y) and left-part R,,()') are simplified
after replacements
R,(y) = RmeZImwy/v”;.’ and R,,,r(y') - Rm/e—Zim’wy’/vj.’ (44)
where R, and R,, obey the same equation
ivmR,, +m* (R, .1 + R,_ —2R,) =0 (45)

with the boundary condition Ry =1 and v = 2wz_.
The equation for the central part Z,, , (¥, y) reads

d j s -
E}Zm’,m (y,’y) = %Zm’m (y”y) I— {m Z ZIwy/UF

+(m+1)? Zm/’mﬂez’wY/”F

- [2m2 +(m+ 1)2] Zm/,m(y’,y)} . (46)
Subscript m (m') in the central part show that there are 2m+1 2m’ +1)
single and double lines in the cross-section at y_j, (yﬁr o)- The boundary
condition for Z,, ,(y/,y) as y — ¥y +0
Zm’,m (y,’y, + 0) = ‘Smﬂm- (47)

Left-, central- and right-parts are combined and summed up for each
pair of the external vertices. Final expression for the correlators can be
shown

217
a _ _So a a a(_

2 w) = = ; P2() { Q% (k, @) + Q% (=K, @)} , (48)

where

Plw) = %(Rm +R,); and  Pl@=R,-R,,. (49)
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4 lO poo(y)

The central part is replaced by new block Q,, by means of the following
transformation

©

© . N ! * : *
0% (k,w) = —— / dye® Ve e 7, (e P,
=07V

Mgp
(50)

and obeys the recurrence equation

v (m+ 3 ) Qo+ 12 (04, - 08) - (QF - 06, ) =ik + P =0,
1)

where k = kig,. Solution of Egs. (45), (51) with (48) allows to calculate
the expression for the density—density (13) and charge-charge (14)
correlators.
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